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Abstract

The Weyl criterion is shown in the terms of Price functions and Haar type func-
tions. We define the so-called modified integrals of Price and Haar type func-
tions and obtain the analogues of the criterion of Weyl, the inequalities of LeV-
eque and Erdds-Turan and the formula of Koksma in the terms of the modified
integrals of Price and Haar type functions.
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Let¢ = (x;);>0 be a sequence in the unitintery@l1). We defineA(¢; J; N) =
{i:0<i< N-—1, z; € J}foran arbitrary intege?V > 1 and an arbitrary
subinterval/ C [0, 1). The sequencgis called uniformly distributed (abbrevi-
ated u. d.) if for every subinterval of [0, 1) the equalitylimy .., 252 —
w(J) holds, and wherg(.J) is the length of/.

Letéy = {xo,...,xy_1} be an arbitrary net of real numbers|in1). The
extreme and quadratical discrepandeg ) and7'(¢y) of the netfy are de-
fined respectively as

D(én) = S INT'A(Ens I N) — p(J)],

e = ([ IVt At 0.5 ) - )

2

The discrepancy)y (&) of the sequencé is defined asDy () = D(&y), for
each integetV > 1, and¢y is the net, composed of the firadt elements of
the sequencé. It is well-known that the sequenceis u. d. if and only if

According to Kuipers and Niederreitet,[Corollaries 1.1 and 1.2], the se-
guence is u. d. if and only if for each complex-valued and integrable in the
sense of Riemann functiofi defined onR and periodical with period 1, the
following equality

(1.1) lim
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holds.

The theory of uniformly distributed sequences is divided into quantitative
and qualitative parts. Quantitative theory considers measures, showing the de-
viation of the distribution of a concrete sequence from an ideal distribution.
Qualitative theory main idea of uniformly distributed sequences is to find nec-
essary and sufficient conditions for uniformity of the distribution of sequences.

Weyl [18] obtains such a condition (the so-called Weyl criterion) which
is based on the use of the trigonometric functional system= {e,(z) =

exp(2rikz), k € Z,x € R}. The criterion of Weyl is: The sequenge= (z;);>0 Price and Haar Type Functions
is uniformly distributed if and only if the equalitymy o + > i, ex(z;) =0 and U””‘gg(‘m'f;fgfs”t"’” 2k

holds for each integer # 0.

The Walsh functional system has been recently used as an appropriate means
of studying the uniformity of the distribution of sequences. Sloss and Blyth
[13] use this system to obtain future necessary and sufficient conditions for a Title Page
sequence to be u. d. e

The link, which is realized for studying sequenceglirn ), constructed in a
generalized number system and some orthonormal functional systefhs pn « dd
constructed in the same system, is quite natural. The purpose of our paper is to < >
reveal the possibility some other classes of orthonormal functional system, as

V. Grozdanov and S. Stoilova

the Price functional system and two systems of Haar type functions to be used Go Back
as a means of obtaining new necessary and sufficient conditions for uniform Close
distribution of sequences. Quit
In Section2 we obtain new necessary and sufficient conditions for uniform
Page 4 of 38

distribution of sequences, which are analogues of the classical criterion of Weyl.
These conditions are based on the functions of Price and Haar type functions.
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In Section3 we introduce the so-called modified integrals of the Price func-
tions and Haar type functions. Integral analogues of the Weyl criterion are ob-
tained in terms of these integrals. Analogues of the classical inequalities of
LeVeque P] and Erdds-Turan (see Kuipers and Niederreitd), [and the for-
mula of Koksma, (see Kuipers]) are obtained.

In Sectiord we prove some preliminary statements, which are used to prove
the main results. The proofs of the main results are given in SestiomSec-
tion 6 we give a conclusion, where we announce some open problems, having

to do with the problems, solved in our paper. Price and Haar Type Functions
The results of tr_]is paper were announced in Grozdanov_ and Stoilpsad and U””‘g;f;ﬁgfg“‘)” of
[4]. Here we explain the full proofs of them. The results which are based on the _
Price functions generalize the ones of Sloss and Blyth [The results which V- Grozdanov and S. Stollova
are based on the Haar type functions are new.
Title Page
Contents
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Let B = {b1,b,...,b;,...: b; > 2,5 > 1} be an arbitrary fixed sequence of
integer numbers. We defing = exp (%)—’;‘) for each integej > 1. We define
the set of the generalized powef#;}22, as: By = 1 and for each integer

