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Abstract

Inequalities involving the Euler zeta function are proved. Applications of the
inequalities in estimating the zeta function at odd integer values in terms of the
known zeta function at even integer values are discussed.
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The Zeta function

(1.2) ((x) = %, x>1
n=1

was originally introduced in 1737 by the Swiss mathematician Leonhard Euler

(1707-1783) for reat who proved the identity

(1.2) ) =]] (1 - i) B . o>,

x
» p

wherep runs through all primes. It was Riemann who allowetd be a complex
variable and showed that even though both sided dj @nd (L.2) diverge for
Re(z) < 1, the function has a continuation to the whole complex plane with a
simple pole at: = 1 with residue 1. The function plays a very significant role
in the theory of the distribution of primes. One of the most striking properties
of the zeta function, discovered by Riemann himself, is the functional equation

(1.3) ((x) = 2°7° 'sin (%) (1l —z)((1—x)

that can be written in symmetric form to give

(1.4) 2l <§> ((z) = (=°)r (1;$> C(1—x).
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The functionl’(z) is the Gamma function

(1.5) [(x):= /01(—10g t) e, x>0,

introduced by Euler in 1730. The gamma function has the integral representa-
tion

(1.6) ['(x):= /000 e 'ttt x>0,

or equivalently

(1.7) () := 2/000 et x>0,
and satisfies the important relations

(1.8) I'(z+1) =2I'(2),

(1.9) [(x)[(1 —z) = mesex, x non integer

In addition to the relationl(.3) between the zeta and the gamma function, these
functions are also connected via the integra]s [

1 < tr=lqt
(1.10) ((x) = T(2) /0 1 x> 1,
and

1 oo =1t
(1.11) ((z) = C<x)/0 T e
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where
(1.12) C(z) :==TD(z) (1 -2"7).

The zeta function is monotonically decreasing in the intefval). It has a
simple pole atr = 1 with residue 1. It is monotonically decreasing once again
in the interval(1, co). Thus one has the inequality

(1.13) C(z+1) <((2), x> 0.
New Inequalities Involving the
Zeta Function

It is the intention of the current paper to obtain better upper bounds 1has (

and also procure lower bounds. These bounds are procured from utilising a P ©erone. M. Aslam Chaudhry,
. . . . . . G. Korvin and Asghar Qadir

functional equation involving the zeta function evaluated at a distance of one

apart. This enables the approximation of the zeta function at odd integer argu-

ments in terms of the explicitly known zeta values at the even integersawith Title Page

priori bounds on the error.
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The following identity will prove crucial in obtaining bounds for the Zeta func-

tion.

Lemma 2.1. The following identity involving the Zeta function holds. Namely,

oo tx
2.1) /O G = O D) @), >0

whereC' (z) is as given by1.12).

Proof. Consider the auxiliary function

(2.2) f(t) = ey t>0
that has the derivative given by
i 1

Taking the Mellin transform of both sides in the real variablen (2.2) —(2.3)
and using {.11), we find

(2.4) M(f; o] = C(a)¢(a), and
1

(2.5) M[f;a] = —C(a)¢(a) + M {m,a} .
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However, M [f; o] and M |[f’; o] are related via

(2.6) MIf';a] = —(a — YM[f;a — 1],

providedt®~! f (¢) vanishes at zero and infinity. Hence, froth4) —(2.6), we
find

(2.7) M [ ! 2;&] =C(a)((a) = (o« — 1)C(a—1)¢(a—1).

(¢ +1)
Replacingy by = + 1 in (2.7) readily produces the stated result). O
Theorem 2.2. The Zeta function satisfies the bounds

@9 (b + " D<@

<)@+ s,

where

1
(2.9) b(z):= ST
Proof. From identity @.1) let

oo tgc

2.10 Al(x) = ——dt, > 0.
(2.10) @)= et
Now,

—t
(2.11) L ¢

et+1:1+e*t
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et et 1 et
(212) — = < < — =e !
2 maxep+ (14+e7) 7 et +1 7 mingeg+ (1 +e7)
Thus,
672t 1 6727&
4 (et +1)°
producing from 2.10
(z+1) '(z+1)
(2.13) “oms S Az) < “orrl

where we have used the fact that
o r 1
(2.14) / et = %
0 s*

The result 2.8) is procured on using the identit®.(l), the definition .10 and
the boundsZ.13 on noting from £.13 and @.9), that

xC (x)
: —=1-
(2.15) CatD) b(x)
and
C(x+1)  b(n)
(2.16) 2007C (x +1) 27
The theorem is thus proved. H

