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Abstract

In this paper we use a new approach to obtain a class of multivariable integral
inequalities of Hilbert type from which we can recover as special cases integral
inequalities obtained recently by Pachpatte and the present authors.
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The integral version of Hilbert’s inequality’ | Theorem 316] has been general-
ized in several directions (se& [3, 4, 7, 8, 9, 20, 21, 27]). Recently, inequalities
similar to those of Hilbert were considered by Pachpatte in [3, 14, 15, 16,

]. The present authors irb] 6] established a new class of related inequali-
ties, which were further extended by Dragomir and Kith [Two and higher
dimensional variants were treated by Pachpatte in1]. In the present paper
we use a new systematic approach to these inequalities based on Tlehrem
which serves as an abstract springboard to classes of concrete inequalities.

To motivate our investigation, we give a typical result of][ In this theo-
rem,H(I x J) denotes the class of functionsc C"~1™~1(] x .J) such that
Diu(0,t) =0,0<i<n—1,t€J,Diu(s,00=0,0<j<m—1,s € I,and
DDy u(s,t) and D7 Dy'u(s, t) are absolutely continuous dnx .J. Here
I, J are intervals of the typé& = [0, &) for some reat > 0.

Theorem 1.1 (Pachpatte [/, Theorem 1]). Let u(s,t) € H(I, x I,) and
v(k,r) € H(I, x I,,). Then, for0 <i <n—1,0 < j <m — 1, the following
inequality holds:

A Y | Di Dju(s, t) D Djv (k. 7)|
/o /0 (/0 /0 $2n—2i—142m—2j—1 | [2n—2i—1y2m—2j—1 dkdr | dsdt
. 1
§[A iBi )2 VTyzw (/ / r —s)(y —t)| DYDY u(s, t)|2d3dt)

X (/ / (Z_kxw_r)’D?DQ"’v(k,r)Pdde)%,
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where
1 1

A = B.. )
Yon—i—=D)m—j -1 Y (2n—2i—1)2m —2j —1)

The purpose of the present paper is to obtain a simultaneous generalization

of Pachpatte’s multivariable results/], and of the resultss, 6] of the present

authors. The single variable resuligl[ 15, 16, 19] follow as special cases of our
theorems. Our treatment is based on TheoBemmin particular on the abstract
inequality 3.1), which yields a variety of special cases when the functibns
are specified.
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By Z (Z.) andR (R, ) we denote the sets of all (nonnegative) integers and (non-
negative) real numbers. We will be working with functiongiefriables, where

d is a fixed positive integer, writing the variable as a veater (s',...,s?) €

RY. A multindex m is an elementn = (m?,...,m?) of Z1. As usual, the
factorial of a multindexmn is defined bym! = m!!---m?l. An integerj may

be regarded as the multiindéx . . ., j) depending on the context. For vectors
in R¢ and multiindices we use the usual operations of vector addition and mul-

Hilbert—Pachpatte Type

tiplication of vectors by scalars. We write< 7 (s < 7) if s/ < 77 (s7 < 7) Multidimensional Integral
for 1 < j < d. The same convention will apply to multiindices. In particular, Inequalities
s>0(s>0)wilmeans’ >0 (s’ > 0)for1 <j <d. G.D. Handley, J.J. Koliha and
If s =(s',...,5%) € R*ands > 0, we define theell ). pecaric
Q(s) = [0,8"] -+ x [0,87] x -+ x [0,5; Title Page
replacing the factof0, s’] by {0} in this product, we get théace 9;Q(s) of Contents
Q(s). «“ S
Lets = (s',...,8%), 7= (7',...,7) e R%, s, 7 > 0, letk = (k',... k%)
be a multindex and let and : Q(s) — R. Write D; = -2.. We use the < 4
following notation: Go Back
sT= (") - (Sd)Td, Close
D*u(s) = DY - .. DX u(s), Quit
s st s¢ Page 5 of 18
/ u(r)dr = / u(r)drt - - dr.
0 0 0
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An exponeniy € R in the expressior®, wheres € R?, will be regarded as a
multiexponent, that iss® = (@),

Another positive integer will be fixed throughout.

The following notation and hypotheses will be used throughout the paper:

I={1,...,n} neN
: _ 1 d d
m;, i €1 m; = (m;,...m§) € 24
xi, 1€ zi=(xl,.. 28 e RY 2, > 0 ,
Hilbert—Pachpatte Type
P — 1,1 Multidimensional Integral
Dbi, qi, 1 € I DPi, q; € R+’ Di + % 1 Inequalities
l1_§ywn 1 1_ Ny 1
b, q p Zi:l pi'q Zi:l g G.D. Handley, J.J. Koliha and
a;, bi, 1e1 a;, bl € R+, a; + bz =1 AL PEEEE
wi,iEI wiGR,wi>O,Z?:1wi:1.
Title Page
Throughout the papet;, v;, ® will denote functions from0, x;] to R of suf- Contents
ficient smoothness. Ifn is a multiindex andr € R%, = > 0, thenC™[0, ]
will denote the set of all functions : [0, z] — R which possess continuous 4 dd
derivativesD*u, where0 < k < m. < >

The coefficient;, ¢; are conjugate Holder exponents used in applications of

Holder’s inequality, and the coefficients b, are used in exponents to factorize Co 2EES
integrands. The coefficients; act as weights in applications of the geometric- Close
arithmetic mean inequality; this enables us to pass from products to sums of Quit
terms.
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First we present a theorem that can be regarded as a template for concrete in-

equalities obtained by selecting suitable functién (3.1). A special case of
this theorem is given ing, Theorem 3.1].

