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Abstract

Making use of Linear operator theory, we define a new subclass of uniformly
convex functions and a corresponding subclass of starlike functions with nega-
tive coefficients. The main object of this paper is to obtain coefficient estimates
distortion bounds, closure theorems and extreme points for functions belonging
to this new class. The results are generalized to families with fixed finitely many
coefficients.
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Denoted byS the class of functions of the form

(1.1) f(z)=z+ i anz"
n=2

that are analytic and univalent in the unit disc= {z : |z| < 1} and byST
andC'V the subclasses 6f that are respectively, starlike and convex. Goodman

[2, 3] introduced and defined the following subclasse€'df and.ST. A New Subclass of Uniformly
A function f(z) is uniformly convex (uniformly starlike) in\ if f(z) isin e S e
CV (ST) and has the property that for every circular grcontained inA\, Starlike Functions with Fixed
with center¢ also inA, the arcf(v) is convex (starlike) with respect tf(¢). Second Coefficient
The class of uniformly convex functions is denotedld¢'V' and the class of G. Murugusundaramoorthy and
uniformly starlike functions by/ ST (for details seef]). It is well known from S
[4, 5] that } )
feuvcv e |2 B g {1 LG } . Title Page
f (Z) f <Z> Contents
In [5], Renning introduced a new class of starlike functions relatetl @6/
defined as , , « dd
feSp@zf(z)—l‘gRe{M}. « | >
f(z) f(z)
Go Back

Note thatf(z) € UCV < zf'(z) € S,. Further, Ranning generalized the class
S, by introducing a parameter, —1 < a < 1,

T sre {5 o) T

Close

f € Sp(a) &
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Now we define the function(a, c; z) by

1.2) dla,c;2) =z + Z

)n—lzn
(C)n—l 7

forc#0,-1,-2,...,a # —1;z € A where(}\),, is the Pochhammer symbol
defined by

L(n+A)

(1.3) (N, = XY

1; n=>0
L AQ+DA+2) . (A +n—1), neN={1,2,...} |
Carlson and Shafferl] introduced a linear operatdr(a, c), by
L(a,c) f(2) = ¢(a,c; 2) * f(2)

(1.4) =z+

(]
©
3
|
_

S
N
L3
IS
M
>

n=2

wheresx stands for the Hadamard product or convolution product of two power
series

o(z) = Zgonz” and (z) = Z¢nz"
n=1 n=1
defined by
(o *0)(2) = o) ¥ (z) = 3 puthn™
n=1
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We note thatll(a,a)f(2) = f(2), L(2,1)f(2) = zf'(2), Lim+1,1) f(z) =
D™ f(z),whereD™ f(z) is the Ruscheweyh derivative 6fz) deflned by Rusche-
weyh [5] as
z

(1.5) D" f(z) = A= 2yt

x f(z), m>—1
Which is equivalently,

D" () = S (e},

Forg > 0and—1 < a < 1, we letS(a, 3) denote the subclass 6fcon-
sisting of functionsf(z) of the form (L.1) and satisfying the analytic criterion

—-1], zeA.

(1.6) PLe{Z(L(cw)f(Z))’ - a} 2(L(a, ) f(2))

L(a,c)f(2) L(a,c)f(2)
We also letl'S(a, 5) = S(«, 5) (T whereT, the subclass of consisting
of functions of the form

a.7) f(z):z—Zanz",an >0, Vn>2,

was introduced and studied by Silvermai [

The main object of this paper is to obtain necessary and sufficient conditions

for the functionsf(z) € T'S(«, 3). Furthermore we obtain extreme points, dis-
tortion bounds and closure properties far) € T'S(«, [3) by fixing the second
coefficient.
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In this section we obtain necessary and sufficient conditions for funcfipns
in the classe§'S(«, ).

Theorem 2.1. A functionf(z) of the form (.1) is in S(a, B) if

e Sl +8) — (a+ A1) < 1-a,

-1<a<l, g>0.