ji>1,B; =T, bs

Definition 2.1 Price and Haar Type Functions
e and Uniform Distribution of
(i) Forrealz € [0,1) in the B—adic formz = >"°° z;B;!, where fori > 1 Sequences
x; € {0,1,...,b; — 1} and each integer > 0, Price [1(] defines the V. Grozdanov and S. Stoilova
functionsy g, () = w;7}".
(if) For each intege: > 0 in the 3—adic formk = 37 k;..1B;, where for Title Page
1< < n+ 1, k;j_e {0, 1, e ,bj_— 1}, kpyr #0 annd realz € [0,1), the Contents
k-th function of Pricey(z) is defined as(z) = [T}y (xs, (z))"+. » .,
The systemy(B) = {xx}2, is called the Price functional system. This > S
system is a complete orthonormal systendif0, 1).
Let b; = b in the sequencd for each; > 1. Then, the systenfx,} U Go Back
{xu }52, is the Rademacheri [] system{¢\”}> , of orderb. The system of Close
Chrestenson?] {%E;b)}iio of orderb is obtained from the systemy(53). If for Quit

eachj > 1b; = 2, then the original system of Walsh {] is obtained.
In 1947 Vilenkin [L5] introduced the system(B) and Price [ 0] defined it Page 6 of 38
independently of him in 1957. Some names are used about the sy§nn

special literature: both Price system (see Agaev, Vilenkin, Dzafarly, Rubinstein 7 'ea. Pure and Appl. Math. 5(2) Art. 26, 2004
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[1]) and Vilenkin system (see Schipp, Wade, Simoa]]. We use the name
Price functional system in this paper.

We will consider two kinds of the so-called Haar type functions. Starting

from the original Haar'j] system, Vilenkin [L6] proposes a new system of func-
tions, which is called a Haar type system, (see Schipp, Wide, Sifridn [This
definition is:

Definition 2.2. For z € [0, 1) the k™ Haar type functiom,(z), &k > 0 to the

baseB is defined as follows: If = 0, thenhy(z) = 1,Vz € [0,1). If k > 11is

an arbitrary integer and

(2.1) k=B,+pby1—1)+s—1,

where for some integer > 0,0 < p < B,—1lands € {1,...,b,.1 — 1}, then
VBawsa , if pbb%j“ <z< pb"#if“ and a=0,1,... byt — 1,

hi.(x) =

0, otherwise.

We will consider another one:

Definition 2.3. For = € [0, 1) the k™ Haar type functiom:(z), k > 0 to the
baseB is defined as follows: If = 0, thenhj(z) = 1,V € [0,1). If k > 11is
an arbitrary integer and
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where for some integer > 0,0 < p < B, — landk, € {1,...,b,11 — 1},
then

kna g pbatita pbnyi1+a+l _
VB, if et < g o bl and g = 0,1, bugs — 1,

B
B() = h
0, otherwise.

It can be easily seen that the systefi$}>°, and {h}};>, are complete
orthonormal systems ifh,[0, 1). In the case when for each> 1 b; = 2 the
original system of Haar is obtained from the systdrs};° , and{h} }7°,.

Theorem 2.1 (Analogues of the criterion of Weyl).The sequencér;);> of
[0,1) is u. d. if and only if:

xx(z;) =0, for eachk > 1,

1
lim — " hy(x;) =0, for eachk > 1,

and

. " o
lim — > hi(x;) =0, for eachk > 1.

N—oo
=0

The proof of this theorem is based on the equality)and the properties of
Price and Haar type functional systems.
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We consider the integrals of Price and Haar type functibiis) = fox Xk (t
= [, hi(t)dt and U (x) = [ hj(t)dt for each integek > 1 and
x E [O 1)
For an arbitrary integet > 1 we define the integet > 0 by the condition
B, < k < B,;1. We define thenodified integrals of Price functicas

1 1
B, Wg+1 -1

(31) Jn,q7k(x) = Jk(ZB) + 5(1_3”71@7
forall z € [0,1) and eachy = 1,2,...,b,1 —
i,7 >0, 9, ; is the Kronecker’s symbol.

