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ABSTRACT. V. Csiszar and T.F. Mdri gave an extension of Diaz-Metcalf’s inequality for con-
cave functions. In this paper, we show its restatement. As its applications we first give a reverse

inequality of Holder's inequality. Next we consider two variable versions of Hadamard, Retrovi
and Giaccardi inequalities.

Key words and phrasesDiaz-Metcalf inequality, Holder’s inequality, Hadamard’s inequality, Petrevinequality, Giac-
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1. INTRODUCTION

In this paper, let X, Y") be a random vector wit®?[(X,Y) € D] = 1 whereD := [a, A] X
b, B] (0 < a < Aand0 < b < B). Let E[X] be the expectation of a random variatlewith
respect taP. For a functionp : D — R, we put

Ap = A¢(a,b, A, B) := ¢(a,b) — ¢(a, B) — ¢(A,b) + ¢(A, B).
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In [1], V. Csiszar and T.F. Méri showed the following theorem as an extension of Diaz-
Metcalf’s inequality [2].

Theorem A. Let¢ : D — R be a concave function.
We use the following notations:

L (b(A? b) - ¢(a7 b) o L ¢(a7 B) - (b((l, b)
Al =N\ i= A—a y M1 = 3= B_b )
N = Ay e (b(A’B)l : f(a, B)) oy = g = ¢(A,BB) : f(A, b)’ and
AB — ab a
V= (A — CL)(B — b)(b(a?b) - m(b(a?B) o ﬂ¢(‘47 b)7
A B AB —ab
Vo 1= r@b(a B) + B—¢(A b) — (A—a) (B b)gb(A’ B),
B a aB — Ab
V3 1= m¢(a>b) - ﬂ¢<‘47 B) + (A — CL)(B _ b)¢<a7 B),
b aB — Ab
Vg = A——a¢<a7b) - B—_b¢<Av B) - (A—a)(B - b)¢(A’ b).
a) Suppose that\¢ > 0.
— (1) f(B-b)E[X]|+ (A— a)E[Y] < AB — ab, then
ME[X] 4+ mEY]+un < El¢p(X,Y)] (< o(E[X], E[Y])).
— (ii)) f (B=b)E[X]|+ (A—a)E[Y ] > AB — ab, then
ME[X] 4+ 1 ElY] + 1n < E[p(X,Y)] (< ¢(E[X], E[Y])).
b) Suppose that\¢p < 0
b—(iii) If (B—0)E[X]+ (A—a)E[Y] < aB — Ab, then
E[X] 4+ usE[Y] + vs < E[¢p(X,Y)] (< o(E[X], E[Y])).
b— (iv) If (B—0)E[X]+ (A—a)E]Y] > aB — Ab, then
ME[X] + pBlY] +vi < E[¢(X,Y)] (< ¢(E[X], E[Y])).
Let us note that Theorejmn| A can be given in the following form:
Theorem 1.1. Suppose thap : D — R is a concave function.
a) If Ag > 0, then
(1.1) masc{ 0 ELX) + e B[Y] + i} < E[6(X, Y))(< o(ELX], EY)),
where\, u, andvy, (k = 1, 2) are defined in Theorem A.
b) If A¢ < 0,then
(1.2) max{\EX] + B[] + e} < E[B(X,Y)](< 6(ELX], E[Y]),

where\, i, andy, (k = 3, 4) are defined in Theorem A.

Remark 1.2. The inequalityE[¢(X,Y)] < ¢(E[X], E]Y]) is Jensen’s inequality. So the in-
equalities in Theorefn]A represent reverse inequalities of it.

In this note, we shall give some applications of these results.
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2. REVERSE HOLDER’S INEQUALITY

Letp, ¢ > 1 be real numbers Wit% + % = 1. Theng¢(zx,y) = x%gﬁ is a concave function
on (0,00) x (0,00). For0 < a < Aand0 < b < B, A¢ is represented as follows

A¢ = avbi — av Bi — Avbis + Av Bi = (A% - a%> (B% - b%> (> 0).
Moreover, puttingd = B = 1, and replacingX, Y, a andb by X?, Y7, o? and 34, respec-
tively, in Theorenj A, we have the following result:

Theorem 2.1. Letp,¢ > 1 be real numbers Witl;}; +% = 1. Let0 < a < X < 1and
0< <Y <1
(i) If (1= BYE[X?] + (1 — a?)E[Y?] < 1 — P, then

ﬁ(l B Oé) D Oé(]_ _ ﬁ) q
af(l —aP™t — Bt 4 P 151 4 P31 — P 39)
: =)~ =
(i) If (1 —p9)E[XP]+ (1 —a?)E[YY] > 1 — o?[39, then
11—« o 10 q l—a—-[f+abi+a’5—aPpl
@2) g BN B T < E[XY].

