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Abstract

We consider the averages A,(f) = 1/(n — 1)} f(r/n) and B,(f) =
1/(n+1)Y"_ f(r/n). If fis convex, then A,(f) increases with n and B,(f)
decreases. For the class of functions called superquadratic, a lower bound is
given for the successive differences in these sequences, in the form of a convex
combination of functional values, in all cases at least f(1/3n). Generalizations
are formulated in which r/n is replaced by a, /a,, and 1/n by 1/c,. Inequalities

are derived involving the sum y_"_, (2r — 1)°.
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For a functionf, define

(L.1) AN="237(0) mz2

and

(12) BN=—=37(5) =z,
r=0

the averages of values at equally spaced points, if], respectively, excluding
and including the end points. I&][it was shown that iff is convex, them,,( f)
increases witm, and B, (f) decreases. A typical application, found by taking
f(z) = —logz, is that(n!)'/"/(n + 1) decreases with (this strengthens the
result of ] that (n!)!/" /n is decreasing). Similar results for averages including
one end point can be derived, and have appeared independerifyamd[[/].

In this article, we generalize the theorems of in two ways. First, we
present a class of functions for which a non-zero lower bound can be given for
the differencesA, .1 (f) — A,.(f) and B,,_1(f) — B.(f). Recall that a convex
function satisfies

fly) = f(z) > C(z)(y — z)

for all z, y, whereC'(z) = f'(z) (or, if fis not differentiable at:, any number
between the left and right derivativesgt In [1], the authors introduced the
class ofsuperquadratidunctions, defined as follows. A functiofy defined on
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an intervall = [0, a] or [0,00), is “superquadratic" if for each in I, there
exists a real numbet'(z) such that

(SQ) fy) = f(@) > f(ly —=]) + C(x)(y — )

for all y € I. For non-negative functions, this amounts to being “more than
convex" in the sense specified. The term is chosen becdusesuperquadratic
exactly wherp > 2, and equality holds in the definition when= 2. In Section
2, we shall record some of the elementary facts about superquadratic functions. N
R R . . . . Inequalities for Averages of

In particular, they satisfy a refined version of Jensen’s inequality for sums of the  convex and Superquadratic
form > | A f(z,), with extra terms inserted. Functions

For superquadratic functions, lower bounds for the differences stated are Shoshana Abramovich,
obtained in the form of convex combinations of certain valueg.oBy the Graé‘j‘rrg g?r:‘:]gffgna”d
refined Jensen inequality, they can be rewritten in the fofii3n) + .S, where
Sis another convex combination. These estimates preserve equality in the case
f(x) = 2. By a further application of the inequality, we show ti$ai not less
thanf(a/n) (for B,(f)), or f(a/(n + 3)) (for A,(f)), wherea = £ = (2)%. Contents
This simplifies our estimates to the sum of just two functional values, but no
longer preserving equality in the casedf S L

We then present generalized versions in whictyn) is replaced byf (a,./a,,) < >
andl/(n=+1) is replaced byl /c,+,. Under suitable conditions on the sequences

Title Page

(a,) and(c,), we show that the generalized,(f) and B, (f) are still mono- Go Back
tonic for monotonic convex or concave functions. These theorems generalize Close
and unify results of the same sort if],[which take one-end-point averages as Quit
their starting point. At the same time, the previous lower-bound estimates for Page 4 of 32
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There is a systematic duality between the resultsApff) and B,,(f) at
every stage, but enough difference in the detail for it to be necessary to present
most of the proofs separately.

We finish with some applications of our results to sums and products involv-
ing odd numbers. For example,Sf,(p) = > __,(2r — 1)?, then S,,(p)/(2n +
1)(2n —1)? decreases with for p > 1, andS,,(p)/(n+1)(2n — 1)? increases
with n when0 < p < 1. Also, if@, = 1-3-----(2n—1), thenQ}/(”_l)/(2n+1)
decreases with.
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The definition §Q) of “superquadratic” was given in the introduction. We say
that f is subquadratidf — f is superquadratic.

First, some immediate remarks. Ftr) = 22, equality holds in $Q), with
C(z) = 2x. Also, the definition, withy = x, forcesf(0) < 0, from which it
follows that one can always tak&0) to be 0. If f is differentiable and satisfies
f(0) = f'(0) = 0, then one sees easily that th¢x) appearing in the definition
is necessarily’(z).