New Inequalities Involving the
Zeta Function

P. Cerone, M. Aslam Chaudhry,
G. Korvin and Asghar Qadir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 34

J. Ineq. Pure and Appl. Math. 5(2) Art. 43, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:pc@csm.vu.edu.au
mailto:
mailto:maslam@kfupm.edu.sa
mailto:
mailto:gabor@kfupm.edu.sa
mailto:aqadirs@consats.net.pk
http://jipam.vu.edu.au/

Remark 2.1. The lower bound1 — b (z)) ¢ (z) is obtained for¢ (z + 1) if we
use the result, from2(10), that0 < A (x) rather than the sharper bound as

givenin @.13. The lower bound fo€ (= + 1) as given in 2.8) is better by the
amount?® > 0.

Further, the boundX.13), is obviously inferior to the upper bound i.6)
since

b ()

=) ¢ 0) + 15 = )+ 00 |3~ ¢ )]

and forz > 1, { (z) > 1 givingb (z) [3 — ( (z)] < 0.
Corollary 2.3. The bound

@17 [Cl 1) = (1= b()C (@)~ 15b(@)| < b (@)

holds, wheré (z) is as given byZ.9).

Proof. Let

(248) L(x) = (1—b() ¢ (@) + 2 U @)= (1 - b)) ¢ (@) + 1Y

8 2

then from ¢.8) we have

L(z)<(¢(x+1)<U(x).
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which may be expressed as the stated re&ulf/] on noting the obvious corre-
spondences and simplification. ]

Remark 2.2. The form £.17) is a useful one since we may write

(219) ) =0 b))+ 2b(@)+ B,
where
|E (z)| < e
for
x> a" :zln?-ln(l%—l%g).

That is, we may approximate(z + 1) by (1 — b (z)) ¢ (z) + b () within an
accuracy of for x > z*.

We note that both the result of Theor@n2and Corollary2.3as expressed in
(2.8) and @.17) respectively rely on approximating(z + 1) in terms of{ (x) .
The following result involves approximating(x + 1) in terms of{ (x + 2),
the subsequent zeta values within a distance of one rather than the former zeta
values.

Theorem 2.4. The zeta function satisfies the bounds

(2.20) Ly(z) < C(x+1) < Uz (a),
where

z+2) — et z+2) — et
(2.21) L2(:c):<<1szx+1§ and U, () = S5 T2) =75
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Proof. From 2.8) we have

0= <@ - -bE)cw s

and so

A rearrangement and changemoto = + 1 produces the stated resukt 20 —
(2.21). O

The following corollary is valid in whicl{ (x + 1) may be approximated in
terms of¢ (x + 2) and an explicit bound is provided for the error.

Corollary 2.5. The bound

Ce+2)—Fb+1)| _ 3
1-b(z+1)

b(r+1)

(222) <16 T=b@xD)

C(zr+1)—

holds, wheré (z) is as defined by 9).

Proof. The proof is straight forward and follows that of Corollagwith L (z)
andU (x) replaced byL, (x) andU, (=) as defined by4.21). O
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Corollary 2.6. The zeta function satisfies the bounds
(2.23) max {L (z), Ly (z)} < ((z +1) < min{U (z), Uz (z)},

whereL (x), U (z) are given by 2.18 and L, (x) , Us (z) by (2.21).

Remark 2.3. Some experimentation using the Maple computer algebra package
indicates that the lower boundt, (z) is better than the lower bound (z) for
x > x, = 0.542925... and vice versa for: < z,. In a similar manner the

upper boundJ; () is better than (z) for x < x* = 2.96415283 ... and vice Newlne(:|zuat|iti§s In:(olving the
versa forz > 2*. The results of this section will be utilised in the next section to ela uneton
obtain bounds for odd integer values of the zeta function, naéy, + 1), P. Cerone, M. Aslam Chaudhry,
n €N G. Korvin and Asghar Qadir

