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Abstract

We study Hermite-Hadamard type inequalities for increasing radiant functions
and give some simple examples of such inequalities.
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In this paper we consider one generalization of Hermite-Hadamard inequalities
for the class/nR of increasing radiant functions defined on the citie =
{reR":2;,>0(=1,...,n)}.

Recall that for a functiorf : [a,b] — R, which is convex ona, b], we have
the following:

ay  1(F) =it [ f@de < 0@+ o),

These inequalities are well known as the Hermite-Hadamard inequalities. There
are many generalizations of these inequalities for classes of non-convex func-
tions. For more information see”{| Section 6.5), [] and references therein.
In this paper we consider generalizations of the inequalities from both sides of
(1.1). Some techniques and notions, which are used here, can be fourjd in [

In Section2 of this paper we give a definition afn R functions and re-
call some results related to these functions. In Se@iae consider Hermite-
Hadamard type inequalities for the classk. Some examples of such inequal-
ities for functions defined o, andR? , are given in Sectio#.
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We assume that the cofi® . is equipped with coordinate-wise order relation.
Recall that a functiory : R?, — R, = [0, +o0] is said to be increasing
radiant (nR) if:

1. fisincreasingz >y — f(z) > f(y);
2. fisradiant:f(Ax) < Af(z) forall A € (0,1) andz € R” .

For example, any functiofi of the following form belongs to the claga R:
fla) =3 cualt - -al,
|k[>1

wherek = (k1,...,kn), [kl =k + -+ kn, ki >0, ¢, > 0.
For eachf € InR its conjugate function {[])

1
@) = s
D= Fm
wherel/x = (1/x4,...,1/x,), is also increasing and radiant. Hence any func-
tion
1

fx) =

= — —
Z\k\ZI Crply — ™"

is InR. In the more general case we have the following? functions:

f(x) = ( Z|k|2u0k$]f1...mﬁ" )ta

k1 —kn
Z\k\ZU dpzy ™ -y
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whereu,v > 0,¢t > 1/(u+ v). Indeed, these functions are increasing and for

any\ € (0,1)

( > s Aoyt - ke )t
Z|k¢\> A Wldya ™ - b

A Z\k\>uckx1 S t
()‘ Z|k|>vdk3f1 l'nk")
)\(quv < )\f( )

IN

Consider the coupling functiop defined orR"; | x R?} | :

[, if (h,x) <1,
(2.1) p(h, ) —{ (h,z), if (h,z) > 1,

where
(h,x) =min{h;z; -1 =1,...,n}

is the so-called min-type function.
Denote byp,, the function defined oR’; |
It is known (see{]) that the set

by the formula:p, (z) = ¢(h, ).

1
H:{—gph:hER’fH, cG(O,—i—oo]}
c

is the supremal generator of the cladssR of all increasing radiant functions
defined oriR?; .
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It is known also that for anyn R function f

(2.2) f(h)p (%,x) < f(z) forallz,heR",.

Note that forc = 400 we setepy, (x) = sup;.o(lon(z)).
Formula @.2) implies the following statement.

Proposition 2.1. Let f be anInR function defined o}, and A C R .

Then the function

falx) = sup f(h) (%x)

heA
is InR, and it possesses the properties:

1) fa(z) < f(z)forall z € RY
2) fa(z) = f(x)forall x € A.
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Let D C R’} be aclosed domain (in topology Bf; ), i.e. D is a bounded set
such that clintD = D. Denote byQ (D) the set of all points € D such that

. .y ¢(;,x)

fDdx dr = dxq -+ - dx,

Proposmon 3.1. Let f be anInR function defined oiiR} |
nonempty and is integrable onD then