The definition allows some quite strange functions. For example, any func-
tion satisfying—2 < f(x) < —1 is superquadratic. However, for present pur-
poses, our real interest is in non-negative superquadratic functions. The follow-
ing lemma shows what these functions are like.

Lemma 2.1. Suppose thaf is superquadratic and non-negative. Théns
convex and increasing. Also,df(z) is as in §Q), thenC'(z) > 0.

Proof. Convexity is shown in], Lemma 2.2]. Together witlf(0) = 0 and
f(z) > 0, this implies thatf is increasing. As mentioned already, we can take
C(0) = 0. Forz > 0 andy < x, we can rewrite $Q) as

Cr) > I =W+ —y)
> p—

> 0.

]

The next lemma (essentially Lemma 3.2 af)[gives a simple sufficient
condition. We include a sketch of the proof for completeness.
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Lemma 2.2.If f(0) = f'(0) = 0 and f’ is convex (resp. concave), thgns
superquadratic (resp. subquadratic).

Proof. First, sincef’ is convex andf’'(0) = 0, we havef'(x) < [z/(x +
) f'(z +y) forz,y > 0, and hence f'(z) + f'(y) < f'(x + y) (that is,
f'is superadditive). Now leg > = > 0. Then

f@%aﬂ@—f@—x%%y—wf@%zlwﬂf@+ﬂ—fﬁ%:ﬂwwt
> 0.
Similarly for the case: > y > 0. O]

Hencex? is superquadratic fgr > 2 and subquadratic far < p < 2. (Itis
also easily seen that is subquadratic fob < p < 1, with C(x) = 0). Other
examples of superquadratic functions aféog z, sinh x and

fla) = 0 for0 <z <a,
T (—a)? forz>a.

The converse of Lemm&2is not true. In [], itis shown where superquadratic
fits into the “scale of convexity" introduced i][

The refined Jensen inequality is as follows. Lete a probability measure
on a setE. Write simply [ z for [, zdp.

Lemma 2.3. Letz be non-negative and-integrable, and lef be superquadratic.
Define the (non-linear) operatdf by: (7'z)(s) = |z(s) — [ z|. Then

/Uo@Zf(/x)+/anwL

Inequalities for Averages of
Convex and Superquadratic
Functions

Shoshana Abramovich,
Graham Jameson and
Gord Sinnamon

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 7 of 32

J. Ineq. Pure and Appl. Math. 5(4) Art. 91, 2004

httn//iinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:abramos@math.haifa.ac.il
mailto:
mailto:
mailto:g.jameson@lancaster.ac.uk
mailto:
mailto:sinnamon@uwo.ca
http://jipam.vu.edu.au/

The opposite inequality holds ffis subquadratic.

Proof. Assumef is superquadratic. Writ¢ = = 7. Then
[(ron) = 1@ = [1ftato) - r@ds
> [ £als) = al)ds+ €(@) [ (ats) - m)ds

:i/UOT@'

In fact, the converse holds: if the property stated in Lenzn@holds for all
two-point measure spaces, thems superquadraticlf Theorem 2.3].

Note that7" is a sublinear operator. Iteration of Lemrié8 immediately
gives:

O

Lemma 2.4.1f x > 0 and f is superquadratic, then for each> 2,

Juenzs(fo)s(fre)+
+f</T“%>+/Uo@%ﬂ

/(fox)zif</T’“x)-

k=0

and hence
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In this paper, we will be using the discrete case of Leninia It may be
helpful to restate this case in the style in which it will appe&auppose thaf is
superquadratic. Let, > 0 (1 <r <n)andletz = )_"_, \,z,, where\, > 0
and >>" A\, =1.Then

Z)\fxr > f(z —i—Z)\f\xr—x\

Forz € R™, now writex(r) for therth component, and, as usufk;||., =
maxi<,<, |2(r)|. In this discrete situation, for tHE defined above, it is easy to
show that|| 7%z ||, converges to zero geometrically.

