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Abstract

In this paper we obtain a ¢-analogue of J. Sandor’s theorems [6], on employing
the g-analogue of Stirling’s formula established by D. S. Moak [5].
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F. H. Jackson defined @analogue of the gamma function which extends the
g-factorial

)y =114+q¢)(1+qg+¢*) - (L+q+..+¢" "), cf. [3,4],

which becomes the ordinary factorial @s— 1. He defined thg-analogue of
the gamma function as

(¢: @)

Ty(z) = (qx;q)oo(l —q)'" 0<g<l,
and -1. ,,—1
Lg(z) = H(q —) ), g
where .
(a;9)o0 = [ [ (1 — ag™).
n=0

It is well-known thatl',(z) — I'(z) asq — 1, wherel'(x) is the ordinary
gamma function. Inj], R. Askey obtained a-analogue of many of the classical
facts about the gamma function.

In his interesting paper], J. Sandor defined the functiodsand.S, by

S(xz) =min{m € N :x < ml!}, z € (1,00),

and
Si(z) = max{m € N : m! <z}, z € [1,00).
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He has studied many important propertiesSpfand proved the following
theorems:

Theorem 1.1. 1
ogxT
5:(@) log log x (z = o).
Theorem 1.2. The series
> 1
; n(S.(n))~

is convergent fory > 1 and divergent fory < 1.

In[1], C. Adiga and T. Kim have obtained a generalization of Theorérs
andl.2
We now define the-analogues of and.S, as follows:
Syg(z) =min{m e N : 2 <T,(m+1)}, z € (1,00),
and

Sy(r) =max{m € N :Ty(m+1) < x}, x € [1,00),

where( < ¢ < 1.

Clearly S,(x) — S(x) andS; () — S.(z) asq — 1.

In Section? of this paper we study some propertiesShfandS;, which are
similar to those of5S and.S, studied by Sandorj]. In Section3 we prove two
theorems which are theanalogues of Theorenisl and1.2 of Sandor {].
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To prove our main theorems we make use of the followjranalogue of
Stirling’s formula established by D.S. Moak]{

1 g —1 1 —zlog™a ydy
1.1) logl ~ —— 1
( ) o8 q(z> (Z 2) Og(q_l) +logQ/—logq et —1

> By, log q 2k—1

2 z z

oS g (F2) 0 Pt
k=1

where(C, is a constant depending upgnandP,(z) is a polynomial of degree
n satisfying,

P.(2) = (2= 2P, _1(2) + (nz+1)P,1(2), Po=1, n>1.
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From the definitions of, andsS, it is clear that
(21) Syx)=m if v € (Iy(m),Ty(m+1)], form > 2,
and

(22) S;(x)=m if x € [Ty(m+1),Ty(m+2)), form > 1.

(2.7) and @.2) imply On a g-Analogue of Sandor's
) Function
Se(w) + 1, ifx e (Ty(k+1),Tg(k+2)), . Adiga. T. Kim. D. D.
Sq (17) = Somashekara and Syeda Noor
Sa(r), if e =T,(k+2). Fathima
Thus Title P
Sy(r) < Sy(r) < Sp(x) + 1. e rage
Hence it suffices to study the functistj. The following are the simple proper- Contents
ties of 5. 4« >
(1) S is surjective and monotonically increasing. < 2
(2) S; is continuous for all: € [1,00)\A, whereA = {[',(k +1) : k > 2}. Go Back
Since Close
li S*(x) =k and li S*(x)=(k—1), (k>2 -
:L‘—>Fql(rl?+1)+ q(l') x—>Fq1(rl?+l)_ q(x) ( )7 ( - )7 QU
Page 6 of 11

S, is continuous from the right at = I'y(k + 1), & > 2, but it is not
continuous from the left.
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(3) S is differentiable on(1, c0)\ A and since

. Sq(@) = S57(Le(k + 1))
lim =0
a—Tq(k+1)+ r—T,(k+1)

for k > 1, it has a right derivative il U {1}.

(4) S; is Riemann integrable ofa, b], wherel'y(k + 1) < a < b,k > 1.

() If [a,b] C [Ty(k+1),Ty(k+2)],k>1,then On a g-Analogue of Sandor's
Function
’ ’ C. Adiga, T. Kim, D. D
* o 1ga, |I. Kim, D. D.
/ Sq (:E)d:l? = / kdz = k(b B CL). Somashek%ra and Syeda Noor
a a Fathima
(i) Forn > k, we have
Title Page
Lg(n+1)
/ Sy (w)dx Contents
Lq(k+1)
(n—Fk) Cy(k+m+1) 44 4 2
= > / Si(x)dx < >
m—1 Iy (k+m)
(n—F) Go Back
= Z (k+m—1D[Ty(k+m+1)—Ty(k+m)] Close
m=1 .
(n—k) Quit
=Y (k+m—1Ty(k+m)g+q*+-- +¢"]. Page 7 of 11
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(iii) Ifae [Ly(k+1),Iy(k+2))andb e [[y(n),I';(n+ 1)) then

/ab Sy (w)dx

Fq(k+2) Fq(n) b
_ / S*(2)de + / S (a)di + / S*(2)dz
a I

q(k+2) Ly (n)
n—k—2
=k[y(k+2) —al+ Y (k+m)Ty(k+m+1)
m=1

X(q+ @+ .+ ") + (n = 1)[b—Ty(n))],

by (ii).
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We now prove our main theorems.
Theorem 3.1.1f 0 < ¢ < 1, then
log x
"
log <:}>

Proof. If I'y(n + 1) <z < I'y(n + 2), then

Sy (@) ~

(3.1) logTy(n+1) <logz < logl',(n +2).
By (1.1) we have
(3.2) logT'y(n+1) ~ (n + %)

lo ¢ -1 nlo L
g q—1 g 1—¢)"
Dividing (3.1) throughout byn log (ﬁ) we obtain

log T 1 | log T 2
(3.3) ogT'y(n + )< og T _ ogly(n+2)

Using 3.2) in (3.3) we deduce

log x

lim =1.

"% Sx(w) log (ﬁ)
This completes the proof.

nlog (ﬁ—q) B Si(v) log (ﬁ) nlog (ﬁ—q) .
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Theorem 3.2. The series

= 1
(3.4) _
; n(Sg(n))"
is convergent forv > 1 and divergent fory < 1.
Proof. Since
. log x
Sg (@) ~ m,
gl
we have | |
A" < 5tn) < B—2

log (ﬁ—q) log (ﬁ) ’

forallmn > N > 1, A, B > 0. Therefore to examine the convergence or diver-
gence of the serieS(4) it suffices to study the series

[e.9]

1 1
1 - - -
o8 (1 - q) Z n(logn)®

By the integral test} _ (log -~ converges forr > 1 and dlverges fob < a<1.

If « < 0, thenm for n > 3. Hencez( Tog - diverges by the
comparison test. O
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