If £ is an integer of the kindX 1), we define

1, and for arbitrary integers

1 -3 1
3.2 . =V, (z)+ B,? ,
(3.2) () = V@) + B ey
forallz € [0,1)andeacts = 1,2,... b1 — 1.
If £ is an integer of the kindX 2), we define
" " 1 -3 1
(3.3) Wy o ie(T) = Vi) + Bn*—; ’
shmy bn+1 Wnil — 1

forallz € [0,1) and eactk,, = 1,2,...,b,,1 — 1.
We will call the integralst;,  , (x) and¥; , , () modified integrals of Haar
type functionsThe next theorems hold:
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Theorem 3.1 (Analogues of the inequality of LeVeque)Let{y = {z¢,z; .. .,
xy_1} be an arbitrary net, composed &f > 1 points of{0, 1). The discrepancy
D(&y) of the netyy satisfies the inequalities:

00 bpy1—1(¢g+1)Br,—1|N-1 2\ 3
LIGOES F= I DEED DI D D]
n=0 g¢=1 k=qB, |m=0
192 00 bny1—=1(s+1)Bp—1|N 2\ 3
Dien < | 2o 22 2 Z%m ,
n=0 s=1 k=sBn
o0 brt1—1 (kn+1)Bn—1 2\ 3
=% 2 2 Z\Pnkn
n=0 kn k=kn Bn

Theorem 3.2 (Integral analogues of the criterion of Weyl).Let an absolute
constantB exist, such as for each > 1 b, < B. Letk > 1 be an arbitrary
integer andB,, < k < B, 1. The sequence = (z;);>o of [0,1) is u. d. if and
only if:
(i)
1 N-1

lim _Z‘Inqk 2;) =0 for eachq=1,2,... bysy — 1,

N—oo [V

(ii) If £ > 1isof the klnd 2.1 then

]}Ego_ijnsk ) =0 for eachs =1,2,... by — 1,
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(i) If £ > 1is of the kind 2.2) then

N—-1
1
Jim S, () =0 for eachk, =1,2,... by — L.
=0

Theorem 3.3 (An analogue of the inequality of Erdés-Turan).Let an ab-
solute constant3 exist, such thab; < B for eachj > 1 and we signify
b = min{b; : j > 1}. Letéy = {xo,...,xny_1} be an arbitrary net, com-
posed ofV > 1 points of|0, 1). For an arbitrary integerH > 0 we define the

integersM > 0 andq € {1,2,...,byy11 — 1} asqBy < H < (¢ + 1)By.
Then the following inequality holds

M—1bnq1—1 (s+1)Bp—1 | V-l 2
D(gw) < 122 2. Z 5 2 Fn(m)
= s=1 k=sBn, m=0
—1 (s+1)Bay—1 | N 2
N DD SIED SPANES
k= SB]\[ m=0
1
H N-1 3
1 3B(1+2bsin £)? 1
+12 ~ D Jugr(@m) T
k;ﬂ{ Nn; (b—1)bsin* = By

Theorem 3.4 (Analogues of the formula of Koksma)Letéy = {zg, 21 ...,
xy—1} be an arbitrary net, composed &f > 1 points of[0, 1). The quadratical
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discrepancyl'(¢) of the net y satisfies the equalities

00 bnt1—1(q+1).Bp—1

and

[e'e) bn+1 l(kn—l-l Bn—l

(NT(En))? = ( (50 )) DD IS

N-1

Z Jn,q,k (mm)
m=0

N-1

m=0
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Let € [0,1) have theB—adic representation = 3 7° o Zj+1B;,, where
forj > 0, zj41 € {0,1,...,b;41 — 1}. For each integej > 0 we have that
Tjy1 = l’;—jrl arg X, (). Hence, we obtain the representation

o0

1 1
(4.2) T = % > E arg X g, ().
Lemma 4.1. Letk > 1 be an arbltrary integer and = (3,18, + k', where
Bur1 €{1,...,bpys1—1}and0 < k' < B,. Forx € [0, 1) thek'" Price integral
satisfies the following equality

|1 e e, (@)
4.2) Jy(z) = il X (T
(=) By11 1-— wﬁﬂl (@)

27TB an-‘rl argxn, bn-i—lx) Xk:(x)

Proof. Letb > 2 be a fixed integer and = exp (%2) . For an arbitrary integer
G, 1<p<b-—1landreak € [0 1) let

0= [ o
We will prove the following equality

11 — o b arg oy (z)
b 1—wh

@.3)  JV(x) = + % S v arg ) (@) ().
r=1
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We puts = [bx], where[bx] denotes the integer part &f and we have that

(4.4 W) = [ e par
0
s—1 (h+1)/b T ,
:Z/ whﬁdt—i—/ (6 (1))Pdt
heo < h/b s/b
11— u)ﬂ[bx] (b) [bl’]
=y i TV @ (“T) -
From (4.1) and @.4) we obtain §.3).
If .
Jgnyrlen (:)3) = /0 XBn+1Bn (t>dt7
then
We have the equalities
B0 = [ ar
@ B
_ / [ (B, t)} Tt
0
Y R (e
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so that

J(bn+1) ($)

1
oy J(b"H)(BnCB).

