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Abstract

In this paper there are obtained new bounds for divisors of integer polynomials,
deduced from an inequality on Bombieri's [,—weighted norm [1]. These bounds
are given by explicit limits for the size of coefficients of a divisor of given degree.
In particular such bounds are very useful for algorithms of factorization of inte-
ger polynomials.
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Let P be a nonconstant polynomial #{.X| and suppose th&} is a nontrivial
divisor of P overZ. In many problems it is important to have a priori informa-
tion on@. For example in polynomial factorization a key step is the determina-
tion of an upper bound for the coefficients of such a polynomiah function

of the coefficients and the degree finding (see J. von zur GatijeM[ van
Hoeij [4]). Throughout this paper we will consider inequalities involving the
guadratic norm, Bombieri’'s norm and the height of a polynomial.

We derive upper bounds for the coefficients of a divisor in function of the
weighted/,—norm of E. Bombieri. Our main result is Theoré&n in which we
obtain upper bounds for the size of polynomial coefficients of prescribed degree
of a given polynomial over the integers. This may lead to a significant reduction
of the factorization cost. In particular we obtain bounds for the heights which
are an improvement on an inequality of B. Beauzafjy [

We first present some definitions.

Definition 1.1. Let P(X) = >°"_ a; X7 € C[X]. The quadratic norm of is
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The height of? is

H(P) = max{|a0\, las|, ..., \an|}.

The measure aP is

M(P) = exp {/01 log| P (e*™) \dt} :
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We derive inqualities on the coefficients of divisors of complex polynomials, us-
ing a well-known inequality on Bombieri’s norm][fand an idea of B. Beauzamy][

Proposition 2.1. If
P(X)=a, X"+ a, 1 X" '+ +a; X +ap € C[X]\C,
P(0) #0,n>3and
Q(X) = bg X+ by 1 X 4 4 0y X + by € C[X]

is a nontrivial divisor of P of degreel > 2, then

lao®  |an|® |b:]
<|b§|‘2 ATy || + |bal* + W
SCDN%, for all

Proof. By an inequality of B. Beauzamy, E. Bombieri, P. Enflo and H. Mont-
gomery [I] (cf. also B. BeauzamyZ]), it is known that if P = QR in C[X],

i=1,2,...,d—1.

then
@) (5 1P = Qu
Note that w2 |af?
2 2 2 _ 1% an
RIS = RO + lie( B = s + s
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Therefore, by 2.1),

N

2

(fah + ) (@1
)

But a lower bound fofQ], is \/|bo|2 + |ba|? + 'b;

(2.2) [Pl >

N

'; . Therefore

(

‘aO‘Q |an’2 2 2 ‘biP n 2
— b b — | < Pls.
(e * e ) (1 i + @ ) =\l

(2

Corollary 2.2. Forall i € {1,2,...,d — 1} we have

=0 (&) - (Jowr o
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For polynomials with integer cofficients Corollagy?2 allows us to give upper

bounds for the heights of polynomial divisors.

Theorem3.1.LetP(X) = Y7 a; X' € Z[X]\Zand letQ(X) = 7 4, X" €
Z|X] be a nontrivial divisor of? in Z[ X ], with1 < d < n—1. If n = deg(P) >
4and P(0) # 0, then

(3.1) b < \/(f) (% (Z) [P}g—ag—ag) forall i

Proof. We consider first the case= 1. We have(‘f) =landi=0o0ri=1.
Thereforeb; dividesag or a,,, SO

b <ad+a.
Asn > 4 it follows that

1
b; < 2(ag + ay) = (ag + ay) < on[PJ; — ag — aj, .

2
Consider now! > 2.
Fori = 0 we have
1
by < al <aj+a’ = 54(@%4—&%)—@3—&%
1
< én(ag + ai) — ag — ai
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1/n
gg(d)mw@—aa—ai

< () (G(5)@+a-a-a).

The same argument holds foe d.
We suppose now < i < d — 1. First we consider the case

Qo

by

Qo 2 Qa 2
= ) =9
(bo) *(bd)

and the inequality follows from Corollarg.2.
If

Qp

ba

=1.

We have

we have

and by Propositior2.1we have

< ()
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To conclude, it is sufficient to prove that

1/n 1/n
s()r-i-n< s () rE-d-a,

i.e.
1 1
(5—5) (Z)[P]g > af +a; — b — b3,
which follows from
3 2 12 2 2 2 2 2 2
1—On[P]2 > 0 (ao + an) > ag + a; — by — b3

Corollary 3.2. If n = deg(P) > 4 andd = deg(R) we have

Q) = \/(Ldfgj) -\/3(7;) [P — a3 —a2.

Corollary 3.3. If n = deg(P) >

6 we have

\/ (Ld/2 ) (d) [P3 —2(af + af) .

Proof. Ford = deg(Q) = 1 we put@Q(X) = by + b X. Thenb, dividesa, and
b, dividesa,,. So

—4
H(Q)? < a% +a? < n (ag +a?).