3.2
@2 20,1 % 3y 0

Proof. First, letz € Q(D) and f(z) < +oo. Thenf(z)p(1/z,x) < f(z) for
allz € D C R}, (see £.2). By (3.1), we get

i o (L) as
57 J, e () o
sm/Df(x)dw

Now, suppose thaf(z) = +oo Then for alll > 0 function iy, /z(x) is mi-
norant of f. Hencel < A fD x)dr VI > 0, that implies that function

f is not integrable orD. ThIS contradlctlon shows thgt(z) < +oo for any

z€Q(D). O

whereA(D
. If the setQ(D) is

f(@) = f(z)
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As it was done in J], we may introduce the seb,,(D) of all maximal
elements of)(D). It means that a point € (D) belongs taQ,, (D) if and
only if foranyy € Q(D) : (y > z) = (y = z). Suppose that the s€t(D)
is nonempty. Itis easy to see th@tD) is a closed set in the topology Bf} . .
Hence, using the Zorn Lemma we conclude #ai(D) is a nonempty closed
set and for any € Q(D) there existy € Q,,(D), for whichz < y.

So, in assumptions of Propositienlwe have the following estimate:

(3.3) sup f(z /f
ZEQm (D)
Sincef is an increasing function then this inequality implies inequalty)

Remark 3.1. LetD C R’ , be aclosed domain and the $gtD) be nonempty.
Then for everyt € Q(D) inequality

%) /D f(z)dx

is sharp. For example, if we sgt= ¢, /; then (seed.1))

r@) = (a) = 1= [ (Go0) do= i [ e

Note that here we used only the values of functfoon a setD. Therefore
we need the following definition.

Definition 3.1. Let D C R%,. Afunctionf : D — [0,+oc] is said to be
increasing radiant orD if there exists adn R functionF’ defined orR"} , such
that F'|p = f, thatisF(z) = f(x) forall z € D.
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We assume here, as above, thatder oo : cop(z) = sup;(lgn(x)).

Proposition 3.2. Let f : D — [0, +oc] be a function defined o C R7,.
Then the following assertions are equivalent:

1) fisincreasing radiant orD,
2) f(h)p(1/h,x) < f(z) forall h,x € D,

3) f is abstract convex with respect to the set of functidns)o/») : D —
[0, +oc] with h € D, ¢ € (0, +o0].

Proof. 1)=—=-2). By Definition3.1, there exists adn R function " : R , —
[0, 4+00] such thatF'(z) = f(x) for all z € D. Then Propositior2.1implies
that the function .

Fp(z) = sup F(h)g (ﬁ, x)

heD
interpolates in all pointsx € D. Hence

sup f(h)p (l,x) = f(z) forallz € D,
heD h

that implies the assertion 2)
2)—>3). Consider the functiori, defined onD

fol) = sup f(h)p (%) .

heD
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First, it is clear thatf is abstract convex with respect to the set of functions
defined onD : {(1/c)pam : h € D, ¢ € (0,400]}. Further, using 2) we get
forallx € D

1 1
foe) < 1(0) = f(a)s (1) < sup 0o (7.) = o)
T heD
So, fp(z) = f(x) for all z € D and we have the desired statement 3).
3)=—1). Itis obvious since any functiofi/c)¢; defined onD can be con-
sidered as an elementary functigryc)y, € H defined orR"} | . O

Remark 3.2. We may require in Propositiod.1, formula 3.3) and Remarid.1
only that functionf is increasing radiant and integrable ab.

Remark 3.3. We may consider a more general case of Hermite-Hadamard type

inequalities for/n R functions. Letf be an increasing radiant function ab.
Then Propositior8.2 implies thatf(h)p(1/h,z) < f(x) forall h,z € D. If
f(z) < +oc and f is integrable onD then

(3.4) £(7) /D o (ix) dr < /D F(@)da.