= B_TL ﬁ'rH»l

From the last equality and!(5) we obtain that

1
(4.6) Je(w) = zxe(a) - S5 (Bua).

From (4.3) we obtain

Br+1bn+1
1 1 w%argxml(ﬂﬁ)

4.7) JL ) (Bor) =

+1 Br+1

b1 1 —w,

1 - T T
r=1

From (4.6) and @.7) we obtain §.2). O

For every integen > 1 we consider the seB(n) = {by,b2,...,b,}. We
define the “reverse” seB(n) = {bn,bp_1,...,01}, so thatB, = b,, By =
bnbn_1,...,B, = b,---by. FOr an arbitrary integep, 0 < p < B, and for a
B-adic rational£- let (p) 5(), (P) 5, (BL; - and ( - B

sponding representations paind - to the system$(n) andE(n).

Lemma 4.2. (Relationships between the Price and the Haar type functions)
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(i) Letk > 1 be an arbitrary integer of the kind2(1). Then for allz € [0, 1)

1
n—l—l \/

Bpi1— lbn+1 1 «Q
X Wit 1 X (pbnt1+a e
Z Z +1A (pbp1+ ) (n+1) ((Bn+1)1§(n+1)) ( )

1
bn-‘rl \% Bn

hy, () =

;'L,S,k? (I) =

n bjt1—1(+1)Bj—1by11—-1 o
SIDID DD SR PRI ( (X5 I EC)

j=0 t=0 a=tB; a=0
(i) Letk > 1 be an arbitrary integer of the kind®2(2). Then for allz € [0,1)

1
bn+1 Vv Bn

Bn+1*1 bn+l*1 a
§ : § : a.kn— .
X wn+1 X(pbn+1+a)§(n+1) (B 1 ) _ X(X(x))
a=0 a=0 n+l/ B(n+1)

(4.8) hj(z)=

1

4.9 —_—
( ) \Ijnkn () n+1\/_

n bjy1— 1(t+1)B

i —1 bpyr—1
(0
XZ Z Z Z w"“Xpbn“*“)mwn ((Bn+1)é( +1)> Dal)

= a=tB; a=0
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Proof. For an arbitrary integer, 0 < p < B,, andz € [0, 1), following Kremer

[6] we define the function
' » ptl
1, if z e [<3n>3(n) ; (Bn >B(n))

4(Bun; (P) gnys ) =
0 if «¢ [(BL

N—
=
2
e
o
:
N———
=
2
N———

The equality

Bpn—1
1 &— _ o
q(Bn; (P)E(n);x) - B, —~ X0) 5 n) ((E)g(n)) Xa(7)

holds. Let us use the significations: For an arbitrary integed < p <
B, (p)é(n) = (151]52...]’9“”)5(”), for an arbitrary integeny, 0 < a < B,,

<Bin>g(n) = (0-cpty_1 - -Oél)g(n)7 forrealz € [0,1),2 = (0-x1... 2001 ...)5.
Then, we obtain the equalities

« oanp Qi — ~n7 al1p
(410) X(p)é(n) ((B—) N ) = wnnpnwn_llp 1 o wl 1P1
n/ B(n)

and

(4.11) Xo(T) = wt™wy?™? . wentn,
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+1 . o~
If © € [(%)B(n) : (ng—n)B(n)> ,thenforallj = 1,...,n, z; = p;. From
(4.10 and @.11) we obtain

_ o
X(P) 3y <(B_n) g(n)) Xa(z) = 1.