Lemma 2.5.Let\ = min;<,<, A- andletx > 0. Then |7z ||
hence || 7%z s < (1 — A)¥||2]| -

Proof. Note that|z(r)

< (=Moo,

—z(s)| < ||z|| forall r, s. So, for eachr,

< Z)‘s‘x(r) - JJ(S)’

SFEr
< (1 =Mz
L]

It now follows easily that the second inequality in Lemd reverses for
subquadratic functions satisfying a conditipft) < ct” for somep > 0. Hence
equality holds forf (x) = z?
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Note It is not necessarily true thaff 7= < [z, and hencd| - ||, cannot
be replaced by - ||; in Lemma2.5. Take), = 1/n for eachr, and letz =
(1,0,...,0). ThenTz = (1 — %, £ ... 1) giving [ Tz = 2(n — 1)/n’.

n'n’
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Throughout the following, the quantities,(f) and B,,(f) continue to be de-
fined by (L.1) and (L.2).

Theorem 3.1.If f is superquadratic of0, 1], then forn > 2,

n—1
(31) An-i—l(f) - An(f) Z Z /\rf(xr)7
r=1
where
N 2r S n—r
" onn—1) "o +1)
Further,
n—1
(3.2) Auar(F) — Au(f) > f (3%) I
r=1
where
_[2n—1-3r|
" 3n(n+1)

The opposite inequalities hold ffis subquadratic.
Proof. Write A,, = (n — 1)[A,1(f) — A.(f)]. Then

n—lzf( )H
:;<T n )f(nil) Zlf()

Inequalities for Averages of
Convex and Superquadratic
Functions

Shoshana Abramovich,
Graham Jameson and
Gord Sinnamon

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 32

J. Ineq. Pure and Appl. Math. 5(4) Art. 91, 2004

httrn//itinarm wvit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:abramos@math.haifa.ac.il
mailto:
mailto:
mailto:g.jameson@lancaster.ac.uk
mailto:
mailto:sinnamon@uwo.ca
http://jipam.vu.edu.au/

oy r+1 o r it
B Ef(n+1)+ n f<n+1>_rzlf(ﬁ)

Sl () O () - )]

We apply the definition of superquadratic to both the differences appearing in
the last line, noting that

r—+1 T n—r

n+1 n nm+1)

We obtain
el n—r - r il r
—~n n(n+1) —~ n n(n+1) —
where .
hrzz r 4+ n—r r _1:(),
n n+1 n n+1l n
hence

which is equivalent to3.1).
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We now apply Lemma&.3. Note that

r(n—r)= %(n — 1)n* — %(n —1)n(2n —1)

= S(n—Dn(n+1),

hence "~ \.z, = 1/3n (denote this by). So

r=1
n—r 1 _2n—37“—1

xT_x:n(n—kl) " 3n 3n(n+1)

and inequality 8.2) follows. O]

The proof of the dual result foB,,(f) follows similar lines, but since the
algebraic details are critical, we set them out in full.

Theorem 3.2.1f f is superquadratic of0, 1], then forn > 2,

n

(3.3) Boa(f) = Bu(f) 2 > Aef(an),
where
B 2r _oon-r
" onn+ 1) n(n—1)
Further,
(3.4) Bur(f) — Bulf) > f (3%) 3T A ).
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where
12n + 1 — 3r|

b= 3n(n—1) °
The opposite inequalities hold ffis subquadratic.

Proof. Let A, = (n+ 1)[B,-1(f) — B.(f)]. Then
n+ 1 n—1 r n r
2= () -2 ()
n r=0 n r=0 n Inequalities for Averages of
n—1 n Convex and Superquadratic
r+1 n—r T T Functions
n n n—1 n

r=0 Shoshana Abramovich,
“r (r—1 ~ T r u r Gord Sinnamon
-3 +> > r(3)
—'n" \n—1 n n—1 — n

Graham Jameson and

r r=0 r=0
n 1 n—1 Title Page
T T — T n—r r T
:gﬁ{f (n—l)_f<ﬁ)]+rz:; n {f (n—l)_f(ﬁ)] Contents
_— . . 44 44
Apply the definition of superquadratic, noting that
< >
r—1 ri. on—r
n—1 n| nn-1) Go Back
] Close
We obtain
Quit

n—1 n
A, >Z ( n—1)+ n- ( n—l))—i_ZkTC(%)’ Page 14 of 32
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where .
krzz.r _I_n T _220,
n n—1 n n—1 n

A, >22 f( n—l))

which is equivalent to3.3). Exactly as in Theorer.1, we see thaty "_, \,z,
= 1/3n, and @.4) follows. O

hence

Remark 3.1. These proofs, simplified by not introducing the functional values
of f on the right-hand side, reproduce Theorems 1 and 22pff¢gr convex
functions.