This inequality is sharp for any € D since we have the equality iB.¢) for
f=¢a/m-

Proposition3.2implies also that the clag: R is broad enough.
Proposition 3.3. Let.S C R”, be a set such that every pointc S is maximal

in S. Then for any functiorf : S — [0, +oo] there exists an increasing radiant
functionF' : R% | — [0, +o0], for which F'|g = f.
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Proof. It is sufficient to check only that(h)p(1/h,xz) < f(z) for all h,z €
S. If h = xzthenp(l/h,z) = 1, f(h) = f(z). If h # xthen(1/h,z) =
min; z;/h; < 1 sinceh is a maximal point inS, hencey(1/h,z) = 0 and
f(h)e(1/h,z) =0 < f(x). [

In particular, PropositioB.3holds if S = {z € R, : (z1)P +-- -+ (z,)’ =
1}, wherep > 0.

Now we present two assertions supported by the definition of function
Recall that a sef2 C R’ is said to be normal if for each € 2 we have
(y € Qforall y < z). Thenormal hull N(2) of a set(2 is defined as follows:
N(Q) ={zeR}, : (Jy € Q) x <y} (see, for example ).

Proposition 3.4. Let D, 2 C R’ be closed domains anB C (. If the set
Q(Q2) is nonempty and

(3.5) (\D) C N(Q(2))
then the se® (D) consists of all pointg € 2 such that

I L P

Proof. If D = ) then the assertion is clear. Assume thatt €. SinceD, ()
are closed domains ard C (2 then

(3.6) A(D) < A().
Letz € 2 and
1 1
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We show thatp(1/z,z) = 0 for all x € Q\D. If z € Q\ D then, by 8.5), there
exists a pointy € Q(Q) : ¥ > z; hence(l/z,z) < (1/z,y). Suppose that
(1/z,y) > 1. Theny > 7 = 1/y < 1/z. Sincey € Q(N) then, by 8.6) and

' e
e (57)
(e

So, we have the inequalitieét /z, z) < (1/z,y) < 1. Thereforep(1/z,z) =0

forallz € Q\D =

= e )= ()

The equality ¢(1/z,-) = 0 onQ\ D) implies also that: # z for all z € Q\ D,
hencer ¢ Q\D — z € D. Thus, we have the established resalt Q(D).

Conversely, lett € Q(D). For anyz € Q\D there existy € Q(2) such
thaty > + — (1/z,z) < (1/z,y). Moreover, we may assume thats a
maximal point inQ(Q2), i.e.y € @Q,,(£2). First, we check that

(3.8) <%,x> <lforallz € Q\D, g € Q. ().
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Indeed, ifxr € Q\D then for some € Q,,,(Q): z < z = (1/y,z) < (1/y, 2).
But (1/y,z) < 1sincey,z € Q,(2) (otherwise, if(1/y,z) > 1thenz >
=79 & Qm()).

Now we verify that(1/z,x) < 1 forallz € Q\D. If z € Q\D then for
somey € Q,(Q2) : (1/z,z) < (1/z,y). Suppose thatl/z,y) > 1. Then
y > z and therefore, using inclusiahe Q(D), we get

(3.9) 1:%/];0(%,:6) dx

- <19>/D*”<1) o
1 1

= 2 () oo

Let D, = {z € Q\D : (1/y,z) < 1}, Dy = {z € Q\D : (1/y,z) = 1}. It
follows from (3.8) thatQ\D = D; U D, (D, N Dy = (), hence

/ go(l,a:>dx:/ go(l,x)dx—l—/ gp(l,x)dx
O\D Y Dy Y Dy Y
1
:/ gp(j,:v)dsvz/ dx.
Dy Yy Dy

But the last integra}FD2 dz is also equal to zero, since the €&t has no interior
points. Thus, by3.9)

i o (s )

s

N
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This inequality contradicts the inclusiane @,,,(£2). So, we conclude that the
inequality (1/z,y) > 1is impossible. Hencél/z,z) < (1/z,y) < 1 for all
x € Q\D andy = j(z) € Q,,(2), which implies the required equality:

iy () iy Lo ()

Corollary 3.5. Let D, D, C R’} be a closed domains such that
A(Dy) = A(D,).

