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1. Introduction

Exponential martingale inequalities are a very important and still relevant topic in
Martingale Theory: see e.g. [5], [10], [11] and [9] for recent literature. In partic-
ular, inequalities involving a continuous martingale and its quadratic variation are
considered in [10] and [5].

An attempt has been made to find exponential inequalities that relate a generic
continuous martingale and its quadratic variation by investigating results similar to
Burkholder, Davis and Gundy’s (BDG) inequalities, but in the framework of expo-
nential (non moderate) Orlicz spaces. A first attempt on this topic can be found in
[6], where exponential BDG-type inequalities are discussed for a Brownian motion.

The analytical framework of (exponential) Orlicz spaces has recently been given
renewed relevance - see e.g. [1] and [12] - and may have applications in the field of
Mathematical Finance. For instance, semimartingales such that their quadratic vari-
ation belongs to the exponential Orlicz space are considered in [17]. Moreover, a
general Orlicz space based approach for utility maximization problems is described
in [2] and [3]. However, BDG inequalities are interesting in themselves. For in-
stance, BDG-type inequalities are used in [18] to find closure properties in Lebesgue
spaces that are directly related to variance-optimal hedging strategies.

In order to state our results, a special class of exponential Orlicz spaces is intro-
duced and its properties are discussed in relation to different probability measures.

More precisely, in Section2 we analyze in detail the structure of exponential
Orlicz spaces by defining the class ofLn,Φ1 spaces as the sets of random variables
whosen-power belongs toLΦ1, whereΦ1(x) = cosh(x) − 1. Such discussions
are generalizations of previous results based on [15], [14] and [4], regarding the
topology ofLΦ1 and its applications to exponential models. In particular, we study
the equivalence of norms among these spaces with respect to different probability
measures, whose densities are connected by an open exponential arc.
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The main result is given in Section3, where BDG-type inequalities are discussed
within the topology ofLn,Φ1 spaces, with respect to different measures. Finally, we
show that such measures are connected by an open exponential arc and therefore the
corresponding spaces have equivalent norms.
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2. Exponential Orlicz Spaces

2.1. Analytical framework

Before showing the main results of this paper, a brief introduction to Orlicz spaces
is necessary: reference can be made to [16] for the general theory and to [15], [14]
and [4] for connections to exponential models.

Let us fix a probability space(Ω,F , µ) and letD(Ω,F , µ) be the set of theµ-
almost surely strictly positive densities. LetLΦ(µ) be the Orlicz space associated to
the Young functionΦ: it can be proved thatLΦ(µ) is a Banach space endowed with
the Luxemburg norm

(2.1) ||u||(Φ,µ) = inf{k > 0 : E[Φ(u/k)] ≤ 1}.

It is possible to characterize functions that belong to the closed unit ball ofLΦ(µ)
using the following property - see e.g. [16, p. 54]

(2.2) ||u||(Φ,µ) ≤ 1 ⇐⇒ E[Φ(u)] ≤ 1.

Furthermore, this norm is monotone, that is,|u| ≤ |v| implies||u||(Φ,µ) ≤ ||v||(Φ,µ).
From now on, we shall deal with the spaceLΦ1(µ) associated with the function

Φ1(x) := cosh(x) − 1. Let Ψ1(x) := (1 + |x|) log(1 + |x|) − |x| be the conjugate
function of Φ̂(x) := exp(|x|) − |x| − 1. SinceΦ1 and Φ̂ are equivalent Young
functions, we shall refer toΨ1 as the conjugate ofΦ1 in the sequel.

The following result will be used hereafter.

Proposition 2.1 (see [14]). Letp, q ∈ D(Ω,F , µ) be connected by a one-dimensional
open exponential model. More precisely, letr ∈ D(Ω,F , µ) andu ∈ LΦ1(r · µ) and
let us suppose that there exists an exponential model

(2.3) p(θ, x) := eθu(x)−ψ(θ)r(x),
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whereθ ∈ (θ0 − ε, θ1 + ε), for some positiveε andψ(θ) is the cumulant generating
function, such thatp(θ0) = p andp(θ1) = q. ThenLΦ1(p · µ) andLΦ1(q · µ) are
equal as sets and have equivalent norms.

