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Abstract

In this paper we establish several new inequalities similar to Hilbert-Pachpatte’s
inequality. Moreover, some new generalizations of Hilbert-Pachpatte’s inequal-
ity are presented.
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The well known Hardy-Hilbert’s inequality is (se&]]:

Theorem 1.1.1f p > 1,p' = p/(p— 1) and>_>°_ a?, < A, Y% b < B,
then
(1.1) (A)»(B)7,

e e

unless the sequenge,,,} or {b,} is null.
The integral analogue can be stated as follows:

Theorem 1.2.1f p > 1,p' = p/(p — 1) and [;* fP(z)dx < F, [;° " (y)dy <
G, then

(1.2) /OOO /Ooo %‘q;y)dxdy < Sm?%> Frqv

unlessf =0 or g = 0.

The following two theorems were studied by Pachpatte (8pe [

Theorem 1.3.Letp > 1, ¢ > 1l and f(o) > 0, g(r) > 0 for o € (0 x),
T € (0,y), wherez, y are positive real numbers and defifs) = [’ f(o)do,
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= [ g(r)dr, for s € (0,2), t € (0,y). Then

yFP
// )G ot
8+t

< Do { [ (@ =0 e)pas)
x { NG t)(Gq-1<t>g<t>>%hf}é ,

1
5]99\/ xy.

Theorem 1.4.Let f, g, F, G be as in the above theorem, &) and ¢(7) be
two positive functlons defined for € (0,z), 7 € (0,y) and defineP(s) =

s plo)do, Q(1) fo 7)dr for s € (0,x), t € (0,y), wherez,y are posi-
tive real numbers. Lep andw be real-valued, nonnegative, convex, and sub-
multiplicative functions defined dR,; = [0, c0). Then

(1.3) /0 ’ /0 ’ (ZS(F(?TEG(t))dsdt

N |—=

unlessf = 0 or g = 0, where

D(p,q,z,y) =
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where

L[ (o@D N | [
Ly - & / [¢< <s>>} o / V
2\ Jo P(s) 0
The inequalities in these theorems were studied extensively and numerous
variants, generalizations, and extensions have appeared in the literaturd (see [

—[°D).

The main purpose of the present article is to establish some new inequalities ©On Several New Inequalities

similar to the Hilbert-Pachpatte inequalities.
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Lemma 2.1. Suppose > 1, + . = 1,7

Lr>1224+1=1Xx>0,define the
weight functionso, (w, p, ), wQ(w p,x),w

, w3(w, p, z) as

N o 1 L-1a-2)
1) Diwpa) - /
0

4y -3 dy,
- x(p—l)(l—;)d
( . ) CL)Z w p7 / max{xk,yA} ylfﬁ y?
- o0 lnx y x(p_l)(l_%)
(2.3) ws(w, p, ) 12/ - /y>‘ =y,
_ gl
Then - R
wi(w,p,x) = /\.—(W)ﬁp(l_’“)_17
sin (X
Do (w, p, ) = %xl’(l_%)_l

2
~ (A _Ay_
w3<w7p’ ;(;) = [)\ST(E)] J}p(l r) 1.

Proof. For fixedz, letu = y* /2%, then @.1) turns into

1 A >~ 1
| — —p(=5)-1
wl(wapax) )\ZL‘ A 1 T

el
u e du

z € (0,00),

x € (0,00),

x € (0,00).
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13;?(1 )x) 1B(1 1) _
A w'r

and similarly, we can prove the others.

Theorem 2.2.Letm > 1,n > 1, p; > 1, —+ = 1for:

po p, p3 = k‘ , P4 =T5q0 = q, a3 =
= Jo f(o)do andG(t) = [} g(r)dr such that
0< / sp(l_%)_lF}”(s)ds < 00, 0< / $a0=3) 1Gq( )dt < oo
0 0
foro,7,s,t € (0,00). Then

"(s)G"(t)
(2.4) / / Sk/m + ktl/p2)(sh + 1))

< Ey(m,n, k,r N {/0 Sp(l_i)_lFf(s)ds}

dsdt

B =

X {/0 ¢
unlessf = 0 or g = 0, whereE (m,n, k,r,\) = #{;m
Fi)={ [ oseras )" and
6,0 ={ [ @ mgtnyar}”.

l,qa=w andf( ) >0, g(r) > 0. Define

= 07 ]"27 3747
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Proof. From the hypotheses, we can easily observe that

(2.5) F™(s) = m/os F™ o) f(o)do, s € (0, 00),

(2.6) G"(t) = n/ot G" N (7)g(r)dr, t € (0,00).