Proof. It suffices to show that

AL,

@A)y »
o\ a0 2 R{ L(a,0)/(2) 1}<1
We have
(L@, OfC) || [2L@fE)
| a0 () 1‘ R{ L(a.0)/(2) 1}
(L0, )f(z)
< U0 o7 1‘

L= 300, (5=t

This last expression is bounded above(by- «) if

>l +6) ~ fa+ AR oy <1

n=2
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and hence the proof is complete. O

Theorem 2.2. A necessary and sufficient condition ftiz) of the form (.7) to
be inthe clas§g'S(«, 3), -1 < a < 1, § > 0is that

(2.2) 2:@&+6%—@+5ﬂgiian§1—w

Proof. In view of Theoren?.1, we need only to prove the necessity.fl) €
TS(a, B) andz is real then

R ) - Yool (n — 1)t g, 20!
—a - oo a)n— n—
L=, et g ont 1= Y002, et g ont

Letting = — 1 along the real axis, we obtain the desired inequality

o0

> [n(1+8) = (a+p)]

n=2

—

CL)n—l

(C)n—

a, <l—a, —-1<a<l, g>0.

—_

]

Corollary 2.3. Let the functionf(z) defined by 1.7) be in the clasg'S(«, ().
Then

(1 —a)(¢)n
[n(1+8) = (o + B)l(a)n-1’

an < n>2 -1<a<l1, >0.
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Remark 1. In view of Theoren?.2, we can see that if(z) is of the form {.7)

and is in the clas§'S(«, 3) then

o)
@3 SR o)

By fixing the second coefficient, we introduce a new subclasga, ) of

T'S(a, ) and obtain the following theorems.

Let T'Sy(«, 3) denote the class of function§z) in 7'S(«, 5) and be of the

form

24) f(z)=2z- (Qb_(:ﬁ__alf)c Z ap,z" (a, ,0<b< 1.

Theorem 2.4. Let functionf(z) be defined byA.4). Thenf(z) € T'Sy(«, ) if

and only if

@5 S+ - (a+ AR g, < (1-b)(1 - a),

n=3 (
—1<a<1,5>0.
Proof. Substituting

" b(1l — ) (c)
2T 2+0-0a)(a)

in (2.2) and simple computation leads to the desired result.

0<b< 1.
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Corollary 2.5. Let the functionf(z) defined byZ.4) be in the clasg’Sy(«, ).
Then

(1=0)(1—a)(¢)n- B N
e N P [ P

Theorem 2.6. The class'Sy(«, 3) is closed under convex linear combination.

Proof. Let the functionf(z) be defined byZ.4) andg(z) defined by
b(1 — «)

whered,, > 0and0 < b < 1.
Assuming thatf(z) andg(z) are in the clasg’S,(«, 3), it is sufficient to
prove that the functioit/ (=) defined by

(2.8) H(z) = Af(z) + (1 = A)g(2), (0<A<T)

is also in the clas%'S,(a, ).
Since

(2.9) H(z)=z— (2(’535__0‘25;()@) 22 =3y + (1= Ny )",

a, >0, d, >0, 0<b<1,we observe that

(2.10) i[n(l +6) — (a+ B)] (a)”j (Aa, + (1= N)d,) < (1 =b)(1—«)
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which is, in view of Theoren2.4, again, implies thati (z) € T'S,(«, 3) which
completes the proof of the theorem. ]

Theorem 2.7. Let the functions

b(1 —a)(c
(2.11) fi(z) =2z— (2_5_5 — L() Zan 2", an; >0

be in the clasg'S,(«, ) for everyj (7 = 1,2,...,m). Then the functio'(z)
defined by

(2.12) F(z) =) ufi(z)
j=1
is also in the clas§'Sy(a, 3), where
(2.13) > =1
j=1

Proof. Combining the definitions(11) and ¢.12), further by ¢.13 we have

(2.14) F(z)=2z— (Qb—(i—lﬁ_—a)of)c Z (Z Myan])

n=3 \j=1

Sincef;(z) € T'Sy(c, B) foreveryj = 1,2,...,m, Theorem2.4yields

15 S (148 - (a+ A 0 < (1B - ),

n=3 (C)n_ 1
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forj =1,2,...,m. Thus we obtain