Remark 3.2. Since these inequalities reverse for subquadratic functions, they
become equalities fof(x) = x2, which is both superquadratic and subquadratic.
In this sense, they are optimal for the hypotheses: nothing has been lost. How-
ever, this is at the cost of fairly complicated expressions. Clearly,isf also
non-negative, then we have the simple lower estirfiét@3n). in both results.

In the casef (z) = 2, it is easily seen that

1 1 1 1

hence

Apr(f) = An(f) = — !

6n(n+1)’ Baa(f) = Balf) = 6n(n —1)’

so the termf(1/3n) = 1/9n? gives about two thirds of the true value.
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Averages including one end-pairtet
n—1 n
D=1 (D). mn=-r(h).
r=0 r=1

If £(0) =0, then

n—1 n+1

For an increasing, convex functiofy we can add a constant to ensure that
f(0) = 0, and it follows thatD,(f) is increasing andv,(f) is decreasing
([2, Theorem 3A]; also, with direct proof;] and [4]). Further, we have

n 1

Dn+1(f) _Dn(f) = [An+1(f) _An(f)} +m

= Au(F)

and

n 1

B, 1(f) — En(f) = [Bn-1(f) = Balf)] + nin—1)

n—1

Bu(f)-

For non-negative, superquadrafic we automatically haveg (0) = 0, so we

can read off lower bounds for these differences from the corresponding ones

for A,(f) and B,(f). With regard to the second term, note that for convex
functions, we always havé, (f) > A,(f) = f(3) andB,(f) > fol f-
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For non-negative superquadratic functions, we now give lower estimates for the
second term in3.2) and @.4) in the form of the value at one point, at the cost
of losing exactness for the functigiiz) = 2. We shall prove:

Theorem 4.1.If f is superquadratic and non-negative, then fop 3,

1 16
A (f) = An(f) 2> f (@) +f (m) ‘ Inequalities for Averages of

Convex and Superquadratic
Functions

Theorem 4.2.1f f is superquadratic and non-negative, then foralb> 2,

Shoshana Abramovich,
16 ) Graham Jameson and

Bn,1<f) - Bn<f) > f (3%) + f <81_n Gord Sinnamon

The factoré—f seems a little less strange if regardec@)é. Title Page
We give the proof for3,(f) first, since there are some extra complications CoETS
in the case of4, (f). Let A\, andy, be as in Theoren3.2. By Lemma2.3,
discarding the extra terms arising from the definition of superquadratic, we have 4« dd
S A f(yr) > f(y), wherey = y(n) = > ", \y,. We give a lower bound < >
for y(n).
Go Back
Lemma4.3.Let S =", r[2n+ 1 — 3r|. Letm be the greatest integer such p—
that3m < 2n + 1. Then
Quit

S =2m(m+1)(n —m). Page 17 of 32
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Proof. Foranym,
= 1 1
Zr(Zn +1—-3r)= §m(m +1)(2n+1) — §m(m +1)(2m +1)
r=1

=m(m+1)(n —m).

In particular,>>"_, r(2n + 1 — 3r) = 0. With m now as stated, it follows that

S = Z r 2” +1- 37” + Z 7’(37” —2n — 1) Inequalities for Averages of
r=1 r=m+1 Convex and Superquadratic
m Functions
=2 Z r 2n +1-— 37“) Shoshana Abramovich,
r—1 Graham Jameson and
Gord Sinnamon
= 2m(m + 1)(n —m).
O Title Page
Conclusion of the proof of Theoref2. With this notation, we have Contents
_ 25 <« >
yln) = 3n2(n+1)(n—1)
< 4

If we insert3m < 2n+1 and n —m < i(n + 1), we obtainy(n) >

3 Go Back
(2—21)(8/81n), not quite the stated result. Howevary is actually one of2n —
1, 2n, 2n + 1. The exact expressions fgfn) in the three cases, are, respec- Close
tively: Quit
8 (2n—1)(n+1) 8 2n+3 8 (2n+1)(n+2)) Page 18 of 32

8ln  (n—1Lm ' 81 n2—1"  8ln  n(n+1)
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In each case, it is clear that(n) > 16/81n. O

We now return to Theorer. L Let A\, andy, be as defined in Theorefl

Lemma 4.4. LetS = "~ 7|2n — 1 — 37|, and letm be the smallest integer

such thatdm > 2n — 1. Then
S =2(m—1)m(n—m).