If 2 ¢ [(ﬁ) ( ),<7i1> ( )) . then, somey, 1 < ¢§ < n exists, so that
"/ B B(n

Bn Price and Haar Type Functions
~ and Uniform Distribution of
xs # ps. Then, we have that Sequences
bs—1 } V. Grozdanov and S. Stoilova
Z w;s(wa—m) —0.
as=0 .
Title Page
From (4.10 and @.11), we obtain Contents
Bn—1 n bj— 44 44
o a CE'—p .
> T ((5:),,) e - TLEZ <o —1—
B(n) j=1 a;=0
. . Go Back
Now let k£ > 1 be an integer of the kind2(2). In order to prove4.8) we note
that for allz € [0,1) Closs
Quit
bny1—1
e /B Z whkng ( i 1s (Pbny1 + a)g(n+1);l’) : Page 18 of 38
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We will prove @.9). Using the proved formula fa¥)(x), we have that

(4.12) Ul (z) = /O i (t)dt

Bpi1—1bpy1—1

1

o wa.kn
- T E : E : n+1
bn+1 Bn a=0 a=0

- a ' t)dt
X X(pbn+1+a)}§(n+1) Bn+1 B(n+1) 0 Xa( )

n bjg1—1 (t+1)Bj—1bpyq1—1

Rl L Y S

a=tB; a=0

— (67
X X(an+1+a)1§(n+1) (( B ) E(n+1)>

1 1
X (Jjﬂg@(ﬂf) — t—15tija) .

Bj1 Wi —

It is not difficult to prove that

bjt1—1 (t+1)Bj—1byi1—1

(413)2 > >y
§=0 ]+1t0 j

a=tB; a=0

_ & ) B,
X X(pbn+1+a)]§(n+1) Bn+1 E(n_H) tBj,a — m

From @.12 and @.13, we obtain ¢.9).
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Lemma 4.3. Let £k > 1 be an arbitrary integer and: =

hold, Whereoz "

Proof. Let z € [0,1

In the following lemma the relationships in the opposite direction are proved.

sB, + p, where

s € {l,....,bp,11 — 1} and0 < p < B, — 1. Then, for allz € [0,1) the
equalltles
1 Bn—1
_ (n)pn
(4.14) @) = 7= D 3,5 (0)
]:
1 Bn,—1
_ (n) g )
(415) Jn,S,k(x) - \/B_n — ap,j n,s,an+j(x)7
]:
Bn,—1
_ 1 ()}
Xk<x>—\/B— O‘pj Bn+j(bn+171)+371(x)
noj=0
and
1w
n /
n5,k(37) = \/B_ ap,j n,s,Bn+5(bn+1—1)+s—l($)’
n =0

) B, —1 n)

are complex mumbers, so th@ = B, - 0sp,, k-

e fixed. We defind = (t)3 ) 0 <t< B,as

) b Bon
i+1 (n) P
BT)B(”) <z < (B_n>3(n)’ We denoteA;” = [B—,B—n) . It is obvious
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thatAi”) = Ut agy

P 5, . Thereissome, 0 < a < b1 —

1, so that
.- We have the equalities

t
Xk(T) = Xp ((B_> > wpyy and h;/B +t<x) =
n/ B(n)

Hence, we obtain

r(z) = \/LB—nXp ((Bin) B(ﬂ)) W oy i)

Let ¢’ be an arbitrary integer, so that< #' < B,,, andt’ # t. Forz Aé”) we
have that” = 0. Hence, we obtain the equality

V Brwy .

o8+ (7)

Xk() = NapA Bizl ((l;n)B(n)> h g, 15(T).

Letforinteger®) < p < B,and0 < j < B, we signifya("? =X <L> .
pi P ANBn) pn)

We use the representatiops= (p,pn—1 - .- p1) ) and

J ) — 0 i
o = cJij2 - - ~jn)B(n)>
(Bn B(n)

where forl <7 <n p,, j. €{0,1,...,b. — 1}. Then, we obtain the equality

B,—1 n br—1

(4.16) > a;"j) =TI e

7=0 7=1j,=0

Price and Haar Type Functions
and Uniform Distribution of
Sequences

V. Grozdanov and S. Stoilova

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 21 of 38

J. Ineq. Pure and Appl. Math. 5(2) Art. 26, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:vassgrozdanov@yahoo.com
mailto:stanislavast@yahoo.com
mailto:vassgrozdanov@yahoo.com
http://jipam.vu.edu.au/

If p = 0,then, forl <7 <n, p. =0andfrom{@.16 we obtainZB"‘l ;j)
L Ifp ;é 0 then, som&, 1 < § < n exists, so thaps # 0. From @.16, w
obtalnz Bu=t o (n) _

p]

