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ABSTRACT. We study the boundary behaviour of some certain maximal implicit function. We
give estimates of the maximal balls on which some implicit functions are defined and we consider
some cases when the implicit function is globally defined. We extend in this way an earlier result
from [3] concerning an inequality satisfied by the partial derivatives∂h

∂x and ∂h
∂y of the maph

which verifies the global implicit function problem

h (t, x) = h (a, b) , x (a) = b.
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The implicit function theorem is a classical result in mathematical analysis. Local versions
can be found in [1],[8], [10], [13], [15], [17], [18] and some papers deal with some global
versions (see [2], [3], [9], [16]).

We first give some local versions of the implicit function theorem, using our local homeo-
morphism theorem from [4].

Theorem 1. Let E,F be Banach spaces,dimF < ∞, U ⊂ E open,V ⊂ F open,h :
U×V → F continuous such that there existsK ⊂ U×V countable such thath is differentiable
on (U × V ) \ K and ∂h

∂y
(x, y) ∈ Isom (F, F ) for every(x, y) ∈ (U × V ) \ K and letA =

Pr1K ⊂ U . Then, for every(a, b) ∈ U × V there existsr, δ > 0 and a unique continuous map
ϕ : B (a, r) → B (b, δ) such that

ϕ (a) = b andh (x, ϕ (x)) = h (a, b) for everyx ∈ B (a, r)

andϕ is differentiable onB (a, r) \A.

Proof. Let (a, b) ∈ U × V be fixed andf : U × V → E × F be defined by

f (x, y) = (x, h (x, y) + b− h (a, b)) for (x, y) ∈ U × V.
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Also, letT : U × V → E × F ,

T (x, y) = (0, y − h (x, y) + h (a, b)− b) for (x, y) ∈ U × V.

Then ImT ⊂ F , henceT is compact and we see thatf = I − T, f is differentiable on
(U × V ) \ K andf ′ (x, y) ∈ Isom (E × F,E × F ) for every(x, y) ∈ (U × V ) \ K. Using
the local inversion theorem from [4], we see thatf is a local homeomorphism onU × V. Let
W ∈ V ((a, b)) andδ > 0 be such that

f |B (a, δ)×B (b, δ) : B (a, δ)×B (b, δ) → W

is a homeomorphism and let

g = (g1, g2) : W → B (a, δ)×B (b, δ)

be its inverse. We takè> 0 such thatQ = B (a, b) × (b, `) ⊂ W and letr = min {`, δ}. We
have

(x, z) = f (g (x, z))

= f (g1 (x, z) , g2 (x, z))

= (g1 (x, z) , h (g1 (x, z) , g2 (x, z)) + b− h (a, b))

for every(x, z) ∈ Q, hence

x = g1 (x, z) , h (x, g2 (x, z)) = z + h (a, b)− b

for x ∈ B(a, r), z ∈ B(b, `).
We define nowϕ : B (a, r) → B (b, δ) by ϕ (x) = g2 (x, b) for everyx ∈ B (a, r) and we

see thath (x, ϕ (x)) = h (a, b) for everyx ∈ B (a, r). We havef (a, b) = (a, b) = f (a, ϕ (a))
and using the injectivity off on B (a, δ) × B (b, δ) , we see thatϕ (a) = b. Also, if ψ :
B (a, r) → B (b, δ) is continuous andψ (a) = b, h (x, ψ (x)) = h (a, b) for everyx ∈ B (a, r) ,
thenf (x, ϕ (x)) = (x, b) = f (x,Ψ (x)) for everyx ∈ B (a, r) and using again the injectivity
of the mapf onB (a, δ)×B (b, δ), we find thatϕ = ψ onB (a, r).

Let nowx0 ∈ B (a, r) \A. Then(x0, b) = f (x0, β), with (x0, β) ∈ (B(a, r) × B(b, δ)\K),
hencef is differentiable in(x0, β) , f ′ (x0, β) ∈ Isom (E × F,E × F ) and sincef is a homeo-
morphism onB(a, r)× B(b, δ), it results thatg is also differentiable in(x0, b) = f (x0, β) and
g′ (x0, b) = [f ′ (x0, β)−1], and we see thatϕ is differentiable inx0. �

Theorem 2. LetE be an infinite dimensional Banach space,dimF < ∞, U ⊂ E, V ⊂ F be
open sets,h : U × V → F be continuous such that there existsK ⊂ U × V ,

K =
∞⋃

p=1

Kp

with Kp compact sets forp ∈ N such thath is differentiable on(U × V ) \K, there exists∂h
∂y

on U × V and ∂h
∂y

(x, y) ∈ Isom (F, F ) for every(x, y) ∈ U × V and letA = Pr1K. Then,
for every(a, b) ∈ U × V there existsr, δ > 0 and a unique continuous implicit functionϕ :
B (a, r) → B (b, δ) differentiable onB (a, r) \A such thatϕ (a) = b andh (x, ϕ (x)) = h (a, b)
for everyx ∈ B (a, r) .