>olnf1 +6) - fa+ B! (Z ujan,j>

I
NE
=
iy
R
[~
=
—_
_|_
=
|
o
_l_
=
==
ol
I
=)
3
<
~__—

J

(
in view of Theoren?.4. So,F(z) € T'Sy(«a, 3).
Theorem 2.8. Let

b1-a)e)

and
b1 —a)(e) (1 =01 = a)(¢)n-1

2.17)  fulz)=2z- 27—

2+F-a)a) i+ 8) —(a+A@n1

n
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forn = 3,4,.... Thenf(z) is in the classI'S,(«a, 3) if and only if it can be

expressed in the form

(2.18) F(2) = Aaful2),

where), > 0and > A\, = 1.
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Proof. We suppose that(z) can be expressed in the fortx{8. Then we have

L b(1 — a)(c (1=0)1—a)(¢)n1 n
&)=~ G5 a)a E:A 1+ﬂ R

(2.19) =z-— ZAnz”,
n=2

where
(1 —a)(c)
(220 SENCET =)
and
A1 =0)(1 = a)(c)p .
(2.21) A, = T+ 5 — (ot (@)’ 3.4,....
Therefore
> In(1+8) = (a+B)] EZ;:;A“ =b(1—-a)+ > M(1-b)(1—-a)
=(1—a)b+ (1 —X)(1-=0)]
(2.22) <(1-a),

it follows from Theoren®?.2and Theoren2.4that f(z) is in the clasg'S,(«, ().
Conversely, we suppose thatz) defined by 2.4) is in the classl'Sy(«, ).
Then by usingZ.6), we get

(1= b)(1 = )(c)n
(2.23) = 1+ 8) - (a+ @t

(n > 3).
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Setting

1 — e
(1 =b)(1 = a)(c)n
and
(2.25) do=1-=) A,
n=3 A New Subclass_of Uniformly
we have 2.18. This completes the proof of Theoreirs. ] CEr?QZS(ﬁnZ‘i’,?;?SEC?;L"Sif
) ) Starlike Functions with Fixed
Corollary 2.9. The extreme points of the cla$s,(«, 5) are functionsf,,(z), Second Coefficient
nz 2 given by Theorerf1.8 G. Murugusundaramoorthy and
N. Magesh
Title Page
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In order to obtain distortion bounds for the functigne 7'Sy(«a, 3), we first
prove the following lemmas.

Lemma 3.1. Let the functionf;(z) be defined by

L M@ L, (=D a)(
(3.1) f3(2) =2 2+ 75— a)a) B+20—a)(a) .

Then,for0 <r < land0 <b <1,

p (1 =a)(e) rz_(l—b)(l—@)(c)%z
@2 st zr = G @ T B2 —a))

with equality forf = 0. For either0 < b < by and0 < r <rgorby, < b <1,

if bl—a)(c) » (1-b(-a)c)s s
(33) |f3(7“€ >| <r+ (2—|—B—a)(a)T (3—{-25—0&)(&)2

with equality forf = =, where

1
2(1 = a)(c)(¢)2
X {=[B+20 — a)(a)(c) +4(2+ B — a)(a)(c)2 — (1 — a)(c)(c)2]
+[((3420 — a)(a)z(c) + 42+ 8 — a)(a)(c)2 — (1 — a)(c)(0);
+16(2+ 0 — a)(1 — a)(a)(e)(e)3]*}
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and
1
= A, 2 DR @)
+[4(1 = b)*(2+ B — a)*(a)*(c + 1)?
+ 031 = b)(3+ 26 — a)(1 — a)(a)z(c)s]?}.
Proof. We employ the technique as used by Silverman and SiiilieSince

Olfs(re?)?
00
_ — a)r®sin ble) R
=201-a) 0{(2+ﬁ—a)(a)+(3+2ﬁ_0‘)(a)2
b(1 = b)(1 — a)(e)(0)s }
(2+ 58— a)(3+28 — a)(a)(a)s

(3.5 r

(3.6)

7 cos

we can see that

0| fs(re”)[?