2.2. The spaceLn,Φ1

The topology ofLΦ1(µ) is a natural framework to consider themoment generating
functionalE[eu] of a random variableu. More generally, let us also take into account
the moment generating functional of powersun, wheren ≥ 1. For this purpose, we
introduce a more general class of Orlicz spaces.

Forn ≥ 1, let us define

(2.4) Ln,Φ1(µ) := {u : un ∈ LΦ1(µ)};
it is trivial to show thatLn,Φ1(µ) is a subspace ofLΦ1(µ), because|u| ≤ 1 + |u|n for
each real numberu.

In fact,Ln,Φ1(µ) is an Orlicz space with respect to the Young functionΦn(x) :=
cosh(xn)− 1. Therefore, we can endow it with the usual norm: givenu ∈ Ln,Φ1(µ),
we have

(2.5) ||u||(Φn,µ) := inf{r > 0 : E[exp(un)] + E[exp(−un)] ≤ 4}.
An easy computation shows that these norms are related to the topology ofLΦ1(µ)
through the following equality

(2.6) ||u||(Φn,µ) = ||un||
1
n

(Φ1,µ).

Unfortunately, the conjugate function ofΦn(x) does not simply admit an explicit
expression. However, if we defineφn(x) := nxn−1 sinh(xn), a straight integration
gives the following expression for the conjugateΨn(x)

(2.7) Ψn(x) = n(φ−1
n (x))n sinh((φ−1

n (x))n)− cosh((φ−1
n (x))n) + 1.
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Sincecosh(xn) ≤ cosh(xm) for anym ≥ n ≥ 1 andx ≥ 1, from e.g. [16, p.
155] one obtains

(2.8) Lm,Φ1(µ) ⊂ Ln,Φ1(µ),

for anym ≥ n ≥ 1. More precisely, these inclusions correspond to continuous
embedding of one space into another, that is, for anym ≥ n ≥ 1 there exists a
positive constantk := 1 + Φn(1)µ(Ω) = (e2 + 1)/2e such that

(2.9) ||u||(Φn,µ) ≤ k||u||(Φm,µ).

It is natural to consider the intersection of such spaces: for this purpose, let us
define

(2.10) L∞,Φ1(µ) :=
⋂
n≥1

Ln,Φ1(µ).

First of all, note thatL∞,Φ1 is not empty, since it contains all the bounded functions.
Moreover, since the productuv can be upper bounded by the sumu2 + v2, it can be
shown thatL∞,Φ1(µ) is an algebra.

At this point, it is possible to ask whether, in general,L∞,Φ1(µ) andL∞(µ) are
equal as sets.

Proposition 2.2. Let µ be the Lebesgue measure on[0, 1]; thenL∞(µ) is strictly
included inL∞,Φ1(µ).

Proof. Let us define

(2.11) u(x) := log (1− log(x))

and fixn ≥ 1 andr < 1. Trivially, E[exp(−run)] < ∞; let us study the conver-
gence ofE[exp(run)]. For anyx belonging to a suitable neighborhood of zero, the
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following holds

(2.12) u(x) ≤ [1− log(x)]
1
n ,

and hence

(2.13) exp(run) ≤ er exp (−r log(x)) .

SinceE[exp (−r log(x))] < ∞, we can conclude thatu ∈ Ln,Φ1(µ), proving the
thesis.

We conclude this section by investigating relationships amongLn,Φ1 spaces with
respect to different probability measures. Such a result will be useful to better un-
derstand the structure of the Burkholder-type inequalities that will be discussed in
the next section. The proof is a consequence of [4, Lemma 18, p. 40 ].

Proposition 2.3. For eachp, q ∈ D connected by a one-dimensional open expo-
nential model,Ln,Φ1(p · µ) andLn,Φ1(q · µ) are equal as sets and have equivalent
norms.