By Theorenj 2.1 we have the following inequality related to Holder’s inequality:

Theorem 2.2. Letp,q > 1 be real numbers wit@ +§ =1 f0<a< X <1and
0<B<Y <1,then

1

(2.3) prqi (B — aB?)r (o — a?B)a E[X7]» E[Y]
< (8 —aB)E[X?] + (a — a?B)E[Y]
< (1—o?BY)E[XY].

S

Proof. We have by Young's inequality

(6 = af) E[X"] + (oo — " B) E[Y]

— - p(B = aBNELX"]+ ¢ -qla— ALY

> {p(8 — aB) ELX")}# {q(a — o B)E[Y ]}
= prqi (8 — af?)r (o — a?B)7 E[X?]r E[Y ).
Hence the first inequality holds. Next, we see that

_aB(l—aP™t — gl 4 aPTIB9 4 o — P 3Y)
e (1 —an)(1—3) =0

and

_l—a—-pF+af?+afpf—aPp!
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Indeed, we havél — o?)(1 — (39) > 0 and moreover by Young’s inequality
1— Oépfl _ ﬁqfl + Oépflﬂq 4 Oépﬁqfl _ apﬁq
=1—a’B"—a” (1= %) — "7 (1 —a?)
1 1 1 1
> 1-apr— (L4 tor) (- - (T4 1) (- =0
p q q P
and
l—a—pF+af?+alB—afp
=1—a”B"—a(l— ") - B(1 - a?)

> 1oa— (L) ae g - (S o) (et =0

Multiplying both sides of[(2]1) byy, and those of[(2]2) by-v,, respectively, and taking the
sum of the two inequalities, we have

B(1—a) a(1-P)
1—aP ’Yl 17[8(1 ’yl
E[X"] + E[Y?] < (32 —m)E[XY].
l—«a 1-3
Tar 12 1-84 2
Here we note that fronj (2.4) and (R.5),
B(1-0) .
imar T (A=) = B)(A —afT)
1o, I—an(t-p9)
ol-p) »
i M| o(l-a)(1-B)(1-arp)
1, (1—ar)(1 - 5)
and
1—a)(1-p)(1—ars
y— g = L= = B = a?FY)

(1= o)1= ")

Hence we have

pl-a)1-p)A—ap™) o, el-a)d-B)A-a"'8) .,
7 R e D B
(1—a)(1—B)(1 - aPp?)
e (e Rl
and so the second inequality pf (2.3) holds. O

The second inequality is given inl[5, p.124]. [n (2.3), the first and the third terms yield the
following Gheorghiu inequality [4, p.184],]5, p.124]:

Theorem B. Letp, ¢ > 1 be real numbers wit@ + % =1L If0<a<X<land0< g <
Y <1, then
1 —aPpe
S 11 1 1
prqe (B — af?)r (o — arf)s
We see tha{ (2]3) is a kind of a refinement[of [2.6). Thedrém B gives us the next estimation.

Q=

(2.6) E[X?)7 E[Y]

E[XY].
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Corollary 2.3. Let X = {a;} andY = {b,;} be independent discrete random variables
with distributionsP(X = a;) = w; and P(Y = b;) = z;. Supposd) < « < X <1
and0 < 3 <Y < 1. E[X?],E[YY] and E[XY] are given by) ", w;a}, >, z;b9 and

> im1 2oj— wizja;bj, respectively. Then we have inequalities

1
Zszz]alb < (X:wZ ) (szbg)
=1 j=1 j=1
S L= Ofpﬁq T i i wizjaz-bj

p% %(5 - aﬁq) (a —arp)s 75 j=1

B =

3. HADAMARD 'S INEQUALITY

The following well-known inequality is due to Hadamard [5, p.11]: For a concave function
f:la, b — R,

b
6D HOZIO < 2 [roa<r(%57)).

Moreover, the following is an extension of the weighted version of Hadamard’s inequality by
Fejér ([3], [6, p.138]): Ley be a positive integrable function dm, b] with g(a +t) = g(b —t)
for0<t< s(a—10). Then

(3.2) f(Hf( / dt</f dt<f( _Q‘_b)/ag(t)dt.