We will prove @4.15. From @.14) for all x € [0, 1) we have

Jp(z) = ! oW () + ! By: L
VB, = D,J $Bn+j bni1 n Wi, 1
B,—-1 Price and Haar Type Functions
. 1 ) 1 a(n) and Uniform Distribution of
bn+1 wa_l 1 — P Sequences
V. Grozdanov and S. Stoilova
From the last equality an@(3) we obtain ¢.15. ]
Sobol [14] proved a similar result, giving the relationship between the origi- Tide Page
nal Haar and the Walsh functions. Contents
For an arbitrary nefy = {xg,...,zn_1}, composed ofV > 1 points of « >
[0,1) andz € [0, 1) we signify R({n;z) = A(En;[0,2); N) — Nz. Then, the
next lemma holds: | 2
Lemma 4.4. Go Back
(i) The Fourier-Price coefficiens @t(¢y; x) satisfy the equalities: Close
N_1 Quit
400 _ A
(I mT 5 ) Page 22 of 38
m=0
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and for each integek > 1,k = k,B, + p, k, € {1,2,...,b,41 — 1},

0<p<B,
_(X Zjnkn, xm

(i) The Fourier-Haar type coefficiens &f(¢y; «) satisfy the equalities:

N-1 1 N-1 1
h/ h//
a[()):_ (xm_§>aaé)__§ (xm_i);

m=0

Letk > 1 be an arbitrary integer of kind4.1). Then,

qunsk

Letk > 1 be an arbitrary integer of kind4.2). Then,

N—-1
_(n"
(4.17) Gy ==Y W ().
m=0

Proof. Let for0 < m < N —
interval (x,,, 1). Then,

1, ¢;(x) be the characteristic function of the
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We will prove only ¢.17). The proof of the remaining equalities of the lemma

is similar. For an arbitrary integeér > 1 of the kind ¢.2) we have:

(4.18) al") = / R(Ex; 2)h! (2)da
N-1 1 1
= m(x)h'kf(x)dx—N/ zhi(x)dz.
m=0""0 0
The equalities
N-1 . N-1 1 Tm
(4.19) Z/ ()W (@) dr = U h’,;(x)dm—/ Y )dx}
m=0"0 m=0 0 0
N-1
= Z U (2m)
m=0

hold. From ¢.1) and @.8) we obtain

(4.20%0 xhi(x)dx

1 Bn+1_1bn+1 1 «
a-kn—
= — w
R IS nﬂxWQ)BM((BW)E(nﬂ)
Zg / a1g x5, (2)Xa(2)dz
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1 Bp—1 a brt1 -1
o a-kny,
- - ) w
27Tbn+1\/B Z X(pbn+1)5<n+1) ((BnJrl)E(n—i-l)) [ az; n+1]
— / arg x s, (¥)Xo(z)dz

bry1—1 (t+1)Bp—1 o
X (pb

bn+1 1
(t—kn)a
X n+1

a=0

Price and Haar Type Functions
and Uniform Distribution of
E arg XBT Xa< )d Sequences

V. Grozdanov and S. Stoilova

1 (kn+1)Bn—1

. «
= X " _
onV/B, a:anBn (Por+1) B (nt1) ((Bn+1)]§(n+1)> Title Page

=1 ! Contents
<Y | e @@
r=0

4« 44

The following equality can be proved: Let> 0 andq € {1,2,...,b,1 — 1} < >
be fixed integers. Then, for each integep 0

Go Back
1 1 Close
(4-21) °_ argXBn Xa( )d = —5q-Bna-
bups @il — 1 Quit

From @.20) and @.2]) we obtain Page 25 of 38

! " 1 -3 1
(4.22) xhy(z)dx = 5 B,?
0

L .
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From 4.18), (4.19, (4.22 and 3.3) we obtain ¢.17).
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Proof of Theoren3.1 For an arbitrary nety = {xo,...,zy_1}, cOmposed
of N > 1 points of [0, 1), following Kuipers and Niederreiters] we denote
S(En) = Yol (zm —3) and forz € [0,1), Q(&n;a) = %(R(én;w) +
S(&n)). The inequality