If there exists a closed domash C R’ , for which the set)(2) is nonempty
and

D;CcQ (D) CNQW) (i=12)

then
Q(D1) = Q(Da).

Proposition 3.6. Let D, 2 C R, be closed domains and C €. If
(3.10) NQ\D)NnD =9,

then the se@) (D) consists of all pointg € D such that

Ry (Y po

Hermite-Hadamard Type
Inequalities for Increasing
Radiant Functions

E.V. Sharikov

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 14 of 31

J. Ineq. Pure and Appl. Math. 4(2) Art. 47, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:a001102@tversu.ru
http://jipam.vu.edu.au/

Proof. Formula @.10 implies that ifz € D thenz ¢ N(Q\D). It means that
for all

1 1
xEQ\D:x<f:><—,x><1:>go(—,x):().
T T

Thus, foranyz € D
1
A(D)

b\
RS
o
IS
N——
a
g
|
—_

N
5‘ -
S—

RS
o
|
s
N——
a
3
Il
—_

O

Now consider the generalization of the inequality from the right-hand side
of (1.1). Let f be an increasing radiant function defined on a closed domain
D c R}, and f is integrable onD. Then f(h)p(1/h,z) < f(z) for all
h,z € D. In particular,f(h)(1/h,z) < f(x)if (1/h,z) > 1. Hence for all

Tz >h
f@) /N
s <L (12 o),

whereh(y) = (h,y)* = max; h;y; is the so-called max-type function. So, if
z € Dandz > zforallz € D, thenf(z) < (x,1/z)* f(z) foranyz € D.
This reduces to the following assertion.

Proposition 3.7. Let the functionf be increasing radiant and integrable an.
If z e Dandz > x forall x € D, then

(3.11) /Df(x)dxéf(x)/D<x,§>+dx.
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Inequality 8.11) is sharp since we get equality féfx) = (z,1/z)*.
In the more general case we have the following inequalities:

flx) < (z,1/z)"sup f(y) forallz > z.
yeD

Hence

"
f(x)gsupf(y)inf{<x,%> 1T >, xED} forallz € D

yeD

and therefore

n
(3.12) /Df(:z)dxSsggf(y)/[)inf{<x,i> 1T >, EED}dm.
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Here we describe the sét( D) for some special domaing of the coneR,

andR? .

Leta,b € R be numbers such thét < a < b. We denote byja, b| the

segmenf{z € R, :a < x < b}.

Example 4.1.Let D = [a,b] C R4y, where0 < a < b. By definition, the set

Q(D) consists of all points: € D, for which

1 1 1 b 1
A<D>/D*”(:z’””>d”” b—a/ﬁO(f"E)d‘E

We have: _
ifr <z,
, ifx>7.

(-]

Hence, ift € D = [a, b] then

b1 b 1
(4.2) / © (:x) dr = / gdx = —(b* — 7%).
a T z T 2z

So, a pointz € [a, b] belongs ta) (D) if and only if

1
2(b—a)z

SRR

We get
4.2) T=+/(b—a)?+b—(b—a).

V¥ —2)=1<= 2 +2(b—a)z — b =0.
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Show that for the point(2)

b
(4.3) a<:):<a;L :

Sinceb > a > 0thenz = \/(b—a)2 + b2 — (b—a) > V0?2 — (b—a) = a.
Further,

b b b—
:1:<aJ2r — (b—a)2+b2<(b—a)+a;_ :32a

<= 4(b—a)* +4b* < (3b — a)?
<= 0 < b*+ 2ab — 3a>.

