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ABSTRACT. In this short note, we give a proof of a conjecture about ternary quadratic forms
involving two triangles and several interesting applications.
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1. INTRODUCTION
In [3], Liu proved the following theorem.

Theorem 1.1. For any A ABC and real numbers;, y, z, the following inequality holds.
A B C
(1.2) 22 cos? B) + 3% cos® Bl + 2% cos? B > yzsin? A + zxsin? B + xysin? C.

In [6], Tao proved the following theorem.
Theorem 1.2. For any A A, B,C;, AA;B>C5, the following inequality holds.
1 2 B, By Ch Cs
(1.2) cos — Cos— + cos — oS + cos 5 08 -
> sin A; sin Ay + sin By sin By + sin C sin (.
Then, in [4], Liu proposed the following conjecture.

Conjecture 1.3.ForanyA A, B;Cy, A A; BoCy and real numbers, v, z, the following inequal-
ity holds.
Al Ag Bl BQ Cl CQ
1. 2 -1 it 2 -1 e 2 -1 e
( 3).TCOSZCOSQ+yCOSQCOS2—|—ZCOSQCOS2
> yzsin Ay sin As + zx sin By sin By + xy sin C sin Cs.
In this paper, we give a proof of this conjecture and some interesting applications.
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2. PRELIMINARIES

For AABC, leta,b, c denote the side-lengthgl, B, C' the angless the semi-perimetetr§
the area,R the circumradius and the inradius, respectively. In addition we will customarily
use the symbol§ (cyclic sum) and | (cyclic product):

Y fla) = fla)+ f) + (o), [ fla) = fla)f(b)f (o).

To prove the inequality (I]1), we need the following well-known proposition about positive
semidefinite quadratic forms.

Proposition 2.1(see[2]) Letp;, ¢; (i = 1,2, 3) be real numbers such that > 0 (i = 1,2,3),
Apaps > ¢i, 4psp1 > 43, 4p1p2 > g5 and

(2.1) Aprpaps > p1ai + pags + Psds + 114243
Then the following inequality holds for any real numberg, z,

(2.2) P + poy? + p32® > qyz + quar + gszy.

Lemma 2.2. For AABC, the following inequalities hold.

B 3
(2.3) 2 cos - cos % > % sin? A > sin® A,
A 3
(2.4) 2 cos % cos o > % sin? B > sin? B,
A B
(2.5) 2 cos 5 s > Sf sin? C' > sin® C.

Proof. We will only prove [2.8) becausg (2.4) and (2.5) can be done similarly. Since

S = %bcsinA = /s(s —a)(s — b)(s — ¢)

B s(s —b) C s(s —c)
cos — = |/ ——, cos — =\ ——,
2 ca 2 ab

3V3
260350085 > Zl/_

and

then it follows that

sin? A

2\/5(5—1))\/5(8—0) L 3v3s?

ca ab T b2

45%(s — b)(s — ¢) S 275%(s — a)?(s — b)%*(s — ¢)?
abc - b*ct

4 27(s —a)*(s — b)(s — )

a? — b3c3

43¢ > 27a*(s — a)*(s — b)(s — ¢).

[

(2.6)

J. Inequal. Pure and Appl. Mathl0(1) (2009), Art. 15, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

TERNARY QUADRATIC FORMS IN TRIANGLES 3

On the other hand, by the arithmetic-mean geometric-mean inequality, we have the following
inequality.