Proof. We apply Theorem 11 of [8]. We see that in an infinite dimensional Banach spaceE, a
setK which is a countable union of compact sets is a "thin" set, i.e.,intK = φ andB\K is
connected and simply connected for every ballB from E. Also, sinceA is a countable union
of compact sets, we see thatintA = φ.
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If E,F are Banach spaces andA ∈ L (E,F ), we let

‖A‖ = sup
‖x‖=1

‖A (x)‖

and
` (A) = inf

‖x‖=1
‖A (x)‖

and ifD ⊂ E, λ > 0, we let

λD = {x ∈ E| there existsy ∈ D such thatx = λy}.
If X, Y are Banach spaces,D ⊂ X is open,x ∈ D andf : D → Y is a map, we let

D+f (x) = lim sup
y→x

‖f (y)− f (x)‖
‖y − x‖

and we say thatf is a light map if for everyx ∈ D and everyU ∈ V (x), there existsQ ∈ V (x)
such thatQ ⊂ U andf (x) /∈ f (∂Q) . �

Remark 3. We can replace in Theorem 1 and Theorem 2 the condition "dimF < ∞ " by
"There exists∂h

∂y
on U × V and it is continuous onU × V and ∂h

∂y
(x, y) ∈ Isom (F, F ) for

every(x, y) ∈ U × V " to obtain the same conclusion, and this is the classical implicit function
theorem. Also, keeping the notations from Theorem 1 and Theorem 2, we see that if(α, β) ∈
B (a, r)×B (b, δ) is such thath (α, β) = h (a, b), thenβ = ϕ (α) .

We shall use the following lemma from [7].

Lemma 4. Let a > 0, f : [0, a] → [0,∞) be continuous and letω : [0,∞) → [0,∞) be
continuous such thatω > 0 on (0,∞) and

|f (b)− f (c)| ≤
∫ c

b

ω (f (t)) dt for every0 < b < c ≤ a.

Then, if
m = inf

t∈[0,a]
f (t) , M = sup

t∈[0,a]

f (t) ,

it results that ∫ M

m

ds

ω (s)
≤ a.

We obtain now the following characterization of the boundary behaviour of the solutions of
some differential inequalities.

Theorem 5. LetE,F be Banach spaces,U ⊂ E a domain,K ⊂ U at most countable,ϕ :
U → F continuous onU and differentiable onU\K such that there existsω : [0,∞) → [0,∞)
continuous with‖ϕ′ (x)‖ ≤ ω (‖ϕ (x)‖) for everyx ∈ U\K. Then, ifα ∈ ∂U andC ⊂ U is
convex such thatα ∈ C, either there exists

lim
x→α
x∈C

ϕ (x) = ` ∈ F or lim
x→α
x∈C

‖ϕ (x)‖ = ∞

or, if ω > 0 on (1,∞) and ∫ ∞

1

ds

ω (s)
= ∞,

there exists
lim
x→α
x∈C

ϕ (x) = ` ∈ F.
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If ω > 0 on (0, 1) and ∫ 1

0

ds

ω (s)
= ∞

and there existsα ∈ U such thatϕ (α) = 0, it results thatϕ (x) = 0, for everyx ∈ U.

Proof. Replacing, if necessary,ω by ω + λ for someλ > 0, we can suppose thatω > 0 on
[0,∞). Let α ∈ ∂U, C ⊂ U convex such thatα ∈ C and letq : [0, 1) → C be a path such that

lim
t→1

q (t) = α

and there existsL > 0 such thatD+
q (t) ≤ L for everyt ∈ [0, 1). Then

‖q (s)− q (t)‖ ≤ L · (s− t)

for every0 ≤ t < s < 1 and let0 ≤ c < d < 1 be fixed,

A = co (q ([c, d]))

andε > 0. Let g : A→ R be defined by

g (z) = ω (‖ϕ (z)‖) for everyz ∈ A.