Here we give an analogous result for a function of two variables.

Theorem 3.1.Let X andY be independent random variables such that

A B
@+ and E[Y]= b+B
2 2

for0<a< X <Aand0<b<Y < B.If¢: D — Risaconcave function, then

in { S0+ 0. B) 908)+ o1

(3.3) E[X] =

(3.4)

oet) et KA < pocx,y)

<¢(a+A b—i—B)‘

2

Proof. We only have to prove the cagey > 0. Then with same notations as in Theorlem A we
have
¢(A,b) + ¢(a, B)

2

by (3.3). SinceA¢ > 0, it is the same as the first expression[in(3.4). Similarly calculation for
A¢ < 0 proves that the desired inequalify (3.4) also holds. O

AlE[X] + ulE[Y] + v = )\QE[X] +/1,2E{Y] + vy =

We can obtain the following result as an extension of Hadamard’s inequalify (3.1) from The-
orem[3.]1 by lettingX andY be independent, uniformly distrbuted radom variables on the
intervals[a, A] and[b, B], respectively:
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Corollary 3.2. Let0 < a < Aand0 < b < B. If ¢ is a concave function, then

. {¢(A,b)+gb(a,B)7¢(a,b)+¢(A,B)}S( ; 1 — /A /qu(tjs)det

2 2
<¢(a+A b—;B).

By Theorenj 3.1, we have the following analogue[of](3.2) for a function of two variables:

Corollary 3.3. Letw : D — R be a nonnegative integrable function such thdts,t) =
u(s)v(t) whereu : [a, A] — Ris an integrable function with(s) = u(a+ A —s), faAu(s)dS =

1andv : [b, B] — R is an integrable function such thdf’ v(t)dt = 1, v(t) = v(b+ B —t). If
¢ is a concave function, then

uin { S0+ 0(0.5) o)+ D)) // (5,8)0(s.£)dadt
<¢(a+A bJ;B).

4. PETROVIC’S INEQUALITY

The following is called Petrogis inequality for a concave functiofi: [0, ¢] — R:

/ <sz$z> < szf(xz> + (1= F,) £(0),

wherex = (zy,...,z,) andp = (p1,...,p,) aren-tuples of nonnegative real numbers such
thatd "  pix; > xpfork =1,....n, > " pix; € [0, andP, = >  p; (seelb, p.11]
and [6]).

We give an analogous result for a function of two variables.

Theorem 4.1.Letp = (py,...,p,) andq = (qi, . . ., ) ben-tuples of nonnegative real num-
bers and put?, := > p; (> 0) andQ,, := 37, ¢; (> 0). Suppose that = (z1,...,z,)
andy = (y1,...,y,) are n-tuples of nonnegative real numbers With< =, < >~ piz; < ¢
and0 <y, < >0 qy; < dfork =1,2,...,n. Letg: [0, x [0,d] — R be a concave
function.

a) Suppose

¢(0,0) + ¢ (Zpi%‘, Z%%) > ¢ (Zpﬂi,O) +¢ (0, Zijj) :
i=1 j=1 i=1 j=1
— (i) If + +—<1 then
41) g ip-x-o +—<z> Oqu (1—i—i)¢(0 0)
P” i=1 Y 7 Pn Qn ’
ZZWW (i, 9;)-

n’Lljl

| A
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a— (i) If g+ 5- > 1, then
1
7 +——1 szwz,zcbyg

() () )

5 Uj)-
b) Suppose
¢(0,0) + ¢ (Zpixz, Z%‘%‘) <¢ <Zpﬂz’70> + ¢ (07 Z%’%’) :
=1 7j=1 =1 7j=1
b— (iii) If P, > Q,, then
Lo (S penS ) + (i - i) o (0.5 g ) + (1 - i) 6(0,0)
i=1 j=1 " @n  Pn =1 e Q@n
= 45 33'17%)'

i=1 j=1

b— (iv) If Q, > P,, then

1 - & 11 n 1
—¢ <;pz‘$i,;%‘%‘> - (@ - E) ) (;pﬂh,O) + <1 — Fn) qﬁ(()’ O)

< Plen Z Zpin¢($i7yj)-

i=1 j=1

Proof. We puta = b = 0, A = 371 piz; and B = 37, ¢;y; in Theoren] A. LetX = {a;}
andY” = {b;} be independent discrete random variables with distributidhs = z;) = £
andP(Y =y;) = ‘h , 1 <1 < n, respectively. So we have the desired inequalities. 0J