Proof. Similar to Lemma4.3, using the fact that (for any):

- r(2n—1—=3r) = (m—1)m(n —m).

3

r

Conclusion of the proof of Theorefl
Case 3m = 2n — 1 (so thatn = 2,5,...). Then

8 (n—2)(2n-1)
81 n2(n—1)

The statementy(n) > 16/[81(n + 3)] is equivalent to3n? — 13n + 6 > 0,
which occurs for alh > 4.
Case3m = 2n (son = 3,6,...). Then

8 (2n — 3)

Y = e D=1
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which is not less thah6/[81(n + 3)] when3n > 7.
Case3m =2n+1(son =4,7,...). Then

8 (n—1)(2n+1)

Y = S T )

This time we note thay(n) > 16/[81(n+2)] is equivalent ta:? —3n —2 > 0,
which occurs for alh > 4. O

Note More precisely, the proof shows thaf2) = 0, y(3) = » andy(5) = 2,
while in all other caseg(n) > 16/[81(n + 2)].

In principle, the process can be iterated, as in LerdmaAfter complicated
evaluations, one finds that the next term is of the ordef(®f30n).
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We now formulate generalized versions of the earlier results in wfijclin)

is replaced byf(a,/a,) and1/(n + 1) is replaced byl /c,+;, under suitable
conditions on the sequencés,) and(c,). For increasing convex functions,
we show that the generalizedl,(f) and B, (f) are still monotonic. There are
companion results for decreasing or concave functions, with some of the hy-
potheses reversed. The results4ffpllow as special cases. For superquadratic

functions, we obtain suitable generalizations of the lower bounds givenlin ( N
Inequalities for Averages of
and @.3). Convex and Superquadratic

Functions

Theorem 5.1.

Shoshana Abramovich,
(i) Let (an)n>1 and (c,)n=0 be sequences such that > 0 and¢, > 0 for Graham Jameson and

Gord Sinnamon

n > 1and:
(Al) ¢g = 0 andc, is increasing, Title Page
(A2) ¢,,11 — ¢, is decreasing fon > 0, Contents
(A3) cp(ani1/a, — 1) is decreasing fon > 1. <« >
Given a functionf, let < [S

Aulf (@), en)] = An(f) = — f() e

nl),@n), (Cn)] = Ap = -
Cn-1 1= Qn, Close

for n > 2. Suppose that is convex, non-negative, increasing and differ- it
entiable on an intervall including all the pointsi, /a,, for r < n. Then Page 21 of 32

A, (f) increases with.
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(i) Suppose thaf is decreasing oy and that (A3) is reversed, with the other
hypotheses unchanged. Thép( f) increases with.

(i) Suppose thaf is concave, non-negative and increasing .bnand that
(A2) and (A3) are both reversed, with the other hypotheses unchanged.
ThenA, (f) decreases with.

Proof. First, consider case (i). Let

n n—1
Cn—1 ar ar Inequalities for Averages of
f - f - Convex and Superquadratic
C ap,

An+1 Functions

Ay = cpa[Ana(f) = Au(f)] =

nooe=1 r=1
We follow the proof of TheorerB. 1, with appropriate substitutions. At the first Shoshana Abramovien,
step, where we previously expressed- 1 as(r — 1) + (n — r), we NnOw use Gord Sinnamon
(A2): we havec, — ¢,_1 > ¢, — ¢,_1, hence
ey > g+ (Cn . Cr) Title Page
_ ] _ _ Contents
for r < n. Using only the fact thaf is non-negative, the previous steps then
lead to A 4
n—1 < | 4
Cr Qy Qy
(5.1) AnZZ— {f( H) —f<—)] Go Back
r—1 Cn Ap+1 QAp,
Close

n—1
Cn — Cp Q- Q- :
el Gn) - (@)
Page 22 of 32
(The conditiony = 0 is needed at the last step).
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Forz,y € J,wehavef(y)—f(z) > C(x)(y—=x), whereC(z) = f'(z) > 0.
So

n—1
A, > Z;hO(Z—) ,

where, by (A3),

Cr  Qpiq Cp — Cp a Qa,
hr = — . _|_ . -
Cn  OGp41 Cn Ap+1 ap,
Inequalities for Averages of
a 8
= Gr Cr rtl +c¢,—c —cy Ont1 Convex and Su‘perquadratlc
CnQpt1 a, an, Functions
> 0. Shoshana Abramovich,