Remark1. It should be noted that the definition ofLn,Φ1 and its basic properties are
similar to the theory of classical Lebesgue spacesLp.

From now on, we shall limit our study to the spaceL2,Φ1 . The following theorem
states the continuity of the productuv in LΦ1.

Theorem 2.4. Let p ≥ 1 andq be its conjugate; let us consideru ∈ Lp,Φ1(µ) and
v ∈ Lq,Φ1(µ); then

(2.14) ||uv||(Φ1,µ) ≤ ||u||(Φp,µ)||v||(Φq ,µ).
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Proof. Let s := ||up||(Φ1,µ), m := ||vq||(Φ1,µ), ε := (s/m)
1
pq andr := s

1
pm

1
q ; from

the inequality

(2.15) uv ≤ 1

p

up

εp
+

1

q
vqεq

and by using the convexity ofΦ1 we obtain

E
[
Φ1

(uv
r

)]
≤ 1

p
E
[
Φ1

(
up

rεp

)]
+

1

q
E
[
Φ1

(
vqεq

r

)]
(2.16)

≤ 1

p
E
[
Φ1

(
up

s

)]
+

1

q
E
[
Φ1

(
vq

m

)]
≤ 1

p
+

1

q
= 1.

Therefore, the following holds

(2.17) ||uv||(Φ1,µ) ≤ r = ||up||
1
p

(Φ1,µ)||v
q||

1
q

(Φ1,µ),

and (2.6) gives the inequality we were looking for.

More generally, a standard argument shows the following corollary.

Corollary 2.5. The functionF : L2,Φ1(µ) 3 u 7→ u2 ∈ LΦ1(µ) is continuous;
furthermore, it is Fréchet differentiable and its differentialdF evaluated at the point
u in the directionv is equal todF (u)[v] = 2uv.

Moreover, from Theorem2.4 and since the topology ofLΦ1 is stronger that any
Lp space, the following statement can be easily proved.

Corollary 2.6. The scalar product〈u, v〉L2 := E[uv] is continuous inL2,Φ1(µ) ×
L2,Φ1(µ).
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3. Martingale Inequalities within Ln,Φ1 Spaces

Let (Ω,F , µ, (Ft)t), wheret ∈ [0, T ] andT <∞, be a filtered probability space that
satisfies the usual conditions. From now on, we shall consider adapted processes
with continuous trajectories and denote the space of continuous martingales starting
from zero withMc.

For the sequel, it is useful to reformulate a classical sufficient condition in the
topology ofLn,Φ(µ) spaces which can ensure that the so-calledexponential martin-
gale

(3.1) Zt := exp

(
Mt −

1

2
〈M〉t

)
:= Et(M),

whereM is a local martingale, is a true martingale. If this is the case,Et(M) is
actually aGirsanov densityfor any t ∈ [0, T ]. However, in the general caseZ is a
supermartingale, so thatE[Zt] ≤ 1 for eacht. For a deeper insight into these topics,
reference can be made to [8]. In particular, in [8, p. 8] it is proved thatZ is a
martingale if there exists am > 1 such that

(3.2) sup
τ≤T

E
[
exp

( √
m

2(
√
m− 1)

Mτ

)]
<∞.

Proposition 3.1. LetM ∈Mc be a continuous martingale such that||MT ||(Φ1,µ) <
2. ThenE(M) is a martingale.

Proof. Since||MT ||(Φ1,µ) < 2, there exists aβ > 0 such that

(3.3)
1

β
=

√
m

2(
√
m− 1)

,
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for somem ∈ (1,∞). Moreover,||MT/β||(Φ1,µ) ≤ 1, so that, from(2.2),

(3.4) E
[
exp

(
1

β
MT

)]
≤ 4 <∞.

SinceM ∈Mc, due to the convexity ofΦ1(x), for any stopping timeτ ≤ T

(3.5) ||Mτ ||(Φ1,µ) ≤ ||MT ||(Φ1,µ).

Therefore

(3.6) sup
τ≤T

E
[
exp

( √
m

2(
√
m− 1)

Mτ

)]
= sup

τ≤T
E
[
exp

(
1

β
Mτ

)]
≤ 4 <∞.