From (2.5 and @.6), applying Holder’s inequality, equality2(1) and Young’s
inequality:
a? b
ab < — + —,
p q

wherea >0, b >0, p> 1,  + ¢ = 1, we obtain

F™(s)G™(¢)

= mn ( /0 T (o) f(a)da) ( /0 t Gn—l(f)g(f)m)

< (S5 B [Esopman )"
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Note that

F) ={ [ osoran| " G

Il
—N
C)\H~

D

S
L

\]
S~—
—~
=

U

\]
——

Hence
1

/ / (Isk/pr + ktl/i;gs)’\ n t,\)det
[ flo)mdo) i { [3(G " (n)g(r)mdr)

- k:l/ sA 4t
_@/ / _ 1
kS S s)‘—i-zfA

dsdt

gy SIH . -]
o) | | G oy | dedt
Sr-Da-2) )7
/ 3A+tk' jamay dsdt
o=y
//sMﬂtA Jany dsdt
=2 [ awrarea) | [Taeaocyoa)
0 0

_ Tmn > p(1—=2)—1 p v > q(1-2)—=1 g ‘
el sin(n/1) {/0 5 Ff(s)ds} {/0 t G ( )dt}

[un

[
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:El(m,n,k,r,)\){/o sp(l_i)_lFf(s)ds} {/0 tQ(l_g)_ng(t)dt} .

This completes the proof. O

Theorem2.3.Letm > 1,n > 1,p; > 1, 1+q =1fori=0,1,2,3,4,py = p,
pa—k pa=r; qo—q,q:a—l g1 =wandf(o) >0, g(r )>0- DefineF (s) =
Jo f(o)do and G(t) = [; g(r)dr such that) < [ s?:=%)~LF2(s)ds < oo,

0< fO t4 (1=3) 1Gg( )dt <oforo,r,s,t e (0, OO) Then On Several New Inequalities
Close to Hilbert-Pachpatte’s
n Inequality
lSk/pl + ktl/m) max{s’\ t/\} Bing He and Yongjin Li
1
< Ey(m,n, k,r,\) {/ sp(li)lF}’(s)ds}p Title Page
0
o o Contents
q(1-2)—1,vq
X {/o t Gt )dt} , <« N
unlessf = 0 or g = 0, whereEs( k,r,\) = 22 and ¢ >
— g=y, o\, N, R, T Nkl
) Go Back
Fi) ={ [ soyman|” Close
’ 1 Quit
t a2
Gy(t) = {/ (Gn_l(T)g(T))quT} . Page 10 of 20
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Proof. By (2.5) and @. 6) using Holder’s inequality, equalitQ(z) and Young's
inequality:ab < < + ,wherea >0, 6>0, p>1,1 + 2 = 1. We obtain

F™(s)G"(t)

= mn ( /0 (o) f(cr)da) ( /0 t G”_l(r)g(T)dT)

1

<o (S5 + 5 [ @i )

< t(G“*(T)g(T))%dﬂ}q; .

Frt) ={ [ orsonras}”

1

G0~ { [ matrrar}”

"(s)G" (1)

(Isk/pr + ]{;tl/m) max{s*, t*}

(@)mdo) ) { fi(Cn 1 (r)glr)y ) )

max{s*, t*}

Note

Hence

[
ST

dsdt

dsdt
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T N
B / / maX{S/\ tA} f(s)t(l ) g(t)s(lfé)/q sat
o oo FP(s)  g-DO-2 z
< / 1) dsdt
ki o Jo max{s*t*} 1-2)
Gaft) _fon0-d) i
/ / max{sA Al 1) st
_mn / wa(w, p, 8)FF (s)ds : / Wo(r, q, t)GA(t)dt '
Kl Jo 0 g
1 1
_ mnrw o p(1—2)— le s p / J=2)-1 g 1
e { [ oy
= FEy(m,n, k,r,\) {/0 sp(l_i)_le‘f(s)ds} {/0 tq(l_i)_ng(t)dt}

This completes the proof. H

Theorem 2.4.Letm > 1,n > 1,p; > 1, —+ = 1fori =0,1,2,3,4,

po p,pg k Pa=71i00 =, 43 =1, q4—wandf( ) > 0,g(r) > 0. Define
= [, flo)do andG t) = [, g(r)dr such that

S =

O</ sP1=7)= LFR(s)ds < oo,
0
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foro,7,s,t € (0,00). Then

I

In(s/t)
— 1A (Isk/pr + ktl/p2)

AL [ o)

2

unlessf = 0 or g = 0, whereEs(m,n, k,r,\) = W

F™(s)G"(t)dsdt < Es(m,n,k,r,\)

1

P ={ [ soyman|”