ThenA is compact and convex andg is uniformly continuous onA, hence we can findδ′ε > 0
such that

|g (z1)− g (z2)| ≤ ε for z1, z2 ∈ A
with ‖z1 − z2‖ ≤ δ′ε. Sinceq : [c, d] → C is uniformly continuous, we can findδε > 0 such
that‖q (t)− q (s)‖ ≤ δ′ε if s, t ∈ [c, d] are such that|s− t| ≤ δε. Let now

∆ = (c = t0 < t1 < · · · < tm = d) ∈ D ([c, d])

be such that‖∆‖ ≤ δε. Using Denjoi-Bourbaki’s theorem we have

|‖ϕ (q (d))‖ − ‖ϕ (q (c))‖| ≤ ‖ϕ (q (d))− ϕ (q (c))‖

≤

∥∥∥∥∥
m−1∑
k=0

ϕ (q (tk+1))− ϕ (q (tk))

∥∥∥∥∥
≤

m−1∑
k=0

‖(q (tk+1)− q (tk))‖ · sup
z∈[q(tk),q(tk+1)] \ K

‖ϕ′ (z)‖

≤ L ·
m−1∑
k=0

(tl+1 − tk) · sup
z∈[q(tk),q(tk+1)]

ω (‖ϕ (z)‖)

≤ L ·
m−1∑
k=0

(tl+1 − tk) · (ω (‖ϕ(q (tk)‖+ ε) .

Letting‖∆‖ → 0 and thenε→ 0, we obtain

| ‖ϕ (q (d))‖ − ‖ϕ (q (c))‖| ≤ ‖ϕ (q (d))− ϕ (q (c))‖

≤ L ·
∫ d

c

ω (‖ϕ (q (t))‖) dt for 0 ≤ c < d < 1.(1)

If
m = inf

t∈[0,1)
‖ϕ (q (t))‖ , M = sup

t∈[0,1)

‖ϕ (q (t))‖ ,
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we obtain from Lemma 4 and (1)

(2)
∫ M

m

ds

ω (s)
≤ L.

Let nowzp → α be such that

‖zp − α‖ ≤ 1

2P
, zp ∈ C for p ∈ N

and suppose that there existsρ > 0 such that‖ϕ (zp)‖ ≤ ρ for everyp ∈ N. We take

0 = t0 < t1 < · · · < tk < tk+1 < · · · < 1

such thattk ↗ 1 and we defineq : [ 0, 1) → C by

q (t) =
zk (tk+1 − t) + zk+1 (t− tk)

tk+1 − tk
for t ∈ [tk, tk+1] , k ∈ N.

Then

D+q (t) = ck =
‖zk+1 − zk‖
tk+1 − tk

for t ∈ [tk, tk+1]

and takingtk = k
k+1

for k ∈ N, we see thatck → 0. Then

αp = sup
t∈[tp,1)

D+q (t) = sup
k≥p

ck → 0

and let
ap = inf

t∈[tp,1)
‖ϕ (q (t))‖ , bp = sup

t∈[tp,1)

‖ϕ (q (t))‖ for p ∈ N.

Using (2) we obtain that ∫ bp

ap

ds

ω (s)
≤ αp for p ∈ N

and letp0 ∈ N be such that

αp <

∫ ∞

ρ

ds

ω (s)
for p ≥ p0.

Suppose that there existsp ≥ p0 such thatbp = ∞. Then, sinceq (tk) = zk, we see that

ak ≤ ‖ϕ (q (tk))‖ = ‖ϕ (zk)‖ ≤ ρ for k ∈ N,
hence

0 <

∫ ∞

ρ

ds

ω (s)
≤

∫ bp

ap

ds

ω (s)
≤ αp <

∫ ∞

ρ

ds

ω (s)

and we have reached a contradiction.
It results thatbp <∞ for p ≥ p0 and let

Kp = sup
t∈[0,bp]

ω (t)

for p ≥ p0. ThenKp <∞ and we see from (1) that

‖ϕ (q (d))− ϕ (q (c))‖ ≤ αp ·Kp · |d− c|
for tp ≤ c < d < 1 andp ≥ p0, and this implies that

lim
t→1

ϕ (q (t)) = ` ∈ F.

It results that
lim
p→∞

ϕ (zp) = lim
p→∞

ϕ (q (tp)) = ` ∈ F.
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Now, if the case
lim
x→α
x∈C

‖ϕ (x)‖ = ∞

does not hold, there existsρ > 0 andxp → α, xp ∈ C with

||ϕ(xp)|| ≤ ρ and||xp − α|| ≤ 1

2p

for everyp ∈ N, and from what we have proved before, it results that

lim
p→∞

ϕ (xp) = ` ∈ F.

If ap ∈ C, ‖ap − α‖ ≤ 1
2p for everyp ∈ N, then

lim
p→∞

ϕ (ap) = `1 ∈ F.

Let z2p = xp, z2p+1 = ap for p ∈ N. We see that

lim
p→∞

ϕ (zp) = `2 ∈ F,

hence
` = lim

p→∞
ϕ (xp) = lim

p→∞
ϕ (z2p) = `2

and
`1 = lim

p→∞
ϕ (ap) = lim

p→∞
ϕ (z2p+1) = `2,

hencè = `1 = `2. We have proved that ifap ∈ C, ‖ap − α‖ ≤ 1
2p for everyp ∈ N, then

lim
p→∞

ϕ (ap) = `.