3.1. BDG-inequalities within Ln,Φ1 spaces

Let Φ(t) be a Young function expressed in integral form as

(3.7) Φ(t) =

∫ t

0

φ(s)ds;

define

(3.8) γ := sup
t

tφ(t)

Φ(t)

and

(3.9) γ′ := inf
t

tφ(t)

Φ(t)
.
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The functionΦ is said to bemoderateif γ < ∞. For instance,Ψ1(x) = (1 +
|x|) log(1 + |x|) − |x|, that is the conjugate function ofΦ1(x) = cosh(x) − 1, is
moderate, since it has logarithmic form. Furthermore, whenΦ = Φ1 a straightfor-
ward computation shows thatγ′ = 2. Therefore, see e.g. [7, p. 186], the following
generalized Doob’s inequality can be stated inLΦ1(µ).

Proposition 3.2. LetM ∈Mc andM∗ := sup0≤s≤T |Ms|; then

(3.10) ||M∗||(Φ1,µ) ≤ 2||MT ||(Φ1,µ).

Given a local martingaleM and a moderateΦ, Burkholder, Davis and Gundy’s
(BDG) classical inequalities are the following ones, see e.g. [7, p. 304]

(3.11)
1

4γ
||M∗||(Φ,µ) ≤

∥∥∥〈M〉 1
2
T

∥∥∥
(Φ,µ)

≤ 6γ||M∗||(Φ,µ).

When γ = ∞, (3.11) becomes meaningless, therefore different results could be
expected.

In the sequel, we shall allow the norm of two different Orlicz spaces to appear
in (3.11), provided they both belong to the exponential classLn,Φ1. In this way, we
shall show that the former inequality in (3.11) still holds with a different constant,
while the latter holds provided that different measures are allowed.

Proposition 3.3. LetM ∈ Mc andτ ≤ T be a stopping time; if〈M〉T ∈ LΦ1(µ),
thenMτ ∈ LΦ1(µ) and

(3.12) ||Mτ ||(Φ1,µ) ≤
√

2
∥∥∥〈M〉 1

2
τ

∥∥∥
(Φ2,µ)

.

Therefore

(3.13) ||M∗||(Φ1,µ) ≤ 2
√

2
∥∥∥〈M〉 1

2
T

∥∥∥
(Φ2,µ)

.
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Proof. Since〈M〉T ∈ LΦ1(µ) and due to the monotonicity of the norm,〈M〉τ ∈
LΦ1(µ) for eachτ ≤ T . Let q := ||〈M〉τ ||(Φ1,µ) < ∞ and definer :=

√
2q. Using

Hölder’s inequality we obtain

E
[
exp

(
±1

r
Mτ

)]
≤
{

E
[
Eτ
(
±2

r
M

)]} 1
2
{

E
[
exp

(
2

r2
〈M〉τ

)]} 1
2

(3.14)

≤ 2,

therefore

(3.15) ||Mτ ||(Φ1,µ) ≤ r =
√

2||〈M〉τ ||
1
2

(Φ1,µ) =
√

2
∥∥∥〈M〉 1

2
τ

∥∥∥
(Φ2,µ)

,

which provides (3.12). The inequality (3.13) is a consequence of Proposition3.10.

Remark2. By definition of norm, from (3.13) one has

(3.16) E

exp

 M∗

2
√

2
∥∥∥〈M〉 1

2
τ

∥∥∥
(Φ2,µ)


 ≤ 4.

For instance, for a Brownian motion(Bt)t≤T , one obtains

(3.17) E
[
exp

(
B∗
T

2
√

2T

)]
≤ 4.

Similar exponential inequalities are widely discussed in [6].