Theorem 3.1. Letv;, ®; € C(Q(x;)) and lete; be multiindices for € I. If
(3.1) vi(si)| < / (s — 7)) dri, s € Q). i €
0

then

Z 1 |U2( Z)‘ o
(3-2) / / L w;s, (ai+1)/(qiws) ds dsy,

LT[

=1

wherew; = (a; + bigi)ci, 3 = a;c;, and

1
[T (o + DV (B; + 1)Ve ]

Remark 3.1. Remembering our conventions, we observe that, for example,

U:

n n d

1)1/‘11' o ($§i>1/qi’ H(ai + 1)1/% — HH(az + 1)1/%‘

i=1 i=1 j=1

3 K3
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Proof. Factorize the integrand on the right side &flj as
(5 — ) /WO (5 — ) (/P Dy ()

and apply Hélder’s inequality'[), p. 106] and Fubini’s theorem. Then

1

Si a
[vi(s3)] < (/ (s; — Ti)(a’i""biq-i)ci dTi>
0

54 ) I Hilbert—Pachpatte Type
X / S; — Tz)azcl@ ( ) dT; Multidimensional Integral
Inequalities
(047,“!‘1 i .
@-(T-)Pi dr Pq G.D. Hanﬁleg, :J.J.”Kollha and
= . . Petaric
al + 1 1/% 1 (] 1
Using the inequality of means (), p. 15] Title Page
n e n DV e Contents
H Sgari_ )/ i S Z wisgaz‘f' )/(qzwz)7
i=1 i=1 A dd
we get < >
N ) Go Back
Si E
vi(s;)] < W w;s; (oi+1)/(giw:) — 1) D, (1;)P dy Close
H [oi(s:)] ,
= Quit
where 1 Page 8 of 18
W = —;

[T (o + 1)Yai
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In the following estimate we apply Holder’s inequality, Fubini’s theorem, and,

at the end, change the order of integration:

[, |vz<sz>|
) 1
S WH / (/ (Si — Tz)ﬁlq)Z(Tl)pZ dTl) ' dSZ'
i=1 70 0
n z; S; i
S WHiL'Zl/qZ (/ (/ (Sz — TZ)'BZ(I)Z(Tl)pZ dTZ) dSZ> '
i=1 0 0

T ﬁz )i H 1/q’H (/ )P () dn)

This proves the theorem. ]

If d = 1 andv; are replaced by the derivativag), the preceding theorem

reduces to, Theorem 3.1].
Corollary 3.2. Under the assumptions of Theor@m,

[T, [vi(si)]
(3 3) / / (ai+1)/(giwi) dsy - dsn

_1 wz

< pl/pU xl/qz / ;— i) ﬂr‘rl(b Pids, |
11 z . (7

=1

whereU is given by(3.2).
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Proof. By the inequality of means, for any; > 0,

1
n . n 1 P
A;;I-/pz S pl/p _AZ
The corollary then follows from the preceding theorem. O
The preceding corollary reduces t6, [Corollary 3.2] in the special case
whend = 1 andv; are replaced byf;’“). Hilbert-Pachpatte Type
Multidimensional Integral
Inequalities
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Convention 1. In this section we shall assume that, k; are multiindices sat-
isfying0 < k; < m; — 1, and write

(4-1) ;= (Gz' + biQi)(mi — ki — 1)7 Bi = ai(mi — ki — 1)-

Recall that according to our conventions; —k;—1 = (m! — k! —1,..., m¢—
k1),
Hilbert—Pachpatte Type
Theorem 4.1. Let u; € Cm’(Q(:EZ)) be such th&tD;ui(Si) = 0 for S; € Multidimensional Integral
0,Q(z;),0<r<mi—1,1<j<d,iecl Then ISt
G.D. Handley, J.J. Koliha and
1 Tn n Dki (o. J. Pecari¢
(4.2) / / 1}:1 | (a_f;)(fg)lv_) dsy - - ds,,
0 0 ZZZI wzsz ) qiw; -
N N 1 Title Page
Ti . 2
< U Ha:;/q" H (/ (w; — si)ﬂiﬂ‘Dmiui(si) P dsi> , Contents
i= i= 0
' ' «“ 3
where < >
1
4.3 Uy = = . Go Back
@2) ' T — b= Dl + D7 (3, + 1)77] 08
Close