We show now that ifap ∈ C, ap → α, then

lim
p→∞

ϕ (ap) = `.

Indeed, if this is false, there existsε > 0 and(apk
)k∈N such that

‖ϕ (apk
)− `‖ > ε

for everyk ∈ N. Let
(
apkq

)
q∈N

be a subsequence such that∥∥∥apkq
− α

∥∥∥ < 1

2q

for everyq ∈ N. From what we have proved before it results that

lim
q→∞

ϕ
(
apkq

)
= `

and we have reached a contradiction.
We have therefore proved that either

lim
x→α
x∈C

ϕ (x) = ` ∈ F,

or
lim
x→α
x∈C

‖ϕ(x)‖ = ∞.

Suppose now ∫ ∞

1

ds

ω (s)
= ∞
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and letα ∈ ∂U . We takex ∈ C and letq : [0, 1) → C be defined by

q (t) = (1− t)x+ tα

for t ∈ [0, 1) and
m = inf

t∈[0,1)
‖ϕ (q (t))‖ , M = sup

t∈[0,1)

‖ϕ (q (t))‖ .

SinceD+q (t) = ‖x− α‖ for everyt ∈ (0, 1), we see from (2)∫ M

‖x‖

ds

ω (s)
≤

∫ M

m

ds

ω (s)
≤ ‖x− α‖

and this implies thatM <∞. Let
b = sup

t∈[0,M ]

ω (t) .

Thenb <∞ and using (1), we see that

‖ϕ (q (d))− ϕ (q (c))‖ ≤ b · ‖x− α‖ · |d− c|
for 0 ≤ c < d < 1 and this implies that

lim
x→α
x∈C

ϕ (x) = ` ∈ F.

It results that the case
lim
x→α
x∈C

‖ϕ (x)‖ = ∞

cannot hold, hence
lim
x→α

ϕ (x) = ` ∈ F.

Suppose now that ∫ 1

0

ds

ω (s)
= ∞

and that there existsα ∈ U such thatϕ (α) = 0. Let r = d (α, ∂U) , y ∈ B (α, r) and
q : [0, 1] → B (α, r) , q (t) = (1− t)α + ty for t ∈ [0, 1]. ThenD+q (t) = ‖y − α‖ for
t ∈ [0, 1] and let

m = inf
t∈[0,1]

‖ϕ (q (t))‖

and
M = sup

t∈[0,1]

‖ϕ (q (t))‖ .

Thenm = 0 and we see from (2) that∫ M

0

ds

ω (s)
≤ ‖y − α‖ .

This implies thatM = 0 and henceϕ (y) = 0. We proved thatϕ ≡ 0 onB (α, r) and sinceU
is a domain, we see thatϕ ≡ 0 onU. �

Remark 6. We proved that ifϕ is as in Theorem 2 and∫ ∞

1

ds

ω (s)
= ∞,

thenϕ has angular limits in every pointα ∈ ∂U.

We now obtain the following characterization of the boundary behaviour of some implicit
function.
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Theorem 7. LetE,F be Banach spaces,U ⊂ E a domain,K ⊂ U × F such thatA = Pr1K
is at most countable and leth : U × F → F be continuous onU × F , differentiable on
(U × F ) \K such that

`

(
∂h

∂y
(x, y)

)
> 0 on (U × F ) \K

and there existsω : [0,∞) → [0,∞) continuous such that∥∥∥∥∂h∂x (x, y)

∥∥∥∥/
`

(
∂h

∂y
(x, y)

)
≤ ω (‖y‖)

for every(x, y) ∈ (U × F ) \K. Suppose thatϕ : U → F is continuous onU , differentiable on
U\A,ϕ (a) = b and

h (x, ϕ (x)) = h (a, b)

for everyx ∈ U.
Then, ifα ∈ ∂U andC ⊂ U is convex such thatα ∈ C, either

lim
x→α
x∈C

‖ϕ (x)‖ = ` ∈ F,

or
lim
x→α
x∈C

‖ϕ (x)‖ = ∞.

Also, ifω > 0 on (1,∞) and ∫ ∞

1

ds

ω (s)
= ∞,

then
lim
x→α
x∈C

ϕ (x) = ` ∈ F.