27a*(s — a)*(s — b)(s — c)

1 1

=108 - §a(s —a)- éa(s —a)-(s=b)(s—c)

< 108 la(s —a) + ta(s —a) + (s = b)(s — )]’

- 3

— )23
=4 [bc — M] < 4b3cP,
4
Therefore the inequality (3.6) holds, and herjce|(2.3) holds. O
Lemma 2.3. For AABC, the following equality holds.
2.7) Z sinA  (2R+5r)s* —2(R+7)(16R + 5r)rs® 4+ (4R + r)*r?
' cos? B cos? £ B 2R3s2 '

Proof. By the familiar identity:a + b + ¢ = 2s, ab + bc + ca = s*> + 4Rr + 12, abc = 4Rrs
(seel[5]) and the following identity

Za5(b+c—a) =—(a+b+c)+T7(ab+bc+ca)(a+b+c)!
— 13(a+ b+ c)*(ab + bc + ca)® — Tabe(a + b+ ¢)?
+ 4(ab + be + ca)® + 19abe(ab + be + ca)(a + b + ¢) — 6a*b*c?,
it follows that
Z a’(b+c—a) =4(2R + 5r)rs* — 8(R+7)(16 R 4 5r)r’s® + 4(4R + r)*r®,

and hence

4 B a\4(b+c)? —a?
Zsm A(l+cosA) = Z (ﬁ) BT
_(a+b+0)>d®(b+c—a)
B 32R*abc
(2R + 57)s* — 2(R+ r)(16 R + 5r)rs® + (4R + r)3r?
16 R? '
Thus, together with the familiar identifiyf cos 4 = -2, it follows that
Z sin* A _ > sin® Acos? 4
cos? £ cos? € [Tcos? 4
> sin® A(1 4 cos A)
2] cos? 2
(2R +5r)s* —2(R+7)(16R + 5r)rs* + (4R + r)*r?
2R3s? '
Therefore the equality (3.7) is proved. O

Lemma 2.4. For AABC, the following inequality holds.
(2.8) —(2R+57)s" +22R+5r)2R+ 1) (R+1)s* — (AR +1)*r* > 0.
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Proof. First it is easy to verify that the inequality (2.8) is just the following inequality.

(2.9) (2R + 57)[—s* + (4R* + 20Rr — 2r*)s* — r(4R +r)?]
+2r(14R* + 31Rr — 10r*)(4R* + 4Rr + 3r* — %)
+4(R — 2r)(4R? + 6 R?r + 3Rr* — &%) > 0.

Thus, together with the fundamental inequality
—s* 4+ (4R* + 20Rr — 2r*)s* —r(4R+7)* >0

(seel[5, page 2]), Euler’s inequalify > 2r and Gerretsen’s inequality < 4R? + 4Rr + 3r?
(seelll, page 45]), it follows that the inequality (2.9) holds, and hénce (2.8) holds. [

Lemma 2.5. For AABC, the following inequality holds.

(2.10) P sin’ A Py e + 64 [ sin?

<4
cos? 2 B cos? <

wm

Proof. By Lemmd 2.3 and the familiar identify] sin 4 = -, it follows that

sin* A .o A
ZCOSZBCOSQC+64HSIH §§4

(2R +5r)s* —2(R+7)(16R + 5r)rs* + (AR +r)3r? 42
<~ +

4R’

2 w =t
—(2R +57)s* + 2(2R + 5r) (2R + r)(R + 7)s? — (4R + r)3r?
2.11) o >0,

Thus, by Lemma 2|4, it follows that the inequalify (2.11) holds, and he¢ncel (2.10) hold§]

3. PROOF OF THE MAIN THEOREM

Now we give the proof of inequality (1.1).

Proof. First, it is easy to verify that

A As
(3.1) (308710087 >0,
B B
(3.2) 0087160872 >0,
C C.
(3.3 cos 71 cos 72 >0.
Next, by Lemma 2]2, we have the following inequalities:
B B C Cy
(3.4) 408 — cOs == - cOS — cos —= > sin? A; sin 2 Ay,
2 2 2 2
C C Ay A,
(3.5) 4 cos 71 cos 72 COS = €08 - > sin? By sin® B,
A A
(3.6) 4 cos 71 Ccos 72 cos 71 cos 7 > sin® C sin? Cs.
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Thus, in order that Propositipn 2.1 is applicable, we have to show the following inequality.