Remark 2.4. The Figurel plots( (x + 1), its approximation by an expression

Title P
involving( (x) and the bound as given bg.(L7). For z = 4 the approximation 1 P
of ¢ (5) has a bound on the error @£0125. Figure 2 shows a plot of (z + 1) Contents
and its approximation by an expression involvin@: + 2) (which are indistin- <« b
guishable) and the bound as given RyA29). ) R
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Figure 1: Plot of¢ (x + 1), its approximation(1 — b (z)) ¢ (z) + &b (x) and
error bound%b (x) whereb (x) is as given by Z.9). This represents the imple-
mentation of Corollary?.3.
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Figure 2: Plot of¢ (z + 1), its approxmaﬂon% and its bound
3 b(a+l - - : ; : Quit
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In the series expansion

(3.1) S B D
. = m\L) —7,
et —1 — m)!
where B,, (x) are the Bernoulli polynomials (after Jacob BernoulB), (0) = New Inequalities Involving the
B,, are the Bernoulli numbers. They occurred for the first time in the formula Zeta Bunction
[ y P- 804] P. Cerone, M. Aslam Chaudhry,

G. Korvin and Asghar Qadir

o B, 1) - B,
(32) an = +1<mn++)1 +17 n,m= 172737"' .
k=1

Title Page
One of Euler’'s most celebrated theorems discovered in 1736 (Institutiones Cal- Contents
culi Differentialis, Opera (1), Vol. 10) is « b

B 22n71 2n
(3.3) cen) =" " " B n=1,23,.... < >
(2n)!

Go Back
The result may also be obtained in a straight forward fashion flofri) and a Close
change of variable on using the fact that

Quit
00 t2n—1
(3.4) By, = (—1)"" -4n/ ———dt Page 15 of 34
g e —1
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Despite several efforts to find a formula fof2n + 1), (for example §, 7,

1), there seems to be no elegant representation for the zeta function at the odd
integer values. Several series representations for the yétuet 1) have been
proved by Srivastava, Tsumura, Zhang and Williams.

From a long list of these representatioris, {], we quote only a few

_ H2 1 — logﬂ
2 1 — _1 n—1_2n n+
G-+ 1) = (-1t | o
n—1 00 . .
( 1)k ((2k: 4 1) (Qk _ 1)! C(Qk) New Inequalities Inyolvmg the
(3.5) + Z 2n ok & 1) TS +2 Z (2n ok 4 1>! o2k , Zeta Function
k=1 . P. Cerone, M. Aslam Chaudhry,
271' 2n n k: 1]€ C(%) G. Korvin and Asghar Qadir
204 1) = (—1)"
(@nt1)=(-1 22n+1—1 LZ; 20 — 2k)! 2k
% Title Page
(3.6) + g T 216 2% ] Contents
n n—1 _ 44 42
C2n+1) = (-1)" (2r) (C)k (k4 ])
(2n —1)22" +1 | &= (Qn —2k+ 1)l a2k < 4
00 Go Back
k) C(2k)
(3.7) +Zo 2n+2k+1 22k ]’ n=123.... Close
Quit

There is also an integral representationddr. + 1) namely,
Page 16 of 34
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whered = 1 or% ([1, p. 807]). Recently, Cvijowd and Klinkowski [’] have
given the integral representations

(27T)27L+1

1)
(3.9) ¢(2n+1) = (-1)"" (22 @n 1] /0 Bay 11 (t) tan () dt,

and

ﬂ_Zn—i—l

(3.10) ¢(2n+1)=(-1)"- B 2 (@) /0 Es, (t) csc (mt) dt.

Both the series representatiodsd) — (3.7) and the integral representations
(3.8) — (3.9 are however both somewhat difficult in terms of computational
aspects and time considerations.

In the current section we explore how the results of Sectiomay be ex-
ploited to obtain bounds o6 (2n + 1) in terms of( (2n) , which is explicitly
given by 3.3).

Takingz = 2n in the results of the previous section, we may obtain from
(2.18 and @.21), using @.9), that

(L(2n) = (£22) ¢ 2n) + gui

U((2n) = (ﬁ—j) ¢(2n) + m;

2(2-4™"—1)((2n+2)—1
L (2n) = 202,

(3.11)

8(2:4"—1)¢(2n+2)—1
| Uz (2n) = S4B
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Table 1 provides lower and upper bounds §aen + 1) forn = 1,...,5,
utilising Theorems2.2 and2.4 for x = 2n and so explicitly using3.11). We
notice thatl, (n) is better tharn’; (2n) andU (2n) is better tharUs (2n) only
forn = 1 (see also Remark.4). Tables 2 and 3 give the use of Corollarie8
and2.5for x = 2n. Thus, the table provideS(2n + 1), its approximation and
the bound on the error.

