Journal of Inequalities in Pure and
Applied Mathematics

A REFINEMENT OF VAN DER CORPUT'S INEQUALITY

DA-WEI NIU, JIAN CAO, AND FENG QI

School of Mathematics and Informatics
Henan Polytechnic University

Jiaozuo City, Henan Province

454010, China

EMail: nnddww@hotmail.com
EMail: 21caojian@163.com

Research Institute of Mathematical Inequality Theory
Henan Polytechnic University

Jiaozuo City, Henan Province

454010, China

EMail: nnddww@hotmail.com
URL: http://rgmia.vu.edu.au/qi.html

(©2000Victoria University
ISSN (electronic): 1443-5756
136-06

volume 7, issue 4, article 127,
2006.

Received 08 May, 2006;
accepted 10 August, 2006.

Communicated by: B. Yang

Abstract
Contents
44
| 2
Home Page
Go Back

Close

Quit


Please quote this number (136-06) in correspondence regarding this paper with the Editorial Office.

mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/
mailto:nnddww@hotmail.com
mailto:21caojian@163.com
mailto:nnddww@hotmail.com
http://rgmia.vu.edu.au/qi.html
http://www.vu.edu.au/

Abstract

In this note, a refinement of van der Corput's inequality is given.
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no1
m=1 m’

Leta, > 0forn € Nsuchthat < >  (n+1)a, < oo, andS, = >
the harmonic number. Then van der Corput’s inequalifysfates that

1
(1.2) Z <H a,i/k> R < et Z(n + 1)ay,
n=1 \k=1 n=1

wherey = 0.57721566 . .. stands for Euler-Mascheroni’s constant. The factor
e™ in (1.1) is the best possible.
In 2003, Hu in ] gave a strengthened version af1) by

1

i (ﬁ ai/k) Sn . 61+7§: (n _ lnTn) .

n=1 \k=1 n=1

(1.2)

Recently, Yang in{] obtained a better result than Hu’s inequalityd) as

1

S (ﬁ aw> RRTE) oY (RLAPH

n=1 \k=1 n=1

(1.3)

Moreover, he also extendetl.{) in [/] as follows

Z H al/ ) < I H® Z (n +5+ g) s

n=1 \k=1 n=1

(1.4)
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wheref € (—1,00), S,(8) = Y5y 515 and

|
v(B) = lim [ —— —In(n+0)] .

Applying 6 = 01in (1.4) leads to

1

(o] n Sn oo
" 1
(1.5) E <I | ai/k> <!t E <n + 5) Qn, A Refinement of van der

n=1 \k=1 n=1 Corput's Inequality
which improved inequalityX.1) clearly, but is not more accurate thanZ) and Da-Wei Niu, Jian Cao and Feng Qi
(1.9.
In [1], among other things, the authors established a sharper inequality than Title Page
(1.2), (1.2, (1.3) and (L.5) as follows PE—
1
s n Sn s 44 44
1/k 14 Inn
n=1 \k=1 n=1
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then

1

(1.7) i (ﬁ a,ﬁ“) K
n=1 k=1

oo
6(6n+1)y—9
< YN ez (1 — Inn a,
2n+1Inn+11/6

n=1

wherey = 0.57721566 . . . is Euler-Mascheroni’s constant. A Refinement of van der

Corput's Inequality
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6(6n+1)y—9 Inn
A, = eltVe  Grninazntiny | 1 —
( 2n+1nn+11/6)
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184, and A, = T99... < €1 (2-282) — 851, andA; = 4 dd

1+ 3In2 H H 4 >
11.95... < ™7 (3 — 971/4) = 12.70.... Whenn > 4, inequality2n +
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Close
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In order to prove our main result, some lemmas are necessatry.

Lemma 2.1 (F]). Forn € N,

! <S8, -1 < !
n— Inn — _
m+1/(1—7)—2 TS ont1/3

(2.1)

The constantg’- — 2 and 3 in (2.1) are the best possible.
Lemma 2.2 ([2, 6]). If z > 0, then

1\ 1

Lemma2.3.Forn € N,

(n + 1)Sn+1 "o

(2.3) B, = [ =

6(6n+1)y—9
< €1+"/€_(6n+1)(122+11)n (1 Inn

S 2n+1Inn+11/6

Proof. By virtue of Lemma2.2, it follows that

nSn nSn
1 Sn+1 1 Sn+1
(n41)Snpa | 5 1+Sn+

<e|l- S+ 1 <ell— ———
2nS, + 11(S, +1)/6 2n+11/6 )"

)
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Applying Lemma2.1yields

1 Sp+1

1
1 ) 1+m+7+lnn

1+ 57 +y+lnn
< 2n+1/3 1 —
‘ ( on + 11/6

Taking advantage of inequalitigs — 1) ™" > e for z > 1 ande™ < - for
x> —1leadsto

2.5) (1_ 1 )lnnéexp <_ Inn ) __ 116
2n +11/6 2n+11/6 2n+11/6 +1nn
and
1 PTEsyERE At 1
(2.6) (1 - m) exp (m)

1 1+~ 1
n+1/3 2n+11/6  (2n+11/6)(2n + 1/3)1
B 6(6n+1)y—9

- {_ (6n + 1)(12n + 11)} '

Combination of 2.4), (2.5), (2.6) gives

__6(6nt1)y-9 nlnn
(2.7) B, < el T GrrnaznTin (n — ) .

<exp{

2n+1Inn+11/6
Lemma2.3is proved. ]
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1.1

Forn e Nandl < k <n, let

[(k 4 1)Spy]"
(ksk)ksk—l

with assumptiort, = 0, then

(11

k=1

~ Sn
1
3.2 Lk = —.
( ) & ) (n + 1)Sn+1

By using the discrete weighted arithmetic-geometric mean inequality and
interchanging the order of summations,

0 n s%L 00 n Sin n _Sin
n=1 \k=1 n=1 Lk=1 k=1
- a S 1 <~ ca
1/k KUk
SRS
Sh k
n=1 \k=1 k=1
- 1 - CrQp
<
- ; (n+1)Sn1S — &
B oo ol ) 1
=% X TT55n
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kS
(k +

HMES

e}

1) S | =
:Z{ kSy } ak:z;B”a”'

Substituting 2.7) into (3.3) leads to {.7). The proof of Theoreni..1is com-
plete.
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