Proof. We see that ifx ∈ U \ A, then(x, ϕ (x)) ∈ (U × F ) \ K, henceh is differentiable in
(x, ϕ (x)) and we have

∂h

∂x
(x, ϕ (x)) +

∂h

∂y
(x, ϕ (x)) · ϕ′ (x) = 0

and we see that

‖ϕ′ (x)‖ · `
(
∂h

∂y
(x, ϕ (x))

)
≤

∥∥∥∥∂h∂y (x, ϕ (x)) (ϕ′ (x))

∥∥∥∥ =

∥∥∥∥∂h∂x (x, ϕ (x))

∥∥∥∥ .
It results that

‖ϕ′ (x)‖ ≤
∥∥∥∥∂h∂x (x, ϕ (x))

∥∥∥∥/
`

(
∂h

∂y
(x, ϕ (x))

)
≤ ω (‖ϕ (x)‖)

for everyx ∈ U \ A and we now apply Theorem 5. �

Remark 8. If E is an infinite dimensional Banach space and

K =
∞⋃

p=1

Kp with Kp ⊂ E

are compact sets for everyp ∈ N andy ∈ E, then the set

M (K, y) = {w ∈ E| there existst > 0 andx ∈ K such thatw = tx}
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is also a countable union of compact sets and hence a "thin" set. Keeping the notations from
Theorem 5, we see that the basic inequality

(3) ‖ϕ (z1)− ϕ (z2)‖ ≤ sup
z∈[z1,z2]

ω (‖ϕ (z)‖) if [z1, z2] ⊂ U

is also valid forK a countable union of compact sets andϕ as in Theorem 5.

If dimE = n andK ⊂ E has aσ-finite (n− 1)-dimensional measure (i.e.K =
⋃∞

p=1Kp,

with mn−1 (Kp) < ∞ for everyp ∈ N, wheremq is the q-Hausdorff measure fromRn), a
theorem of Gross shows that ifH ⊂ E is a hyperplane andP : E → H is the projection on
H, thenP−1 (z) ∩ K is at most countable with the possible exception of a setB ⊂ H, with
mn−1 (B) = 0. Applying as in Theorem 5 the theorem of Denjoi and Bourbaki on each interval
from P−1 (z) ∩ K for everyz ∈ H \ B and using a natural limiting process, we see that if
dimE = n andK ⊂ E has aσ-finite (n− 1)-dimensional measure, then the inequality (3)
also holds. It is easy see now that Theorem 5 and Theorem 7 hold if the setK, respectively
the setA = Pr1K are chosen to be a countable union of compact sets ifdimE = ∞ and
havingσ-finite (n− 1)-dimensional measure ifdimE = n.

The following theorem is the main theorem of the paper and it gives some cases when the
implicit function is globally defined or some estimates of the maximal balls on which some
implicit function is defined.

We say that a domainD from a Banach space is starlike with respect to the pointa ∈ D if
[a, x] ⊂ D for everyx ∈ D, and ifD is a domain in the Banach spaceE anda ∈ D. We set

Da = {x ∈ D| [a, x] ⊂ D} .

Theorem 9. LetE,F be Banach spaces,dimF <∞, D ⊂ E a domain,K ⊂ D × F at most
countable, andA = Pr1K.Also, leth : D×F → F be continuous onD×F and differentiable
on (D × F ) \K such that

`

(
∂h

∂y
(x, y)

)
> 0 on (D × F ) \K.

In addition, there existsω : [0,∞) → [0,∞) continuous such thatω > 0 on (0,∞) and∥∥∥∥∂h∂x (x, y)

∥∥∥∥/
`

(
∂h

∂y
(x, y)

)
≤ ω (‖y‖)

for every(x, y) ∈ (D × F ) \K. Then, if(a, b) ∈ D × F and

Qa,b = Da ∩B
(
a,

∫ ∞

‖b‖

ds

ω (s)

)
,

there exists a unique continuous mapϕ : Qa,b → F , differentiable onQa,b\A such that
h (x, ϕ (x)) = h (a, b) for everyx ∈ Qa,b. If D is starlike with respect toa and∫ ∞

1

ds

ω (s)
= ∞,

thenQa,b = D andϕ : D → F is globally defined onD.

Proof. Let z ∈ Qa,b and letB = {x ∈ [a, z]| there exists an open, convex domainDx ⊂ Qa,b

such that[a, x] ⊂ Dx} and a continuous implicit functionϕx : Dx → F, differentiable on
Dx\A such thatϕx (a) = b andh (u, ϕx (u)) = h (a, b) for everyu ∈ Dx. We see thatB is
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open, and from Theorem 1,B 6= ∅. We show thatB is a closed set. Letxp ∈ B, xp → x, and
we can suppose thatxp ∈ [a, x) for everyp ∈ N, and let

Q =
∞⋃

p=1

Dxp .