1

G0 ={ [ matryrar}”

Proof. From 2.5 and @.6), by Holder’s inequality, equality(3) and Young’s
inequality: ab < <% + Y wherea > 0,6 >0, p > 1, +1 =1 and
using a similar method of proof to that of Theor@m2, the result can be clearly
seen. ]

Theorem 2.5.Letm; > 1,p; > 1, > 1p =1, I%+ql = 1, and f;(o;) >
0 for o; € (0,z;), wherex; are positive real numbers and defidg(¢;,) =
foi fi(Ui)dUi, for t; € (0,1’1‘), 1=1,2,... , N Then

(2.7) / / "1 1nle< >dt1dt2 -dt,

zlp
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n

=1

1

UnleSSf =0 org= 0, WhereD(mi, %’l,pl) = mixfi', E(tz) = Fm’_l(tl)fl(tz)

Proof. From the hypotheses, we know that
(2.8)  FMi(t) =m; /0 ’ F™ (o) fi(o)dos,  t € (0, ).
Then
(2.9) ﬁ E™(t;) = ﬁmi /ti E" Yoy filoy)do.
i=1 i=1 0

Using Holder’s inequality, we have

1

1

(2.10) /Oiﬂmil(ai)dai < th {/O i(F;”Z‘1(ai)f¢(ai))qidm}qi

L tio i i
2 g7 F(oy)" doi b .
= {/ (Filon) }

0

By (2.9 and .10 it follows that

iljFimi(ti) < lemztfl {/Ot (E(Uz‘))qi dUz}

1
4

< [[ D(mi, i, p) {/Oz(xz — 1) (E(ti>>% dtz}qi ,
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Applying Young’s inequality

- 1
H|ak| _|ak’|pk7
k=1 Pk

k=1

wherel < p, < 00, Y 1_, pik = 1, we observe that

1

B0 o [ () s

=1 p; i=1

Integrating ovet; from 0 to =; wherei runs froml to n, and using the Hdélder’s
inequality, we get

/ / / LS llFlmz U 20D gyt
= Hmz [/O:E (/Ot (E(Uz‘)yi d0i> (% dti]
A ([ )]

Do) { [ =0 (Fie) " e}

I
(=1

1

7
1

I
=

1

.
I

This completes the proof. O

On Several New Inequalities
Close to Hilbert-Pachpatte’s
Inequality

Bing He and Yongjin Li

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 15 of 20

J. Ineq. Pure and Appl. Math. 7(4) Art. 154, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:hzs314@163.com
mailto:
mailto:stslyj@mail.sysu.edu.cn
http://jipam.vu.edu.au/

Remark 1. In the special case when = p, = --- = p, = n, the inequality
(2.7) reduces to the following inequality,

1 xTo Tn n sz tz
(2.11) / / / Mdtldtg“'dtn
0 0 i 1ti

< %ﬁb (s, 7 {/O(x —1) (Bw)”

n—1

- dtl}

On Several New Inequalities

whereD(m;, z;) = m;x. Moreover, (i) .11) reduces to Theorerh.3 which Close to Hilbert-Pachpatte’s
belongs to Pachpatte for — 2; (i) whenm; = my = -+ =m, = 1, (2.11) Inequality
turns into Bing He and Yongjin Li
(2.12) / / / H dtldtz ~dt, Title Page
z 1 l
. ; n-l Contents
< = o A A AN =,
<1 iﬂlmmz,m {[[ - 1dtz} —
< >
Theorem 2.6. Let f;, F; be as in the above theorem, > 1, p— + o =1
let p;(0;) be positive function defined fer; € (0,x;), and deflneP( ) = Go Back
f(f pi(o;)do; for t; € (0,z;),wherez; are positive real numbers. Lef; be Close
real-valued, nonnegative, convex, and sub-multiplicative function defined on _
R, =[0,00),i=1,2,...,n. Then Quit
Page 16 of 20
(2.13) / / / i 1¢Z : ))dtldtg - dt,
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<[ { e o (35) ")

Proof. Applying Jensen’s inequality and Hdélder’s inequality, it is clear to ob-
)y Pi(Ui)%dUZ‘)

serve that
¢i(Fi(ti)) = ¢ (PZ(t 7 pi(on)do,
S e )
o (CCO

Using Young’s inequality, we obtain that

T < [0 o ()] )

Integrating both sides of the above inequality aygrom 0 to z; with i running

where
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from i to n, and applying the Hélder inequality, we get

/ / /MH“@ : ))dtldt

This completes the theorem.

[ 42 ([ o (22
L AR (] o
1 (420 ) ([ o

-dt,

qi q%.

fi

| IS |

Di

)
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