Theorem 3.4 (Main). Let M ∈ Mc be a non zero martingale such thatMT ∈
LΦ1(µ), let k ∈ (2−

√
2, 2] andτ ≤ T be a stopping time such thatMτ 6= 0. Then:
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(i) 〈M〉τ ∈ LΦ1(qkατ · µ), whereqkατ := Eτ (k−1M/ατ ) andατ := ||Mτ ||(Φ1,µ).
Furthermore, the following holds

(3.18)
∥∥∥〈M〉 1

2
τ

∥∥∥
(Φ2,qkατ ·µ)

≤
√
ck||Mτ ||(Φ1,µ),

whereck := 4k2/(−2 + 4k − k2);

(ii) if k = 1, we have the most stringent inequality and obtain

(3.19)
∥∥∥〈M〉 1

2
τ

∥∥∥
(Φ2,qατ ·µ)

≤ 2||Mτ ||(Φ1,µ).

Proof. Statement(ii) follows directly from(i) by minimizing the constantck with
respect tok. Hence,it is only necessary to prove assertion(i).

Let us first show that (3.18) holds for τ ≡ T . In order to prove this, we can
suppose〈M〉T 6= 0; otherwise, the thesis is trivial.

Let us fixk ∈ (2 −
√

2, 2] and prove thatqkαT
is a density. By definition ofαT

and sincek > 1
2

one obtains

(3.20) ||k−1MT/αT ||(Φ1,µ) < 2.

Thus, from Proposition3.1, E(k−1M/αT ) is a uniformly integrable martingale, so
that qkαT

is a density. Letck := 4k2/(−2 + 4k − k2) andr := ckα
2
T and define

1/s2 := −1/r + 1/(2k2α2
T ); it should be noted thatck is positive and1/s2 is non

negative. Therefore

EqkαT

[
exp

(
1

r
〈M〉T

)]
(3.21)

= E
[
exp

(
− 1

s2
〈M〉T +

1

s
MT −

1

s
MT +

MT

kαT

)]
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≤
{

E
[
ET
(

2

s
M

)]} 1
2
{

E
[
exp

((
−2

s
+

2

kαT

)
MT

)]} 1
2

≤ 2,

since

(3.22) −2

(
1

s
− 1

kαT

)
= ||MT ||−1

(Φ1,µ).

Therefore,

(3.23) EqkαT

[
exp

(
1

r
〈M〉T

)]
+ EqkαT

[
exp

(
−1

r
〈M〉T

)]
< 4,

with strict inequality since〈M〉T 6= 0, so that||〈M〉T ||(Φ1,qkαT
) ≤ r. Hence, due to

(2.6), the thesis follows immediately forτ ≡ T .
Now, letτ ≤ T such thatMτ 6= 0 and considerN := M τ ; it should be noted that

N ∈Mc andNT = M τ
T = Mτ ∈ LΦ1(µ) due to(3.5). Hence, (3.18) follows.

Remark3. Again, by definition of norm one may obtain the following bound from
(3.18)

(3.24) E

[
exp

(
〈M〉T

||MT ||2(Φ1,µ)

(
1

ck
− 1

2k2

)
+

MT

k||MT ||(Φ1,µ)

)]
≤ 4.

In particular, whenk = 1, (3.24) reduces to

(3.25) E

[
exp

(
−3

4

〈M〉T
||MT ||2(Φ1,µ)

+
MT

||MT ||(Φ1,µ)

)]
≤ 4.
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Proposition3.3 and Theorem3.4 give a BDG-type inequality between the mea-
sureµ and a family of measures that depend on the parameterk ∈ (2 −

√
2, 2]. In

fact, taking (3.13) with respect to the measureqkαT
· µ and due to (3.10) and the

monotonicity of the norm, the following proposition holds.

Proposition 3.5. For any non zeroM ∈Mc, the following holds

(3.26)
1

2
√

2
||M∗||(Φ1,qkαT

·µ) ≤
∥∥∥〈M〉 1

2
T

∥∥∥
(Φ2,qkαT

·µ)
≤
√
ck||M∗||(Φ1,µ).

3.2. Discussion

It should be noted thatqkαT
· µ actually depends on the considered martingaleM .