We defineΨ : Q→ F by Ψ (u) = ϕxp (u) for u ∈ Dxp andp ∈ N and the definition is correct.
Indeed, ifp, q ∈ N, p 6= q let Upq = Dxp ∩Dxq . ThenUpq is a nonempty, open and convex set,
hence it is a nonempty domain. If

Vpq =
{
u ∈ Upq|ϕxq (u) = ϕxp (u)

}
,

we see thata ∈ Vpq, henceVpq 6= ∅ and we see thatVpq is a closed set inUpq. Using the property
of the local unicity of the implicit function from Theorem 1, we obtain thatVpq is also an open
set. SinceUpq is a domain, it results thatUpq = Vpq and hence thatΨ is correctly defined. We
also see immediately thatΨ (a) = b, andΨ is continuous onQ and differentiable onQ \ A.

Let q : [0, 1] → Q be defined by

q (t) = (1− t) a+ tx for t ∈ [0, 1] .

Then

D+q (t) = ‖x− a‖ <
∫ ∞

||b|

ds

ω (s)
.

Let
m = inf

t∈[0,1)
‖Ψ (q (t))‖ , M = sup

t∈[0,1)

‖Ψ (q (t))‖ .

As in Theorem 7, we see that

‖Ψ′ (u)‖ ≤ ω (‖Ψ (u)‖) for everyu ∈ Q \A,
hence

‖Ψ (z1)−Ψ (z2)‖ ≤ sup
z∈[z1,z2]

ω (‖Ψ (z)‖)

if [z1, z2] ⊂ Q. This implies that relations (1) and (2) from Theorem 5 also hold and we see that∫ M

m

ds

ω (s)
≤ ‖x− a‖ .

Then ∫ M

‖b‖

ds

ω (s)
≤

∫ M

m

ds

ω (s)
≤ ‖x− a‖

and this implies thatM <∞, hence

` = sup
t∈[0,M ]

ω (t) <∞.

Using (1) and Theorem 5, we see that

‖Ψ (q (d))−Ψ (q (c))‖ ≤ ` · ‖x− a‖ · |d− c| for every0 ≤ c < d < 1

and this implies that
lim
u→x

u∈Im q

Ψ (u) = w ∈ F.

Using Theorem 1, we can findr, δ > 0 and a unique continuous implicit functionΨx :
B (x, r) → B (w, δ), differentiable onB (x, r) \ A such that

Ψx (x) = w andh (u,Ψx (u)) = h (a, b)
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for everyu ∈ B (x, r). Let 0 < ε < r andpε ∈ N be such that

‖xp − x‖ < ε and ‖Ψ (xp)− w‖ < δ

for p ≥ pε and letp ≥ pε be fixed. Since

ϕxp (xp) = Ψ (xp) ∈ B (w, δ) ,

we see from Remark 3 thatϕxp (xp) = Ψx (xp) and hence the set

U =
{
u ∈ Dxp ∩B (x, ε) |ϕxp (u) = Ψx (u)

}
is nonempty. We also see thatDxp ∩ B (x, ε) is an open, nonempty, convex set, hence it is a
domain andU is an open, closed and nonempty subset ofDxp ∩B (x, ε), and this implies that

U = Dxp ∩B (x, ε) .

LetU0 = Dxp ∪B (x, ε). We can now correctly defineΦ : U0 → F by

Φ (u) = ϕxp (u) if u ∈ Dxp

and
Φ (u) = Ψx (u) if u ∈ B (x, ε)

and we see thatΦ is continuous onU0, differentiable onU0 \ A, Φ (a) = b andh (u,Φ (u)) =
h (a, b) for everyu ∈ U0. It results thatx ∈ B, henceB is also a closed set and since[a, z] is a
connected set, we see thatB = [a, z] .

We have therefore proved that for everyz ∈ Qa,b there exists a convex domainDz such that
[a, z] ⊂ Dz and a unique continuous implicit functionϕz : Dz → F , differentiable onDz \ A
such that

ϕz (a) = b, h (u, ϕz (u)) = h (a, b) for everyu ∈ Dz.