(3.7) 5

=0

for6, =0, 0, = w, and

3.8) 05— cos” (lel —0)(1 —a)(c)ar® — (3428~ a)(a)2]>

r 41 =02+ 0 —a)(a)(c+1)

sinceds is a valid root only when-1 < cos 3 < 1. Hence we have a third root
ifand only ifry < r < 1and0 < b < by. Thus the results of the theorem follow
from comparing the extremal valugg (re®s)|, k = 1,2, 3 on the appropriate

intervals. O
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Lemma 3.2. Let the functiong,,(z) be defined byA.17) andn > 4. Then
(3.9) | fure) < [ fal=r)]:

Proof. Since
PO P € k[ B [ ) [ B
' C+h—a)@ PO+ P) - (a+ D@

and% is a decreasing function af, we have

i b(1 — a)(c) 2 (l—b)(l—a)(c)3r4
e S T e T ey 35 —al(a)s

= _f4<_7ﬂ)7
which shows 8.9). O

Theorem 3.3.Let the functiory (z) defined byZ%.4) belong to the clas$ S,(a, 3),
then for0 <r < 1,

n

oo Ml-a)d) L, (LB -a)
(10 e =2 G @ T Br2i—al()

with equality forfs(z) atz = r, and

(3.11) £re)| < maxx {max | fo(re)|, — fa(=r)

wheremgx | f3(re)| is given by Lemma. 1
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Proof. The proof of Theorem.3is obtained by comparing the bounds of Lemma
3.1and LemmaB.2 O

Remark 2. Takingb = 1 in Theorem3.3we obtain the following result.

Corollary 3.4. Let the functionf(z) defined by 1.7) be in the clasg'S(«, ().
Then for|z| = r < 1, we have

__(-a)9 RO
2+5-a)a) Gri-a)@

Lemma 3.5. Let the functionf;(z) be defined by3.1). Then, for0 < r < 1,
and0 <b <1,

(3.12) <fR)l <

oy 2D a)©) 31D a)(d
e B M EE T

with equality forf = 0. For either0 < b < b and0 <r <r;orb, <b <1,

o (1 - o)) 3(1-B)(1 - a)(c)s
@149 e <t o W T B 28— a)a),

with equality forf = 7, where

1
6(1 — a)(c)(c2)
x {=[(3 428 — a)(a)2(c) + 6(2+ B — a)(a)(c)2 — 3(1 — a)(c)(c)2]
+{((3+28 —a)(a)2(c) +6(2+ 8 — a)(a)(c)2 — 3(1 — a)
+ 7224 8 — a)(1 — a)(a)(

(3.15) b, =
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and

|
36(1 — b)(1 — a)(cg){_?’(l —0)(2+ 8 —a)(a)(c+1)

+[8(1 = 0)*(2+ B — )*(a)*(c + 1)?
+36%(1 = b)(3+ 26 — )(1 — @) (a)2(c)2] %}

(316) =

Proof. The proof of Lemma.5is much akin to the proof of Lemnial [

Theorem 3.6.Let the functiory (z) defined byZ.4) belong to the clas$ S, («, ),
then for0 <r < 1,

)b 2b(1 — a)(c) 31 -b)(1 —a)(c)2 ,
(3.17) |f'(re )‘21_(2+6—a)(a)r_ 3523 al(a), r

with equality forf;(z) at z = r, and

(3.18) |f’(rei9)| < max {m;mx |f§(7“ei9)|7 —fi(—r)} ,
wheremeax | f4(re')| is given by Lemma.5.

Remark 3. Puttingb = 1 in TheorenB.6we obtain the following result.

Corollary 3.7. Let the functionf(z) defined by 1.2) be in the clasg'S(«, ().
Then for|z| = r < 1, we have

2(1 — a)(c)
2+ 08— a)(a)

2(1 —a)(c) .
2+ 08 —a)(a)

(319)  1- r<If) <14
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Instead of fixing just the second coefficient, we can fix finitely many coeffi-
cients. Letl'S,, x(a, 3) denote the class of functions S, («, ) of the form

k
@ JE) = Z 1+5 o?gr)ﬁnl Zan’

n=k+1

where0 < >°F_ b, = b < 1. Note thatT'S,, »(cv, B) = T'Sy(cv, ).

Theorem 4.1. The extreme points of the clafs,, («, 3) are

N w1~ a><c>n71 o
B Z n(l+ ﬁ (a+ B)](a)n-1

n:2

and

k

bu(1— @)(0)n s .
Z W05 5) = (o + B@n”

B (1=0)(1—a)(¢)n o
Z 1 +8) — (a+ B)](a)n-1

n= k+1

The details of the proof are omitted, since the characterization of the extreme
points enables us to solve the standard extremal problems in the same manner

as was done faf'S,(«, 3).
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