L (2n)

LQ (271)

C(2n+1)

U (2n)

U2 (2”)

1.138289378

1.179377107

1.202056903

1.263289378

1.241877107

1.018501685

1.034587831

1.036927755

1.043501685

1.047087831

1.003178887

1.008077971

1.008349277

1.009131268

1.011054162

1.000629995

1.001976919

1.002008393

1.002100583

1.002712213

QB WNFRB

1.000138278

1.000490588

1.000494189

1.000504847

1.000673872

Table 1. Table of_ (2n), L2 (2n), ¢ (2n + 1), U (2n) andU; (2n) as given by 2.18

and .2) forn=1,...

5.

C(2n+1)

U(2n)+L(2n)

U(2n)—L(2n)

1.202056903

2
1.200789378

2
0.06250000000

1.036927755

1.031001685

0.01250000000

1.008349277

1.006155077

0.002976190476

1.002008393

1.001365289

0.000735294117¢

QB WNFB

1.000494189

1.000321562

0.000183284457+1

Table 2. Table of (2n + 1), its approximation—=—5=-=-
,5 whereU (2n) andL (2n) are given by §.11).

WTOM:L...

U(2n)+L(2n)

b
b

and its bound
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C(2n+1) U2(2n)+L2(2n) | U2(2n)—L2(2n)

1.202056903 1.2102627107 0.031225000000
1.036927755 1.040837831 0.00625000000
1.008349277 1.009566064G 0.001488095238
1.002008393 1.002344564G 0.0003676470588
1.000494189 1.000582230 0.00009164222874

g W NP B

Table 3. Table of (2n + 1), its approximatior22M+£220) and jts bound

w forn=1,...,5whereU; (2n) andLs (2n) are given by 8.11). New Inequalities Involving the
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The results of Sectiondand3 rely heavily on the representatiod.{ 1) which
allows us to obtain both lower and upper bounds as demonstrated1d. (

In this section we examine whether a different representati%?f other
than that given by4.11), would provide better bounds. Consider

—At

e
We note that . .
e
Hy(t) = and H (t) = ——.
o () et +1 1) 1+et

Now if we denote the denominator &f, (¢) in (4.1) by h, (¢) , then
hy (1) = eVt e

has a number of interesting properties.
We have already investigated the situation Xo= 1 in Section2 to show
that

t—oo -

For0 < X\ < 1 the upper bound is infinite. The lower bound however either
occurs athy (0) for 0 < A < 1 or att = ¢* whereh) (t*) = 0 giving the
lower bound ag, (t*) for 3 < A < 1. Here, a simple calculation shows that for
;<A< 1ltogive

« A "
(4.3) t* =1In (m), positive,
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and so

1 /1-x\"
4.4 h(t) = — (=2 .
(4.4) N 1_)\< 3 )
Figure3 shows a plot ofﬁ(t) for A =0,1,1 3 and1 in order from bottom

to top. The lower bound/,, (¢) is zero for0 < A < 1 ande;“ for A = 1.
The upper bounds falf,, (¢) are given by

—At

e 1.
T2 0<A< 2 New Inequalities Involving the
Zeta Function
< e 1 :
(4'5) H)‘ (t) - ha(t*)? 2 SA< 1’ P. Cerone, M. Aslam Chaudhry,
G. Korvin and Asghar Qadir
e A=1
Now, from (2.10 and using 4.5 and @.14), we have Title Page
iéi;;lﬁl, 0<A<3; Contents
o0 tx
A(z) = / At < SR Loy o, « dd
(@) o (et+1)7 5(2?%) 2 ) .
o) A= 1.
) 2) B Go Back
. _ T(z+1
That is, from @.16) we haveb (z) = w0 and so S
o 0<A< L Quit
A(z) b(z) 1
4.6 — < —, =< A<1; Page 21 of 34
(4.6) Clz+1) =) 2a(i2)0 2
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The following lemma provides the best upper bound for a givefhis
involves deciding the that provides the sharpest bound for a given

Lemma 4.1. For A (z) as given byZ%.10),

Al(x) b(x)
Clet1) =260 2)