1
D?(¢y) < 12/ Q*(&n; x)de
0

; ; Pri d Haar Type Functi
is proved. Hence, we obtain oo ype oS
12 Sequences
2 2
(5'1) (SN) (/ R (&V’ )dI -5 (&V)> ) V. Grozdanov and S. Stoilova
We obtain
9 Title Page
o0 bn+1 1 kn“‘l Bn_l N-1 3
F-OD DD DI DEANIES
n=0 k,=1 k=kyn B, m=0 <« >
from Lemma4.4 (i) and Parseval’s equality. < >
The other inequalities of Theoref1 follow from (5.1) and Lemma4.4
(ii). O Go Back
Proof of Theoren3.2. Close
Necessity of (i) We assume that the sequence is u. d. We will prove the equality Quit
Page 27 of 38
N—-1
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We use the representatién= q- B,, +p, wheren > 0,q € {1,2,...,b,,1— 1}
and0 < p < B,. From (3.1 and Lemma&}.1, we obtain

1.Xp<) 1 1

5.3) J, = — . 0,
(53) Jngul) Bpy wpy —1 " Bup1 whyy — 1 Bk
qb n+1 .
) 1 w, 7] arg x gy, (z) @)
: x
B Wy — 1 v

[ — L )
* 21 B, ; b,t1 a8 X B, (bnﬂx) Xk ().

Firstly, we assume thét= ¢ - B,,, hencep = 0 andd,.g,, «
Inqk(T), We have

= 1. From (5.3) for

1 wqb;% arg x g, (x) 1 oo
_ n+1 —r r

We will prove the equalities

pl gy TV arg X s, ()
: _ 27 nA\,
dim 2 e =0
and
1 N—-1 oo
J\P_Igo N Z Z 1 A8 X8, (07,41 %:) Xk (@) = 0.
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From (L.1), it is sufficient to prove that

1 gbyqq
argxp, (¥) ;
/Wn+1 dr =0
0

and -
/ Z bty arg xp, (b, 12) xk(z)dz = 0.
0 r=1

We have the following equalities

Bp—1bpp1-1 M

1
il arg xp, (@ Br+1 il arg xp, (2)
W1 Vde = Wp i1 dx
0 Jbnyi1ts

Bpi1

n+1 1

§ wn—i—l
s=0

Sincek = ¢-B,, from (4.21), we have the equalities

n+1

1 00
/0 Z b, arg xs, (b;Hx) Xi(z) | dz
r=1

WE

1
b;:—l/ arg xp, (0),12) xu(z)dz
0

1

r

NE

r=1

1
by [ el B (o (B s
0
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- Z it [ o) o 0]

~ B, an+1 / arg ) (1)) (1)t = 0.

n+1

If & # ¢-B,, then, from §.3), we will obtain a useful formula foy,, , »(x) and

by analogy, we can prove the equalig/?).

Sulfficiency of (i) We assume that the sequerice: (z;);>o is not u. d. Then,

Let M > 0 be a fixed integer. From Theore®nl we have

2

n+1 1 (I+1 Bn 1 1 N—-1
54 DO <12y S > N 2 Tnaslon)
n=0 ¢=1 k=qDBn =
o0 bn+1 1 (I+1 Bn 1 1 N—-1 2
ED DD SID SIS SENEN
n=M q=1 k=qDBn m=0
For arbitrary integers > 0,q € {1,2,...,b,.1—1}andgB, < k < (¢+1)B,

we can prove

(5.5)

1 N-1
~ > Tgr(rm)| <
m=0
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:n > 1}. Then, using the inequalitys(5), we have
2

Letb = min{b,

o0 bn+1 1(q+1 B,—1 1 N-—1
(5.6) .0 > NZJnmwm)
n=M q=1 k=q.Bp, =
1 V' 1
<<B+ . ﬂ)
2sin ¢ = B
1 V& 1
< (B
_< +2$in%> pr+l
n=M

Now we choosél/, so that

12 1 \1 1
5.7 —— | B — < -D>
(®.7) b—1( +281n%) AT
Let ¢ > 0 be arbitrary. Then, an integéy, exists, so that for eachv >

Ny, D3—e < D3(€). From (.4), (5.6), (5.7) and the last inequality, we obtain

2

M—1bp+1—1(g+1)Bp—1 1 N-—1
—e <12 2:: ; k%ﬂ ~ mZ::O Tnak(Tm)
We choose an integer > 0, so that} D? — ¢ > 1 D3 and we obtain
) M—1bpi1—1 (q+1)Bp—1 | Nl 2
0< D <12 g ; k% NmZ:OJn,q,k(xm)
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Finally, (n, ¢, k) exists, such that

Z&IE;O—ZM

The demonstration of (ii) and (iii) of the theorem is a consequence of the for-
mulae obtained in Lemm& 2, Lemmad4.3and (i) of Theorens.2 O

> 0.