In order to better understand such a structure, it is useful to study the relationships
between this class of measures and the reference oneµ. For this purpose, we shall
prove that, under suitable conditions onM , for eachk ∈ (1, 2], the densitiesqkαT

and1 can be connected by a one-dimensional exponential model, so that their corre-
sponding norms are equivalent. Before this, we need the following lemma.

Lemma 3.6. LetM ∈Mc such thatMT ∈ LΦ1(µ) and suppose that

(3.27) 1 ≤ Eq2αT
[cosh (r〈M〉T )] <∞

for somer > 0. Then〈M〉τ ∈ LΦ1(µ) for each stopping timeτ ≤ T .

Proof. If M ≡ 0, the thesis is trivial; therefore, we can supposeMT 6= 0. Let
p := ||〈M〉T ||(Φ1,q2αT

·µ), so that

Eq2αT

[
exp

(
〈M〉T
p

)]
= E

[
exp

(
MT

2αT
+
〈M〉T
p

− 〈M〉T
8α2

T

)]
(3.28)

≤ 4 <∞,
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and define a real positives in such a way that

(3.29)
4

s
=

1

p
− 1

8α2
T

.

In fact, due to the continuity of the function

(3.30) Hu(r) := E [Φ (ru)] ,

see e.g. [16, p. 54] condition (3.27) and the strict inequality sign in (3.23) ensure
that (3.18) also holds with strict inequality fork = 2.

Hence, an application of the generalized Hölder inequality gives

E
[
exp

(
〈M〉T
s

)]
(3.31)

≤
{

E
[
exp

(
−MT

2αT

)]} 1
4
{

E
[
exp

(
MT

2αT
+

4

s
〈M〉T

)]} 1
4

≤
{

E
[
exp

(
−MT

2αT

)]} 1
4
{

E
[
exp

(
MT

2αT
+
〈M〉T
p

− 〈M〉T
8α2

T

)]} 1
4

≤ 2 <∞,

due respectively to (2.2) and (3.28). Therefore, there existss ∈ (0,∞) such that

(3.32) E
[
exp

(
±〈M〉T

s

)]
≤ 4 <∞,

so that〈M〉T ∈ LΦ1(µ). Finally, since the norm is monotone,〈M〉τ ∈ LΦ1(µ) for
eachτ ≤ T .

Remark4. For instance, condition (3.27) of Lemma3.6holds for a continuous mar-
tingaleM ∈Mc with a bounded quadratic variation.
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Proposition 3.7. LetM ∈Mc be a non zero martingale that satisfies the conditions
of Lemma3.6 and considerk ∈ (1, 2]; then, for each stopping timeτ ≤ T such
thatMτ 6= 0, the two densities1 and qkατ can be connected by a one-dimensional
exponential model. Hence,|| · ||(Φn,qkατ ·µ) and|| · ||(Φn,µ) are equivalent norms.

Proof. Let uτ := Mτ/(kατ ) − 〈M〉τ/(2k2α2
τ ) and define, for an arbitrary small

positiveε

(3.33) p(θ) := exp(θuτ − ψ(θ)), θ ∈ (−ε, ε+ 1),

whereψ(θ) := log E[exp(θuτ )]. Due to (3.5) and from Lemma3.6, uτ ∈ LΦ1(µ);
in fact, p(θ) is an exponential model such thatp(0) = 1 and p(1) = qkατ , the
two densities1 andqkατ being in the interior of the model. Indeed, let us choose
θ ∈ (−ε, 1]; then

(3.34) E

[
Eτ
(
M

kατ

)θ]
≤ E

[
Eτ
(
θM

kατ

)]
≤ 1 <∞.

On the other hand, whenθ ∈ (1, 1 + ε) one obtains

(3.35) E

[
E
(
Mτ

kατ

)θ]
≤ E

[
exp

(
θMτ

kατ

)]
≤ 4 <∞,

since
∣∣∣∣∣∣ θMτ

kατ

∣∣∣∣∣∣
(Φ1,µ)

≤ 1 and due to (2.2). The equivalence of|| · ||(Φn,µ) and || ·
||(Φn,qkατ ·µ) follows from Proposition2.3.
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