We now defineϕ : Qa,b → F by ϕ (x) = ϕz (x) for x ∈ Dz and we see, as before, that the
definition is correct, thatϕ (a) = b, ϕ is continuous onQa,b, differentiable onQa,b \ A and
h (x, ϕ (x)) = h (a, b) for everyx ∈ Qa,b. �

Remark 10. The result from Theorem 9 extends a global implicit function theorem from [3].
The result from [3] also involves an inequality containing∥∥∥∥∂h∂x (x, y)

∥∥∥∥ and `

(
∂h

∂y
(x, y)

)
and it says that ifE,F are Banach spaces,h : E × F → F is aC1 map such that∂h

∂y
(x, y) ∈

Isom (F, F ) for every(x, y) ∈ E × F and there existsω : [0,∞) → (0,∞) continuous such
that (

1 +

∥∥∥∥∂h∂x (x, y)

∥∥∥∥)/
`

(
∂h

∂y
(x, y)

)
≤ ω (max (‖x‖ , ‖y‖))

for every(x, y) ∈ E × F , then, for(x0,y0) ∈ E × F, z0 = h (x0, y0) and

r =

∫ ∞

max(‖x0‖,‖y0‖)

ds

1 + ω (s)
,

there exists aC1 mapϕ : B (x0, r) × B (z0, r) → F such thath (x, ϕ (x, z)) = z for every
(x, z) ∈ B (x0, r)×B (z0, r). The main advantage of our new global implicit function theorems
is that these theorems hold even if the maph is defined on a proper subset ofE × F, namely,
on a setD × F ⊂ E × F , whereD ⊂ E is an open starlike domain.
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Example 1. A known global inversion theorem of Hadamard, Lévy and John says that ifE,F
are Banach spaces,f : E → F is aC1 map such thatf ′ (x) ∈ Isom (E,F ) for everyx ∈ E
and there existsω : [0,∞) → (0,∞) continuous such that∫ ∞

1

ds

ω (s)
= ∞ and

∥∥f ′ (x)−1
∥∥ ≤ ω (‖x‖)

for everyx ∈ E, then it results thatf : E → F is a C1 diffeomorphism (see[11], [14],
[12], [3], [7]). If E = F = Rn or if dimE = ∞ and f = I − T with T compact, we can
drop the continuity of the derivative onE and we can impose the essential condition "f ′ (x) ∈
Isom (F, F )" with the possible exception of a "thin" set (see[4], [5],[6]) and we will still obtain
thatf : E → F is a homeomorphism.

Now, let E,F be Banach spaces,D ⊂ E a domain,a ∈ D, b ∈ F, g : D → F be
differentiable onD, f : F → F be differentiable onF such thatf ′ (y) ∈ Isom (F, F ) for every
y ∈ F and there existsω : [0,∞) → (0,∞) continuous such that∥∥f ′ (y)−1

∥∥ ≤ ω (‖y‖) for everyy ∈ F.
Let h : D × F → F be defined byh (x, y) = f (y) − g (x) for x ∈ D, y ∈ F , r0 = d (a, ∂D)
and suppose that

Mr = sup
x∈B(a,r)

‖g′ (x)‖ <∞ for every0 < r ≤ r0.

Then ∥∥∥∥∂h∂x (x, y)

∥∥∥∥/
`

(
∂h

∂y
(x, y)

)
≤ ‖g′ (x)‖ ·

∥∥f ′ (y)−1
∥∥ ≤Mr · ω (‖y‖)

if (x, y) ∈ B (a, r)× F and0 < r ≤ r0 and let

δr = min

{
r,

1

Mr

·
∫ ∞

‖b‖

ds

ω (s)

}
for 0 < r ≤ r0.

Using Theorem 9, we see that there exists a unique differentiable mapϕ : B (a, δr) → F such
thatϕ (a) = b andh (x, ϕ (x)) = h (a, b) for everyx ∈ B (a, δr), i.e. f (ϕ (x)) = g (x)+h (a, b)
for everyx ∈ B (a, r) and every0 < r ≤ r0.

If

r0 ·Mr0 <

∫ ∞

‖b‖

ds

ω (s)
,

thenϕ is defined onB (a, r0). Additionally, if D = B (a, r0), thenϕ is globally defined onD
andf ◦ ϕ = g + h (a, b) onD. In the special caseD = E, g (x) = x for everyx ∈ E,∫ ∞

1

ds

ω (s)
= ∞ and b = f (a) ,

thenf (ϕ (x)) = x for everyx ∈ E, andϕ is defined onE and is the inverse off and it
results thatf : F → F is a homeomorphism. In this way we obtain an alternative proof of the
Hadamard-Lévy-John theorem.

Remark 11. The global implicit function problem

h (t, x) = h (a, b) , x (a) = b

considered before has two basic properties:

(1) It satisfies the differential inequality‖ϕ′ (x)‖ ≤ ω (‖ϕ (x)‖) .
(2) It has the property of the local existence and local unicity of the solutions around each

point (t0, x0) .
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This shows that by considering some other conditions of local existence and local unicity of
the implicit function instead of the conditions from Theorem 1, we can produce corresponding
global implicit function results. Using the conditions of local existence and local unicity from
Theorem 11 of [8], we obtain the following corresponding version of Theorem 9.