Specially, ifp; = ¢; =1 (i,j = 1,...,n) in Theorenj 4]1, then we have the following:
Corollary 4.2. Suppose that = (z1,...,x,)andy = (vi, . . ., y,) aren-tuples of nonnegative

real numbers fom > 2 with Y"" | z; € [0,cJ and}""  y; € [0,d]. If ¢ : [0,¢] x [0,d] — R is
a concave function, then

(4.2) ¢ (Z%ﬂ) + ¢ (QZ%’) +(n—2)¢(0,0) < %ZZM%%)-

i=1 j=1
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5. GIACCARDI 'S INEQUALITY

In 1955, Giaccardi (cf. [[5, p.11]) proved the following inequality for a convex function
fila, Al = R,

Zpif(%) <C-f (ZPM&) +D- (P, —1)- f(x),

where

Zizl Pii — o Z’i:l piti — o

for a nonnegative:-tuplep = (py,...,p,) With P, := >~  p; and arealn + 1)-tuplex =
(20,21, ...,x,)such thatforc = 0,1,...,n

a<z; <A (x)—x0) <szxz - xo) >0,
i=1

n n
a < Zplxl <A and szl’l # Zg.
=1 i=1

In this section, we discuss a generalization of Giaccardi’s inequality to a function of two
variables under similar conditions. Let= (z,z1,...,x,) andy = (vo, ¥1,.--,y,) be non-
negative(n + 1)-tuples, andp = (p1,p2,...,ps) @ndq = (¢, ¢, --.,q,) be nonnegative
n-tuples with

(5.1) Qz’oﬁl’kﬁzpﬂi and yoﬁykSZqJ’yJ‘ fork=1,...,n.

i=1 j=1

We use the following notations:

i1 =1
i1 Diti — Py j=1 4395 — @n
K(X) 1= S DI B0 gy oy~ ol
Zi:l Pili — Zo Zj:l q;Y; — Yo
(Pa =)0 pi (@ =) X 4y,
x) = Lo Vipa iy, O 2D 2y @it
Zi:1 PiZ; — Xo Z]‘:1 4;Y; — Yo

M(X,Y):= {(PnQn — Py —@Qy) szwz‘ quyj

i=1 j=1

+ Quyo > piti + Patto Y | 405 — PnQnJEoyo}

i=1 j=1

1
(Xizipizi = 7o) (2?11 9Y; — yo)

X

J. Inequal. Pure and Appl. Mat}8(3) (2007), Art. 88, 10 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON AN INEQUALITY OF V. CSISZAR AND T.F. MORI FOR CONCAVE FUNCTIONS 9

and

(Pn - Qn) Zpixi Z q;Y; — (Pn - 1>Qn leixiyo + Pn(Qn - 1)%0 ZIijj
i=1 j=1 i= i=

(Z pili — 950) (Z q;Y; — yo)
i=1 j=1

Then we have the following theorem:

N(X,)Y) =

Theorem 5.1.Let¢ : [xo, D", piwi] X [yo, 25—, ¢;9;] — R be a concave function.
a) If

O(z0,Y0) + ¢ (Zpﬂi, Z%’%) > ¢ <1'0, Z%’%) +¢ (Zpiﬂb’i,yo) ,
i=1 j=1 j=1 i=1

then

max {QnK(X)¢ (ZPJ@%) + FK(Y)o (Ioa Z%‘%‘) + M(X,Y)é(xo, o) »

=1 j=1

P,L (szxzay0> + Qn <$0,quy]> 7Y)¢ (Zpixivijyj> }
i=1 j=1
< Z sz‘%ﬁb(xi,y]‘)-

i=1 j=1
b) If
¢(xo,yo) + & (Zpﬂu Z%’%’) <¢ <$0a Z%’%’) +¢ (Z Piﬂfi,yo> )
=1 J=1 j=1 i=1
then

max {QnK(X)¢ (Zpil“i? > ijj> + P L(Y)¢ (z0,y0) + N(X,Y)o (3707 > QJy]) ;
i=1 =1
¢ (sz‘xi, Z%‘%) + QnL(X)¢ (0, 0) — N(X,Y)¢ (szwi, yo) }
=1 =1 i=1
< Z sz‘%ﬁb(xmyj)'

i=1 j=1
Proof. Let X andY be as they were in the proof of Theor¢m]4.1, and put z,, A =
> pixi, b=yoandB = Z] 1 45y, and use Theore@A Then we have the desired inequal-
ities of this theorem. O
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