(4.7)

provides the sharpest bound where

A\ 2(1-X)
_ yz—1
(4.8) O(\x)=A (—1 — >\>
and
1
(4.9 A= —
z
with z the solution of
(4.10) p=1+e 27

Proof. From (4.6), it may be noticed that a comparisondof \**!, 6 (\, z) and
1 needs to be made over its respective region of validity\for
It may be further noticed that the maximum£f**! over0 < )\ < % is at
z—1
A=gnamellz) . .
Differentiation of @.8) with respect to\ gives

o 1 1)\
vg_zrt +21n<—>

0 A A
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the critical point,\*, which simplifies ¢.9) — (4.10, may be shown to provide
a maximum, as may be seen from an investigation of the second derivative, at
A= A% O

Remark 4.1. Figure 4 demonstrates the upper bound fz}i‘% from (4.6) for
0 < XA < 1. Figure 5 is a plot ofA* which satisfies4.9) — (4.10, which is
an increasing function frond.676741... to 1. Figure 6 shows a plot from
top to bottom of) (\*, z), 1 and2-@~1. We notice thae~~ > 1 only for
0 <z < 1whiled(\*,z) > 1forall . That is,1 is the best uniform lower ~ _

New Inequalities Involving the

bound so thatd ($) < @ Zeta Function

P. Cerone, M. Aslam Chaudhry,

. . g G. Korvin and Asghar Qadir
Theorem 4.2. The Zeta function satisfies the bounds

(4.11) 1—-0b(x))C(x)+ % <((x+1) Title Page
b (x) . Contents
S(l—b(ﬂz’))f(lﬂ)ﬂLmi: (x) « o
whereb (z) is as given byZ.9), (), z) by (4.8) and \* satisfies 4.9 — (4.10). 4 >
Proof. From Lemma4.1and identity .1) we have Go Back
AW iy 0@ o b) Close
C(x+1) C(x+1) 20 (\*, x) Quit
and so Page 23 of 34
1) £ g (o) + gyt Rl o
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giving the right inequality in4.11) on using £2.15.
The lower bound is that obtained previously in Theoizf It results from
the \ = 1 case as discussed above in this section. O

Remark 4.2. The upper bound’* (z) in (4.11) is the best possible for a given
xZ.

Theorem 4.3. The Zeta function satisfies the bounds
(4.12) Ly(z) <((z+1) <Us(x)
where

b(z+1
Clo+2)— 29((;@))

1—b(z+1)
with U, () defined byZ.20 and6 (\*, z) by (4.8) — (4.10).

(4.13) L; (z) =

Proof. The proof is straightforward from Theorefr?2 and utilising the method-
ology in proving Theoren2.4from Theoren?.2. O

Results corresponding to Corollariz88and2.5are possible wher& (z) is
replaced byU* (z) and L, (x) by L; (z) .

Corollary 4.4. The Zeta function satisfies the bounds
(4.14) max {L (z), L3 (2)} < (x4 1) <min{U" (z),Us (z)},

whereL (z) is defined byZ.18), L} (x) by 4.13, U* (z) by @.11) and U, ()
by (2.21).
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Remark 4.3. Experimentation using Maple indicates that the critical point is
x, = 0.3346397 ... with L} () > L (=) for z > z, and vice versa for < x,.
Further, forxz > x* = 2.755424387... U* (z) < U, (x) and vice versa for
x < z*. These critical points:, andz*, at which the bounds procured in terms
of ( (z) and( (x + 2) cross, are to be compared to those in Rentafk

Figure 7 gives a graphical representation cf.(4).

Table 4 gives lower and upper bounds {gq2n + 1) forn = 1,...,5 utiliz-
ing Theoremsl.2and4.3for x = 2n. We notice that.} (x) provides a stronger
lower bound tharl, (2n) from Table 4. As discussed in Rematk3, L} (x)
is better tharl. (x) in the region under the representation here. We also notice
that U* (2n) here is better that/ (2n) of Table 1. Further[J* (2n) is better
thanU, (2n) for n > 2 in agreement with the comments of Remérk
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(2.18,(4.13,(4.1)and @.2) forn =1,...,5.