Graham Jameson and
Gord Sinnamon

In case (ii), we havé'(x) < 0, and by reversing (A3), we ensure that< 0.
In case (iii), the reversal of (A2) has the effect of reversing the inequality

in (5.1). We now havef(y) — f(z) < C(z)(y — x), with C(x) > 0, and the Title Page
reversal of (A3) again gives, < 0. O Contents

The theorem simplifies pleasantly when = a,,, because condition (A3) < >
now says the same as (A2). P >
Corollary 5.2. Let(a,),>0 be an increasing sequence with= 0 anda; > 0. E——
Let f be increasing and non-negative dn Let A,,(f) be as above, with,, = o Bac
ay. If a1 — a, is decreasing and is convex, theml,,(f) increases with. If Close
a,+1 — a, is increasing andf is concave, thenl,, (/) decreases with. Quit

We note that the term, does not appear in the definition 4f,(f). Its role Page 23 of 32

is only to ensure that, — ¢; < ¢;. Also, the differentiability condition is only
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to avoid infinite gradient at any point /a, that coincides with an end point of
J.

Simply inserting the definition of superquadratic, we obtain:

Theorem 5.3. Let (a,), (¢,) and A,,(f) be as in Theorerb.1(i). Suppose that
f is superquadratic and non-negative dnThen
n—1

~ 3 e - cr>f(

CnCn—1 r—1

Qyp 41 Gy

Apin(f) = An(f) > — Zf(

CnCn—1 r

Ap+1 (07

a, a,

an Ap+1

+

Note that if (a,) is increasing, then there is clearly no need for the second
modulus sign in Theorerd.3. Furthermore, it is easily checked that, with the

other hypotheses, this implies that, ; /a,, is decreasing, so that the first mod-
ulus sign is redundant as well.

We now formulate the dual results fé,(f). We need an extra hypothesis,
(B4).

Theorem 5.4.

(i) Let (an)n>0 and(c,)n>o be sequences such that > 0 andc¢, > 0 for
n > 1 and:

(B1) ¢y = 0 andc, is increasing,
(B2) ¢, — ¢,_1 isincreasing fom > 1,
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Functions
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(B3) ¢n(1 — a,_1/ay) isincreasing fom > 1,
(B4) eitherag = 0 or (a,) is increasing.

Given a functionf, let

BT (an) (e) = Bl = =30 ()

Cn+1 —0 Gp,

forn > 1. Suppose thaf is convex, non-negative, increasing and differ-
entiable on an intervall including all the points,./a, for 1 < r < n.
ThenB,(f) decreases with.

(i) Suppose thaf is decreasing on/ and that (B3) and (B4) are both re-
versed, with the other hypotheses unchanged. Thérf) decreases with
n.

(i) Suppose thaf is concave, non-negative and increasing .bnand that

(B2), (B3), (B4) are all reversed, with the other hypotheses unchanged.

ThenB, (f) increases with.

Proof. We adapt the proof of Theoret2. Forn > 2, let

An = ol Baa(F) = Bal)] = 2 Zf (=) -2 (=)

Ap—1 —0

Using (B2) in the formc,, 1 > ¢.41+ (¢, —c¢,), together with the non-negativity
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of f, we obtain

n—1
Cn — Cp Qy a,
+; Cn {f (an—1> f(an>} ‘
Separating out the term= 0, we now have in case (i)
n—1 a
A, > k.Cl— O,
-3 ke(i) -

where 6,, = f(ap/an-1) — f(ao/a,). Condition (B4) ensures that > 0 (note
that we do not need differentiability at the point/a,,), and (B3) gives

Cr Qr—1 Cn — Cp Gy Qr
kr = — . + . I
Cn Op-1 Cn QAp—1 G,
o Qy ar—1 QAp—1
= Cr + Cp — Cp — Cp
Cnln—1 Qp Qn,
> 0.

In case (i), the reversed hypotheses dilfer) < 0, k. < 0andJ,, > 0.
In case (iii), the inequality in%.2) is reversed, and'(x) > 0, k. < 0 and
on < 0. O
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Corollary 5.5. Let(a,),>0 be an increasing sequence with= 0 anda; > 0.
Let f be increasing and non-negative dn Let B,,(f) be as above, with,, =
a,. If a,, — a,_4 is increasing andf is convex, them,,(f) decreases with. If
a, — a,_1 iS decreasing and is concave, them®,, () increases with.