The last inequality follows from the same conditiéns a > 0.
Thus,Q([a,b]) = { (b—a)?+b—(b— a)}. Remarlk3.1limplies that for
everyInR functionf € Li[a, b

1 b
— )2 2 _ _ <
f( (b—a)2+ b2 — (b a)> < b_a/a f(a)de
and this inequality is sharp. (Compare it with the corresponding estimate for

convex functionsl(1), see also4.3)).
Remark3.3and formula ¢.1) imply the following inequalities

2u b
(4.) ) < s [ Flads

Hermite-Hadamard Type
Inequalities for Increasing
Radiant Functions

E.V. Sharikov

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 18 of 31

J. Ineq. Pure and Appl. Math. 4(2) Art. 47, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:a001102@tversu.ru
http://jipam.vu.edu.au/

which are sharp in the class of all R functionsf € L;[a, b] and hold for any

u € [a,b). In particular, we get for, = (a + b)/2

a+b (a+0b)
<
f( 2 )‘(a+3b b—a/f
Note that here
4(a + ) 1

@t30(b—a) b—a
Further, Proposition3.7implies that

2 9
[ e <50 [ Far=" 2" g,

[ < s

for everyInR functionf € Ly[a, b].

hence

LetD C R%,,Z = (Z1,%2) € D. We denote byD(z) the set{z € D :

x1 > Ty, Ty > To}. Itis clear that

1 1
/90<—,:1:) dx:/ <—,x> dx:/ min (x x2>d$1d$2
p \ZT p@E) \T D(z) Ty T

In order to calculate such integrals we represent th®se} as a unionD, (z)U

Dy (z), where

DI@):{xeD(f):?g?}, DQ(@):{xeD(@:QS?}.

X2 X1
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1 1 1
[ (eJor= L (oo (oo
D r Di(z) \ 7L Dy(z) \ T

1 1
= — T dl’ldiﬁg + — T dl‘ldl'g.
L2 /Dy () L1 J Dy(a)

In the next examples we will use the numladervhich possesses the properties:

(4.5) 2k —3k* —3k+1=0, 0<k<l.

Let g(k) = 2k% — 3k* — 3k + 1. We have:g(0) > 0, g(1) < 0, ¢'(k) =
6k* — 6k — 3 < 6k — 6k — 3 < 0 forall k € (0,1). So, there exists a unique
solution of the equatior4(5), which belongs to the interval, 1). We denote
this solution by the same symbél

Example 4.2.Let D C R%, be the triangle with vertice$0, 0), (a,0) and
(0,0), thatis
T i)
x R + p S
If z € D then we get
abZ T a

1
,—I2S$1SG—E$2 ;

Di(F)={2€eR:, i3 <ay< — 2
1() { t 2= 2_aif2+bf1 T2

abi:l ) b
Do) =22cR?, 7 <a; < — 2y <xo<b— -z 5.
2(7) { t = = bE, Ty T T a !
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Therefore

1 1 (abfg)/(ai2+bi1) af(a/b)xg
/ <j,x> diL':_— dﬂ?g/ .Z'le'l.
Di(z) x 4] To (581/5‘2)1‘2

This reduces to

1 ab j2/b ab To ab Ty [T To
l dr = = S . A (i 1
/Dl<a-c><i“’x> "% (ZT1/a+T2/b)2 2 b T3 <a + b)

By analogy,

1 ab Ti/a ab 1 ab T [Ty Ty
Zrydr=—- W _,_<_ _)_
/Dz(z)<iz‘ :c> * 6 (z1/a+72/b)> 2 a + 3 a \a + b

Thus, the sum of these quantities is

6o [ o(Lr)as

6 (Z1/a + T /b) 2
SinceA(D) = (ab)/2 then forz € D

reaD) = gy (e g) s (R g) =
(B (D) s (R ) v1=0
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Using inequalitie®) < (z;/a + z/b) < 1 for z € D we get

B G e I S
Q(D)_{xER++.a+b k}

wherek is the solution of4.5).
In the more general case we have inequality (s2é) @nd (@.6))