Title Page
n [ L(2n) L; (2n) CCnt1) U () U, 2n) Contents
1 |1.138289378 1.18644751 | 1.202056903 1.256754089 1.241877107 44 (44
2 | 1.018501685 1.034776813 1.036927755 1.043123722 1.047087831 < >
3 | 1.003178887 1.008088223 1.008349277 1.009110765 1.011054162
4 | 1.000629995 1.00197741Q 1.002008393 1.002099601 1.002712213 Go Back
5| 1.000138278 1.000490609 1.000494189 1.000504804 1.000673872 Close
Table 4. Table of. (2n), L3 (2n), ¢ (2n + 1), U* (2n) andU; (2n) as given by Quit
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n §<2TL + 1) U*(2n)2+L(2n) U* (2n);L(2n)

1 | 1.202056903 1.197521733 0.05923235565

2 | 1.036927755 1.030812704 0.01231101832

3 | 1.008349277 1.006144852 0.002965938819

4 | 1.002008393 1.001364798 0.0007348027621

5| 1.000494189 1.000321541 0.0001832630327

Table 5. Table of (2n + 1), its approximatiorw and its bound
w forn=1,...,5whereU* (2n) andL (2n) are given by 4.11) and New Inequalities Involving the

(2.18. Zeta Function

n C (Qn + 1) U2(2TL);L§(2”) U2(2n);L;(2n) P. Cerone_, M. Aslam Chaudhry,

1 | 1.202056903 1.212260928 0.0296167783 = O gl el

2 | 1.036927755 1.040932323 0.006155509161

3 | 1.008349277 1.009571192 0.001482969409 Title Page

4 | 1.002008393 1.002344812 0.0003674013812 Contents

5| 1.000494189 1.000582241 0.00009163151632

Table 6. Table of (2n + 1), its approximationw and its bound « dd
w forn=1,...,5whereU; (2n) andL; (2n) are given by 2.21) and 4 d
(4.13. Go Back
Tables 5 and 6 provide approximationg t®n + 1) and a bound on the error Close
from using( (2n) and( (2n + 2) respectively, recalling that the zeta function Quit

is explicitly known at even integer8 (). It may be noticed that the approxi-
mations of Table 5 seem to provide an underestimate while those of Table 6 an
over estimate fot (2n + 1) . Further, the results of Table 6 seem to be tighter

than those of Table 5.

Page 26 of 34

J. Ineq. Pure and Appl. Math. 5(2) Art. 43, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:pc@csm.vu.edu.au
mailto:
mailto:maslam@kfupm.edu.sa
mailto:
mailto:gabor@kfupm.edu.sa
mailto:aqadirs@consats.net.pk
http://jipam.vu.edu.au/

l,
0.8
0 6; New Inequalities Involving the
O Zeta Function
y P. Cerone, M. Aslam Chaudhry,
1 G. Korvin and Asghar Qadir
0.4
Title Page
0.2; Contents
44 44
< >
0 1 2 3 4 5
. Go Back
Close
Quit

747274

lower boundH,, (t) is zero for0 < A < 1 ande_;t for A = 1.

Figure 3: Plot of = for A = 0, 1, 3, 2 and1 in order from bottom to top. The
A(®) Page 27 of 34
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Close
Figure 4: A plot of4 - A1, 0 < A < Landf(\z) = A1 (2)°7Y, Quit
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0.95

0.91

0.85

0.8

0.75

0.7

Figure 5. A plot of \* satisfying 4.9 - (4.10 which produces

max 0 (A z) =60\ 2).

Ae[4.1)

10
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N
Title Page
05 Contents
44 44
: ‘ : ‘ . < >
0 2 4 6 8 10
« Go Back
Close
. . Quit
Figure 6: Diagram, from top to bottom, éf(\*,z), 1 and2=~1) where \*
satisfies 4.9 — (4.10. Page 30 of 34
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Figure 7: Plot ofm (z) max{L (x),L;(z)}, ((zr+1) and M (z)
min {U* (z),Us ()} where L (z), L5 (x),U* (z) and U, (x) are defined by

(2.18, (4.13, (4.11) and (2.21) respectively.
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An identity has been derived involving the zeta function values at a distance
of one apart. Bounds are obtained {ofr + 1) on approximations in terms of

¢ (z) and¢ (z + 2) . Forz = 2n, n a positive integer, the zeta values at even in-
tegers are explicitly known so that2n + 1) has been accurately approximated
or bounded in terms of explicitly known expressions. A priori bounds on the
error have also been derived in the current development.
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