Theorem 12. Let E, F be Banach spaces,dimE = ∞, dimF < ∞, D ⊂ E a domain,
K ⊂ D × F ,

K =
∞⋃

p=1

Kp

withKp compact sets for everyp ∈ N, A = Pr1K, h : D × F → F continuous onD × F and
differentiable on(D × F ) \K such that

`

(
∂h

∂y
(x, y)

)
> 0 on (D × F ) \K,

and there existsω : [0,∞) → [0,∞) continuous such thatω > 0 on (0,∞) and∥∥∥∥∂h∂x (x, y)

∥∥∥∥/
`

(
∂h

∂y
(x, y)

)
≤ ω (‖y‖)

for every(x, y) ∈ (D × F ) \K. Suppose that the mapy → h (x, y) is a light map onF for
everyx ∈ D. Then, ifa, b ∈ D × F and

Qa,b = Da ∩B
(
a,

∫ ∞

‖b‖

ds

ω (s)

)
,

there exists a unique continuous implicit functionϕ : Qa,b → F , differentiable onQa,b\A such
thatϕ (a) = b andh (x, ϕ (x)) = h (a, b) for everyx ∈ Qa,b and ifD is starlike with respect to
a and ∫ ∞

1

ds

ω (s)
= ∞,

thenQa,b = D andϕ : D → F is globally defined onD.

Remark 13. The condition "the mapy → h (x, y) is a light map onF for everyx ∈ D" is
satisfied if∂h

∂y
exists onD × F and

`

(
∂h

∂y
(x, y)

)
> 0 for every (x, y) ∈ D × F.

Using the conditions of local existence and local unicity from Theorem 7 of [8], we obtain
the following global implicit function theorem.

Theorem 14. Letn ≥ 2, D ⊂ Rn be a domain,h : D × Rm → Rm be differentiable and let
K ⊂ D × Rm,

K =
∞⋃

p=1

Kp

with Kp closed sets such thatmn−2 (Pr1Kp) = 0 for everyp ∈ N, A = Pr1K, such that
∂h
∂y

(x, y) ∈ Isom (Rm,Rm) for every(x, y) ∈ (D × Rm) \K and the mapy → h (x, y) is a
light map onRm for everyx ∈ D. Suppose that there existsω : [0,∞) → [0,∞) continuous
such thatω > 0 on (0,∞) and∥∥∥∥∂h∂x (x, y)

∥∥∥∥ /
`

(
∂h

∂y
(x, y)

)
≤ ω (‖y‖) for every (x, y) ∈ (D × F ) \K.
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Then, if(a, b) ∈ D × F and

Qa,b = Da ∩B
(
a,

∫ ∞

‖b‖

ds

ω (s)

)
,

there exists a unique continuous implicit functionϕ : Qa,b → F , differentiable onQa,b\A such
thatϕ (a) = b andh (x, ϕ (x)) = h (a, b) for everyx ∈ Qa,b, and ifD is starlike with respect to
a and ∫ ∞

1

ds

ω (s)
= ∞,

thenQa,b = D andϕ : D → F is globally defined onD.

Proof. We see thatmm+n−2 (Kp) = 0 for everyp ∈ N andA hasσ-finite (n− 1)-dimensional
measure. We now apply the local implicit function theorem from Theorem 7 of [8], Remark 8
and the preceding arguments. �

Using the classical implicit function theorem, we obtain the following global implicit func-
tion theorem

Theorem 15. LetE, F be Banach spaces,D ⊂ E a domain,h : D × F → F be continuous
such that∂h

∂y
exists onD × F , it is continuous onD × F and

`

(
∂h

∂y
(x, y)

)
> 0 for every (x, y) ∈ D × F.

Also, letK ⊂ D×F be such thatA = Pr1K is a countable union of compact sets ifdimE = ∞
and hasσ-finite (n− 1)-dimensional measure ifdimE = n. Additionally, suppose thath is
differentiable on(D × F ) \K and there existsω : [0,∞) → [0,∞) continuous such thatω > 0
on (0,∞) and ∥∥∥∥∂h∂x (x, y)

∥∥∥∥ /
`

(
∂h

∂y
(x, y)

)
≤ ω (‖y‖)

for every(x, y) ∈ (D × F ) \K. Then, if(a, b) ∈ D × F and

Qa,b = Da ∩B
(
a,

∫ ∞

‖b‖

ds

ω (s)

)
,

there exists a unique continuous implicit functionϕ : Qa.b → F, differentiable onQa,b\A such
thatϕ (a) = b andh (x, ϕ (x)) = h (a, b) for everyx ∈ Qa,b. If D is starlike with respect toa
and ∫ ∞

1

ds

ω (s)
= ∞,

thenQa,b = D andϕ : D → F is globally defined.
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