6u
T, To) < d
S (@) < ab(1 — 3u? + 2u?) /Df(x) “
whereu = u(z,,%2) = T1/a + Z2/b < 1, function f is increasing radiant and

integrable onD.
Consider now inequality3(12) for our triangle D. We show that

+
inf{<x,l> :jZac,feD}:<ﬂ—l—@>.
z a b

Letz = (Z1,%2) = (x1/(z1/a + x2/b), x3/(x1/a + x2/b)). Thenz > x and
z € D sincez;/a + T2/b = 1. Hence

I\t
inf <x,j> x>z, x €D
T

Smax{xl(z”rf)’xz(#ﬂLf)}_ﬂ+2

a b
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Suppose that the converse inequality does not hold, thetyz)™ < z;/a +
xo/bforsomer > z, z € D, hencer/(z1/a+ x2/b) < z. But this implies that
T ¢ D.

Thus, it follows from .12 that

/D Fa)ds < sup f(0) /D (24 2) aa

Calculation gives the quantity

Hermite-Hadamard Type

/ T X9 ab Inequalities for Increasing
<_ + _> de = —. Radiant Functions
pya b 3

E.V. Sharikov

SinceA(D) = ab/2 then the final result is

1 /f( \d <2 () Title Page
— xr)ax —Su .
A(D) Jp - Syeg Y Contents
Example 4.3. Now let() be the triangle from Examplé.2 44 >
< >
0={rer, :Z+Z <1l
Go Back
Denote byD the subset of2 such that cl
ose
kK x1 k w9 11 29 Quit
Q\D = Qo< —, o< —, —4+—=<k;.
\ {xe 3230 4 % S }

Page 23 of 31

Then(Q\D) € N(Q(Q)) = {z € R, : z1/a + x2/b < k}. Note that
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k%/18). It follows from Propositior8.4 and formula ¢.6) (with Q instead ofD)
that a pointz € 2 belongs taQ) (D) if and only if

1 ab 1 ab /71 Ty ab /71 To\2
b (2 2O, 22 -1
ab(1/2—/<;2/18)lG(fl/a—i—fz/b) s () v 5t b)}

(BB s (BB (1-5) (2B o

It is easy to check that there exists a unique solutiohthe equation:

25 — 35— (3—k*/3)s+1=0, 0<s<l.

Hence =z
Iz 2 oL, T2
Q(D)—{xER++.a+b s}.
We may establish also that> k.

Remark 4.1. For any other closed domaiR’ such that Q\ D) € N(Q(Q2)) =
{r € R, : z1/a + x5/b < k} the setQ(D’) has the same form, i.e. itis
intersection ofR? | and a line(z;/a + z»/b) = s’ with somes”: k < s’ < 1.

Example 4.4. Let() be the same trianglel = {z € R?%, : (z1/a + 22/b) <
1}. LetD C Q2 and

Q\D:{xeﬁ:xl<g, x2<g}.

ThenQ\ D is the normal set, henc® (2\D) N D = (Q\D) N D is the empty
set. Sinced(2\D) = ab/4 thenA(D) = ab/2 — ab/4 = ab/4. By Proposition
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3.6, we have fort € D

reQD) = g (S (ot e) s () =
a3

b

! @)2_%(@1 )
a+b 2

So,

where2p® — 3p? — (3/2)p+1=10,0<p < 1.

The following two examples were considered it for ICAR functions de-
fined onR?2. Note that the coefficierit plays here the same role as the number

(1/3) in [1].
Example 4.5. Consider the triangleD with vertices(0, 0), (a,0) and (a, va):

D:{xeRiJr:xlga, o < vy}

If z € Dthen

X
Di(z) =z €R%, 17 < <a, Ty < 9 < a4 )
++ =
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Dy (z) = {xeRiJr:fl < <a, ;—jxl < 29 §vx1}.
Calculation gives the following quantities

1 1 a (i2/21)x1
- l’gdl’ldl’Q = — dl’l / .%'gdl'g
L2 Jz )
a? a I

Ty D1 ()
- <67 o 3) /
1 1 a VT
— r1dridre = —/ d:vl/ 1 dTo
T1 J Dy(2) 1Jx (Z2/Z1)x1