Proof. Under the hypotheses of the theorem we have the following multivari- _
able identities established in]], Quit
Page 11 of 18

DFiuy(s) =

1 Si
R, D e
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Inequality ¢.2) is proved when we set(s;) = D¥iu,(s;), ¢; = m; — ki — 1,
and

|D™u(s;)|

(4.4) P;(s;) = k= 1)1

in Theorem3.1. ]
Corollary 4.2. Under the hypotheses of Theordm,

Hilbert—Pachpatte Type

Dk U S Multidimensional Integral
(4 5) / / HZ ! | Z( l)| dsy---ds, Inequalities

n (ait1)/(giwi)
=1 Wis;
G.D. Handley, J.J. Koliha and

J. Pecaric
Di
ds; |

=

S pl/P Ul szl/‘h (Z%/IZ —5; Bl+1}Dmlul( z)
i=1 i=1 £+ /0

Title Page
whereU, is given by(4.3). S
Proof. The result follows by applying the inequality of means to the preceding < 93
theorem. O
< | 2
Single variable analogues of the preceding two results were obtainéd in | Go Back
Theorem 4.1] andd, Corollary 4.2].
We discuss a number of special cases of Theatgnwith similar examples Close
applying also to Corollar.2. Quit

Page 12 of 18
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Example 4.1.1f a; = 0 andb; = 1 fori € I, then(4.2) becomes

M6)L/m.-/ml [T, DM ui(s)|
0 0 22;1 wiquimﬁqikﬁqiﬂ)/(qiwi)

ds;---ds,

< Ui Hzg/qi H (/ (z; — SZ)‘DmLUz(Sz> P dsi> " ,
i=1 i=1 \/0
where
(4.7) U, = 1
- ' H?:1[(  — ki — 1) (q,mZ gk — q; + 1)1/111-]'
Example 4.2.1fa; = 0,b; =1, ¢; = n,w; = =, p; = 2=, m; = mandk; = k
for: € I, then
o DFu,(s;
(4 8) / / Zzll ’nm nk( n)+|1 ds;---ds,
o Km —k—=1"(n(m —k —1) + 1)

xlj(/o(x

Ford = 2 andq = p = n = 2 this is Pachpatte’s theorem [, Theorem 1] cited
in the Introduction; ifd = 1 andg = p = n = 2, we obtain [L4, Theorem 1].

&Hme@ﬁvzd&>7l-
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Example 4.3.Leta; = 1 andb; = 0 for i € I. Then(4.2) becomes

(4.9) / . / [y | (mvukv()‘j()vw‘) ds, -+ -ds,
0 0 Z?:l wzsz i i qiWw;

<0 ﬁ%l/qﬁ (/w(ﬂfz —8;)"™
i=1 i=1 0

Dm‘uz( i)

1
Py

P

ld&) ;

where Hilbert—Pachpatte Type
1 Multidimensional Integral
(4-10) U1 _ _ - o - . Inequalities
Hizl[(ml P )(ml - Z)] G.D. Handley, J.J. Koliha and
J. Pecaric

Example 4.4.Seta; = 0,b; = 1, ¢; = n, w; = =, p; = 25, m; = m and
k; = k fori € I. Then(4.2) becomes

Title Page
In Dk i 7, C t t
(411) / / Hz 1’ u( )’dl d ontents
7, 1 ’L ‘4 ”
VI T < >
= n[(m k= D (m =
z; Jn1) (n=1)/n Go Back
X E (/0 (x; — $4) |D uz(sz)‘ dsz> ) p—
Quit

In the following theorem we establish another inequality similar to the inte-

gral analogue of Hilbert's inequality. Pege Lol i
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Theorem 4.3. Letwu; € C™(Q(x;)) be such thatD™iu,(s;) = 0 for s; €
0;Q(s;),1 <j<d,iel. Then

o Hz 1’Dm u;(s;)|
@i [ / s,

_1 'I«U'L
1

< Hl&/% H (/Oxz (Iz _ si)‘Dmi—i_luz‘(Si) Di dSZ> pi ‘
=1 =1

Proof. Under the hypotheses of the theorem we have the following multivari-
able identities established inf] for m; = (0,...,0):

(4.13) D™iu;(s;) / D™t (1) dr, i€l

In TheoremB.1setv;(s;) = D™iu,(s;), ¢; = 0, ®;(s;) = |D™u;(s;)|, and the
result follows. O

In the special case thdt= 2, m; = (0,0),p = ¢ = n = 2, andw; = % the
preceding theorem reduces o’ Theorem 2].

When we apply the inequality of means to the preceding theorem, we get the
following corollary which generalizes the inequality obtainedlin [Remark 3].

Corollary 4.4. Under the hypotheses of Theorérs,
o Hz L [ D™ui(si)|
(4.14) / / T dsy - ds,

z le

<p1/pH:c1/ql <Zp/ i = 50)| D™ g (s;)

L A

ds@,)
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