But this is equivalent to the statement.
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d
Ld/2]

Corollary 3.4. For n = deg(P) > 6 we have

3(2n+3)/2 , ,
H(Q) < W[P]z_ao_a%-

Ford > 2 we have(

Proof. By a B. Beauzamy result we have
1 d 3(2n+3)/2
— <
2 < |d/2] > ~ dmn

Corollary 3.5. If deg(P) > 6 we have

3enta)/2 .
H(Q) < W[P]Q — 2(ag +a2) .

Proof. We use Corollang.3and the proof of Corollar.4.

) > 2 and the inequality follows by Corollary.2.

]
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We compare now the various results throughout the paper. We also compare
them with estimates of B. Beauzan].[ The computations are done using the

gp—package.

In polynomial factorization we are ultimately interested in knowing the size of
coefficients of an arbitrary divisor of prescribed degree. We consider the foll-
lowing bounds for theéth coefficient of a divisor of degreéof the polynomial

P:

Bi(P.di) = /3() - () 1Pl

2(P,d, 1) 13— a3 —a?
RCRES

Let

Qr=2"+z+1,

Qo = T2° + 122" + 11,

Qs = 112" — 2%+ + 1,
Qui=1112" — 25 + 23 + 2 + 2,
Qs = 32" 4+ 1225 — 2 + 37,

Qs = 4™ + 28+ 82" — % + 23 + 1 + 2,

(B. Beauzamy{]),

(Theorem3.1).
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Q7 = 113" +22° — 132% + 2" — 2* + 322 + 22 + 91,
Qs = = + 30z* + 523 + 22% + 5z + 2.

P d[i]|B(Pdi) By(Pdi)

Q.| 3]0 2.12 1.58

Q] 3|1 3.67 2.73

Q1] 3|2 3.67 2.73

Q.| 313 2.12 1.58

Q| 3|0 31.52 28.70 New Inequalli;i_e_s on Polynomial

Q> 3 1] 54.60 49.71 VISors

R S A e e
3 . .

Qs | 5 2] 113.26 107.79

Qs3] 6|0 20.68 17.48 Title Page

Qs | 6 |1| 50.65 42.82 E—

Qs | 6 [2] 80.09 67.71

Qs | 6 |3] 92.48 78.18 4« dd

Q,| 6 |5] 508.75 429.97 < >

Qs | 6 |1] 171.38 145.27 o Back

Qs | 9 1] 70.88 69.59

Qs | 9 [3] 21654 212.62 Close

Qs | 10 1] 33.41 30.27 Quit

Qs | 10| 4| 153.11 138.72 bage 12 of 16
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Q-] 8 [2]6973.46 6931.07
Q: | 10| 2| 2282.60 2064.71
Qs |13[1] 7115 70.70
Qs | 13[5]| 708.01 703.45
Qs | 142 7115 67.88
Qs | 14| 3| 14231 135.77
Qs | 14| 6| 408.77 389.97

Table 1 continued
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By(P,d) = RN EY L [P]3 — a2 — a2 (Corollary3.2)
2 ) Ld/2j 2\ d 2 0 n Al 4 >
Go Back
1/ d
Bs(P,d) = \/ —( ) : (”) [P)3 — 2(a2 + a2) (Corollary3.3) Close
2\ |d/2] d Quit
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Considering the polynomials

Ry = 2% + 132" + z + 101,
Ry =112" — 2%+ 2 + 1,
Ry = 112" — 2% + z + 34,

Ry = 142™ — 322 + 2 + 29,
Ry = 122" — 2" 4 212 — 2™ + 22% + 521 4+ 523 + 222 + 52 + 16,

we obtain

P | d [ Bi(Pd ByPd BsPd)
R, | 1| 159.96 143.96 —
R, | 2 | 319.93 30357 —
R, | 3| 391.84 371.80 —
R, | 4 | 391.84 350.61 —
R, | 4 | 11326 111.64 109.99
R,| 5| 11326 11054 107.74
Rs | 4 | 366.20 360.93 355.58
Ry | 2 | 23884 236.66 234.46
Ry | 9 | 189580 1878.49 1861.02
R, | 10| 1199.01 114322 1084.57
Rs | 1| 5489 53.04 51.12
Rs | 2 | 20541 204.43 203.45
Rs; | 12| 9190.89 9180.83 9170.76
Rs | 13| 6016.85 5988.26 5959.54
Rs | 14| 3216.14 3107.60 2995.12

Table 2
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Finally we consider bounds for an arbitrary divisor of a polynonitaWe put

33/4 . 3n/2 )
B,(P) = W Pl (B. Beauzamy 1)),
3(2n+3)/2
By(P) = 1 [P]3 — af — a2 (n >4, Corollary3.4),
m™n

(n > 6, Corollary3.5).

3(2n+3)/2
Ba(P) = /o bl — a(ag + a2)
We always haves;(P) < By(P) < By(P).
If we consider

Rg = 122° — 22 + o 4 11,

Ry =5 — 2% + 11,

Rg = 22% — 23 + 114,

Ry = 22% + 2° + 11,

Ry = 22" — 28 + 2° + 119.

we get

P [ Bi(P) By(P) By(P)

R¢ | 115.47 114.33 113.16

Ry 78.30 77.52 76.73

Rg | 808.15 800.07 791.9C

Ry | 336.22 336.02 335.85

Ry | 9712.13 9711.41 9710.68
Table 3
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