A
(3.7) 4HC0871 co8 -~

A A B
> cos 71 sin® A; cos 72 sin? Ay + cos 71 sin® Bj cos 22 §in2 B,
+ cos ﬁ sin? O cos 9 sin? Cy + H sin Ay H sin Ay
2 2 '

However, in order to prove the inequalify (3.7), we only need the following inequality.

(3.8) sin? A, sin? A, sin® B, sin? By
' Bl cos O1  cos B2 cog @2 C1cos AL cos C2 cos A2
cos S cos G- €OS 2 Cos cos 3+ cos 2 oS 32 oS %

sin? C} sin? Cy Ay
1 5 T 5 +8Hsm— 8Hsm—§4.
CcoS 71 COS 21 CcoS 2 COS 2 2

In fact, by the Cauchy inequality and Lem@]Z.S, we have that

sin? A sin? A n sin? By sin? By
Bl ooq O By 0u Oz Ol oos AL T2 oo A2
COS 5-COS G- COS 2 CoS 2 COS 5t cos GL COs 2 COS 5

) .
C 20
Sji 1B S +8H8m— 8Hsm—

cos &t cos =L cos A2 cos 22

< [Z Sij A - +64HSin2 %]

2 Bi 2 C1
COS 3 COS B

.4
sin® Ag . o Ao
8 [Z cos? £2 cos? % 04 H o 7]

<16
Therefore the inequality (3.8) holds, and hence](3.7) holds. Thus, together with inequality
(3.4)-[3.T), Proposition 2.1 is applicable to complete the prodf of (1.1). OJ

4. APPLICATIONS

Let P be a point in theA ABC'. Recall that4, B, C' denote the angles, b, ¢ the lengths of
sides,w,, wy, w. the lengths of interior angular bisectors, , m,, m. the lengths of medians,
ha, hy, h. the lengths of altitudesR;, Rs, R3 the distances of° to verticesA, B, C, ry,ry, 13
the distances aP to the sidelineBC, C A, AB.

Corollary 4.1. ForanyAABC, ANA,B,Cy, AA;B>Cs, the following inequality holds.

9 A A, By By C, Cy
acos—cos——i—b cos—cos +c cos—cos—
2 2 2 2 2 2

> besin Aq sin Ag + ca sin By sin By + absin C sin (.
Corollary 4.2. ForanyAABC, NA,B,C1, AA;ByCy, the following inequality holds.
Co

Ay A N By By n 4
w? cos 5 08 wj cos 5 €08 w? cos 5 08 5

> wpw, sin A; sin Ay + w.w, sin By sin By + w,wy sin C sin Cy.
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Corollary 4.3. ForanyAABC, ANA,B,C4, AA;B>Cs, the following inequality holds.
A Ao 5 B B, 5 C Cy

2 1 1 1
m,, COS — COS — —+ My, COS — COS —— + M, COS —— COS ——
2 2 2 2 2 2

> mym,. sin A; sin Ay + m.m, sin B sin By + mg,mg sin C sin Cs.
Corollary 4.4. Forany AABC, ANA,B,C1, AA;ByCy, the following inequality holds.
Ay

hZ cos 71 cos -~ + hj cos

B B C C
71(30572—i—fzg(30371(30872

> hyh,sin A; sin Ay + h.h, sin By sin By + h,hy, sin C sin Cs.
Corollary 4.5. ForanyAABC, ANA,B,C1, AA; BoCy, the following inequality holds.

B B C C
7100872+R§COS7100872

> RoRs3sin Ay sin Ay + R3 R sin By sin By + Ry Ry sin C sin C5.
Corollary 4.6. Forany AABC, ANA,B,C4, A Ay ByCs, the following inequality holds.
Co

A A B B C
r%cos;lcosg+7‘30037100572+r§cos71cos?

> rorgsin Ay sin Ay + r3ry sin By sin By + 1175 sin Cf sin Cs.

4

5 + R3 cos

R2 A
1 cos o> cos
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