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The article presents and refines the results which were provedj.in\le give
a condition for obtaining the optimal constant of the integral inequality for the
numerical analysis of a nonlinear system of PDEs.
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1. Introduction

In [1] the following problem is considered and its application to nonlinear system of
PDEs is described.

Theorem A. Leta,b € R,a < 0,b > 0and f € Ca,b], such that:0 < f < 1on
la,b], f is decreasing ofz, 0] and

/aofdx:/obfdx

then

(@) If p > 2, the inequality

(1.2) /ab fPdx < Ap/aa;b fdx

holds for all 4, > 2.
(b) If 1 < p < 2, the inequality

a+b
2

b
(1.2) / fPdx < Ap/ fdx
holds for all 4, > 4.

In this note we improve the optimal, for the casd < p < 2.
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2. Results

Theorem 2.1.Leta,b € R,a < 0,b > 0and f € CJa,b], such tha) < f < 1on
la, b], f is decreasing of, 0] and

/aofdx—/obfda:.
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(c) For p = 1 the inequality

(2.5) /ab fdx < 4/;? fdx

holds.

Proof. As in the proof in [L], we consider two cases: @)-+b > 0 and (i)a+b < 0.
(i) First, we suppose that + b > 0. Using the properties of the functiofi we
conclude, fop > 1, that:

b b 0 ath
/fpdazg/fda::2/ fdxﬁ?/ fdx.

The constant4, = 2 is the best possible. To prove sharpness, we chfesd.
(i) Now we suppose that + b < 0. Lety : [a,0] — [0, b] be a function with the

property
o(z)
/fdt / ft.

So,¢(z) is differentiable andy(a) = b, ¢(0) = 0.
For arbitraryz € [a, 0], such thatr + ¢(z) > 0, according to case (i) fgy > 1,
we obtain the inequality

z+p(x)

w(x) 5
/ frdt < 2/ fdt.

T

b o
/ frdt < 2/ fdt.

In particular, forxr = a,
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If we suppose that + ¢(x) < 0 for arbitraryz € [a, 0], then we define a new
function

Y [a,0] — R by

z+p(x)

W) = A, / 7 fdi— / ) .

The functiony is differentiable and

V) = 34,0+ @ (D) < 450 - Pl ) + P
and(0) = 0.

If we prove that)’(xz) < 0 then the inequality

zteo(z)

w(z) 5
/ fPdt < Ap/ fdt
holds.

Using the properties of the function§ ¢ and the fact thaff (¢(x))¢'(2)
—f(z), we considerf(¢(x))y'(x) and try to conclude thaf(p(z))y'(z) < 0
follows:

(7))

Fe@) @)
= o) |50+ ¢ @] () < af(a) - Ploo)e o) + )]
= 54 6t)s (T2 4 L@ (TR - s

— fP(e(x)¢' () f(e() + f2(x) f ()
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1
_ g (T e

Flo) )
< 5Alf (o) - s ()
) @) + F@) S

= 547t~ ol (-

)+ fP(2) f((x))

+ ()
2

Then, obviouslyy/’(z) < 0for A, —2 > 0.

If we suppose thatf(¢(z)) — f(x)] > 0 then using the properties ¢f, we can
) < f(x) and we estimaté(¢(x))y’(x) as follows:

conclude thatf ("”“’

)Y ()

|/\/-\

IN

ola
%AU((»—ﬂ@M@)
SALF (@) — @] () -

) - 3 (EED) s ot

17 () - s ot

)—%ﬂ@ﬂﬂ@)
()]
) (4, — 27 () fp(a)).

— Apf () f (o)) + fP(p(2)) f(2) + [P (2) f(p())
Apf (@) () + flp(2) f(x) + f(2) f(p(2))
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= A+ (2 54) FE0)) £ ~3AP 6 + (2= 34,) Plela)

g-%@%—4ﬁ%¢@»

So,¢'(z) <0for A, —4 > 0.
Now, we will consider the sign of (¢(x))¢'(z) forp =1,p > 2,andl < p < 2.
(a) Forp > 2, we try to improve the constant, > 4 for the case: + b < 0 and

[f(e(x)) — f(z)] > 0. We can estimat¢(¢(x))y’(x) as follows:

el (2

< S AL (e(@) — F@) () — Apf () () + (o)) f (@) + () f(p())
< S AlH(p(@)) — F@F ()~ Af @) (o) + el () + () ()
< L@ @) + Fp@)RA (p() — A

Hence'(z) < 0for A, > 2.
(b) Forl < p < 2, we can improve the constar, > 4 for the case: + b < 0

and[f(p(z)) — f(z)] > 0. We can estimaté (o (z))¢'(z) (for 0 < f(z) =y <
f(e(x)) =2z < 1), as follows:
fle())d! (z)
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1 1 _ 1 Y A
<y {—iApz — §Apy + 2P 4P lz} =y {—5141,2 (1 + ;) + 2P (1 + (;) ﬂ
1 -1
gyzL~A¢Q+g)+1+(gy }
2 z z

So, we conclude that'(z) < 0 if

1
{—§AA1+ty+1+#’5

<0,

for0<t=¢<1.
Therefore, forl < p < 2 the constantl, > 2 maxg;< %

The 1‘unction1+1t+”;1 is concave on0, 1] and the point,,., where the maximum

is achieved is a root of the equation

i p—2)+ 1" 3(p—1)—1=0.
Numerically we get the following values of; :

forp =1.01, the constantA, > 3.8774,
forp=1.99, the constant4, > 2.0056,
for p =1.9999, the constant4, > 2.0001.

If we consider the sequengg = 2 — 1, then thelim,, .. % = 1, but we find

that the point ., where the functioﬁ:%"[1 achieves the maximum is a fixed point
of the functiong(z) = (1 — £2)»,

n

We use fixed point iteration to find the fixed point for the functigfx) = (1 —
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)10 by starting witht, = 0.2 and iterating, = g(tx—1), k = 1,2,..7 :

to = 0.200000000000000,
t1 = 0.299016021496423,
1o = 0.270488141422931,
t3 = 0.278419068898826,
t4 = 0.276191402436672, Note on an Integral Inequality
t5 = 0.276815328895026, WG

t6 _ 02766404385714837 vol. 9, iss. 2, art. 38, 2008
t7 = 0.276689450339917.
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If we consider the sequenge, = 1 + % thenlim,, .. 22—
SUDye(0,1] 1%:: =2fort — 0+.
(c) Forp =1,

o if [f(p(x)) — f(z)] < O0theny'(z) < 0for Ay —2 > 0;
o if [f(¢(z)) — f(z)] > 0theny'(z) < 0for Ay —4 >0,

S0, the best constant it = 4.

1+t

2 and
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