Proof of Theoren3.3.

Price and Haar Type Functions
and Uniform Distribution of

M— 1(s+1)Bn—1 1 N-1 Sequences
3
(5 8) D €N <1 Z Z Z N Z Jn,s7k($m) V. Grozdanov and S. Stoilova
n=0 s=1 k=sB, m=0
q¢—1 (s+1)Bu—1 1 N-1 2 '
+12 Z Z ~ Z It s(Tm) Title Page
s=1 k=sBy m=0 Contents
H (¢+1)Bp—1 N-1 2
1 44 44
+ 12 Z + N Z JM,q k(l‘m)
k=qBy k=H+1 m=0 < >
b1 =1 (s+)Bu—1| o N-1 2 Go Back
T S SRS SIS
s=q+1 k=sBs m=0
bri1—1 (s4+1)Bp—1 1 N—1 2\ 3 QU
+12 Z >N v 2 se(Tm) Page 32 of 38
n=M+1 s=1 k=sBnp m=0
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We have the following inequality

1 N-1
N Eﬁ: It (Tm)
b]w+1 1(8+1 B]VI 1

PP

S= q+1 k= SB]M

(¢+1)Bp—1

5.9 = )

k=H+1

00 bnt1—1(s+1)Bp—1 N-1
=53 DD DN S SEANES
n=M s=1  k=sBp m=0
The following inequalities
1« A= i
(5.10) Nmz_: nsk(Tm)| < (m_ONIJn,s,k(fcm)O
and
(611)  |ues(@)] < ()] + QbS}n%-B—n, Ve € [0,1)
hold. It is not difficult to prove that for each B, < k < B, 11
(5.12) (@) < Bin, vz € [0,1).

1 N-1
N Z JM,S,k(xm)
m=0
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From 6.11) and 6.12), we obtain

(5.13) | Jnsk(x)] < (1 + ) BL’ Vr e [0,1).

2b sin %

From (.9, (5.10 and 6.13 the following inequalities

00 bpipi—1(s+1)Bp—1 I 2 4
RPN (1+2bsin%> B

hold. The statement of the theorem holds from the last inequalityzagd ( [

B(1+42bsin%)* 1
4(b — 1)bsin® £ By

Theorem3.4is a direct consequence of Lemmal and Parseval’s equality.
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In conclusion, the authors will present possible variants to extend this study.
The obtained results show that Price functions and Haar type functions can
be used as a means of examining uniformly distributed sequences. The proved
results raise the issue of their generalization. The most natural generalization is
to obtain results in the—dimensional cub@, 1)%, s > 2.
This is not difficult to do when Price functions and Haar type functions are

used (see Kglpers and Nlede.rrelter. Corollaries .1..1 apd 1.2]). Price and Haar Type Functions
The obtaining of results, in which the modified integrals from the corre- and Uniftgm Distribution of
equences

spondings—dimensional functions are in use, is connected with great technical
difficulties. In the one-dimensional case the proof of sufficiency of Theorem V. Grozdanovand S. Stoilova
3.2is based on the analog of the LeVeque inequality, exposed in Thebiem
A multidimensional variant of the inequality of Le Veque is not known in this Title Page
form to the authors. In this case, the proof of sufficiency of the multidimen-

sional variant of Theorerfi.2 is connected with proving the multidimensional Contents

variant of LeVeque’s inequality. << Y3
Another direction to generalize the obtained results is the possibility to use p >

arbitrary orthonormal bases ip[0, 1) as a means of examining uniformity dis-

tributed sequences. The obtained results in such a study would have more gen- Go Back

eral nature. The definition and the use of the modified integrals of the functions Close

of an arbitrary system will be difficult in practice because these integrals depend _

on the concrete values of the corresponding functions. Qi
Regarding the applications of uniformly distributed sequences, the inequality Page 35 of 38

of Koksma-Hlawka gives an estimation of the errorsefdimensional quadra-

ture formula in the terms of discrepancy of the used net. In this sense, the . ieq pure and Appl. math. 5(2) Art. 26, 2004
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problem of obtaining quantitative estimations of discrepancy is interesting, as

the functions presented in this paper can be used as a means of solving the above

problem.

The shown generalizations are a part of the problems to solve in connec-
tion to the study of uniformity distributed sequences by orthonormal bases in
L,[0,1).

The methods to prove the theorems in this paper, by suitable adaptation may
be used to solve some of the exposed problems.
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