Further,

/ L Yoo (v vz, . (2 _a_ &
SO\ ~\37, 3 \3 "2 62/

SinceA(D) = va?/2 then a pointz € D belongs taQ(D) if and only if

2a 273 Ty (47 1 a?
37, 3a? va \ 3 a 312
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In particular, if 7, = vz, then we get the equatiod(z,/a)® — 3(7,/a)* —
3(z1/a) + 1 =0, hence(z;/a) = k. So, the pointka, vka) belongs toQ(D).
This implies that for eacltin R function f, which is integrable orD:

1
f(ka,vka §—/ f(x)dx.
(ke vha) < 55 | 7@
If z, = vz, /2 then then equation has the form, /a)? +2(z,/a) — 1 = 0. This

shows thatz, /a) = v2 — 1, therefore((v/2 — 1)a, v(v2 — 1)a/2) € Q(D).
Further, we may setin3(11) z = (a,va):

1 X2
< oL
Df(m)dx f(a,va)/Dmax{ ” Ua}datldxg
= f(a,va) | —dzidzy
D
a VT
= f(G,Ua>/ de‘l Ildﬂfg
a 0 0
" fa,v0)
= —f(a,va
3 Y

Thus,
1 2
—_— dr < — :
Tty |, @) < S fla.va)
Example 4.6. Let D be the square:
D:{$6R1+2$1§1, $2§1}

We consider two possible cases foe D : (z,/7,) < 1 and(zy/z,) > 1.

Hermite-Hadamard Type
Inequalities for Increasing
Radiant Functions

E.V. Sharikov

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 27 of 31

J. Ineq. Pure and Appl. Math. 4(2) Art. 47, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:a001102@tversu.ru
http://jipam.vu.edu.au/

a) If (z2/71) < 1then we have

1 1 1 (Z2/Z1)z1
—_— mgdl'ldl’z = _—/ dl’1/ i) d.’EQ
L2 J Dy (z) T2 Jz

1 T2

Ty (1 27,
|
2(393% * 3)’

1 1
— ZL‘ldl’ldl’Q —/ dx / I dl‘g
Iy DQ( ) 1 (12/561 1

Hence

1 1/1 Ty 1

SinceA(D) = 1 then we get the equation fare Q(D)

1/1 T 1
o i — (421 -3—-= ) =1
2(:(:1 w1)+6($1 x)

1

> Ty (1 + 377 — 427) = 37, (1 — 2z, — 77) .

b) If (zo/z1) > 1 then we get the symmetric equation

Ty (14373 — 473) = 37, (1 — 225 — 73) .
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Thus, the sef)(D) can be represented as the union of two sets:
{TeRl T <z <1, 7, (1+37; —427) =37, (1 — 27, — 77) }

and

{TeR 2 <Z <1, 7 (1+375—423) =33, (1 - 27, — 73) } .

In particular, if z; = 75 then
Hermite-Hadamard Type

FeQD) = (0<m <1 (1+37 —47}) =3(1—2m —73)) et
— (0<z <1, 27} - 377 - 37, +1=0).

E.V. Sharikov
This implies thatk, k) € Q(D).
At last we investigate inequaliti (L1) with z = (1, 1) for the squareD: Title Page
Contents
/Df(x)dx < f(l,l)/DmaX{xl,xg}dxldxg. <« >
SinceA(D) = 1 and < >
Go Back
1 o1 1 1
/ max{xy, re}dridry = / dxl/ x1dxs +/ dml/ Todxs Close
D 0 0 0 @1 _
1 L] — g2 Quit
= -1 ( xl)dl‘l
3 0 2 Page 29 of 31
1 1 1 2
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then ) 5
T e < Sr)

and this estimate holds for every increasing radiant and integrabl®duanc-
tion f.
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