Theorem 5.6.Let (a,,), (¢,) and B,,(f) be as in Theorerb.4(i). Suppose that
f is superquadratic and non-negative dnThen

n—1
1 ar  Qp_1 .
B,_1(f) — B.(f) > E of [ |— — glequalmes for Averages of
CnC Ay onvex and Superquadratic
ntn41 —1 n n—1 b
= Functions
1 n—1
+ (C —c )f Gy _ & Shoshana Abramovich,
coC n T a a ) Graham Jameson and
ntntl oo n—l n Gord Sinnamon

Relation to the theorems of]. The theorems of/] (in some cases, slightly
strengthened) are cases of our Theorémsand5.4. More exactly, by taking Title Page
¢, = n in Theoremb.1, we obtain Theorem 2 of/], strengthened by replacing Contents
1/nby1/(n —1). By takingc, = a,41 in Theoremb5.1, we obtain Theorem 3

of [4]; of course, the hypothesis fails to simplify as in Coroll&r. Theorems « dd
A and B of [/] bear a similar relationship to our Theorem!. In the way seen < >
in Section3, results for one-end-point averages (or their generalized forms)

can usually be derived from those fdr,(f) and B,,(f). Also, one-end-point Go Back
averages lead to more complication in the proofs: ultimately, this can be traced Close
to the fact that the analogues of the origihalandk, no longer cancel to zero. Quit

All these facts indicate that,,(f) and B, (f) are the natural averages for this

study. Page 27 of 32
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At this level of generality, it is hardly worth formulating generalizations of
the original (3.2) and (3.4) for superquadratic functions. However, in some
particular cases one can easily calculate the term corresponding to the previous
f(1/3n). For example, in Theorer.3, with ¢, = n anda, = 2n — 1, we

obtain the lower estimatgé(x,,), where

4dn + 1
3(4n?2 —1)

Ty =

Remark 5.1. Our proofs extend without change to three sequences: let

)

n

A(f) = f(b—> Buf) = =3 f

Cn+1 r—0

Conditions (A3) and (B3) become, respectively,
cr(aryr/ar — 1) > cp(bpyr /by, — 1) forr <mn,

cn(l=by_1/by) > (1 —a,_1/a,) forr <n.

Condition (B4) becomes: eithep = 0 or (b,,) is increasing.

(

a

bn
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Let

Sa(p) = _(2r —1)".
r=1

Note thatS,(1) = n? We write alsoS’(p) = S,(p) — 1. It is shown in
[2, Proposition 12] thass,,(p)/n?™! increases witm if p > 1 orp < 0, and
decreases with if 0 < p < 1. (This result is derived from a theorem on mid-
point averages >__, f[(2r — 1)/2n] requiring bothf and its derivative to be
convex or concave; note however that it is trivial fox —1.) We shall apply
our theorems to derive some companion resultsSfgp) andS::(p).

Note first that ifc,, = n anda,, = 2n + 1, then

Ap+1 Ap—1 2n
Cn, —1)=c,|1- = ,
an an, 2n+1

which increases with. If ¢, = n anda,, = 2n — 1, then

Upi1 (p—1 2n
n -1 = n 1—- = )
¢ ( ap ) ¢ ( ap, ) 2n —1

which decreases with.

Proposition 6.1. If p > 1, then

Su(p)
(2n+1)(2n —1)P

decreases with,n

Inequalities for Averages of
Convex and Superquadratic
Functions

Shoshana Abramovich,
Graham Jameson and
Gord Sinnamon

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 29 of 32

J. Ineq. Pure and Appl. Math. 5(4) Art. 91, 2004

httrn//itinarm wvit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:abramos@math.haifa.ac.il
mailto:
mailto:
mailto:g.jameson@lancaster.ac.uk
mailto:
mailto:sinnamon@uwo.ca
http://jipam.vu.edu.au/

Sn(p)

o 1)(2n +1)7 increases with n
n — n

Proof. Let f(x) be the convex function?. The first statement is given by
Corollary 5.5, with ay = 0 anda,, = 2n — 1 for n > 1. The second one is
given by Corollary5.2, with ag = 0 anda,, = 2n + 1 forn > 1. O

The casep = 1 shows that we cannot replac¥(p) by S, (p) in the sec-
ond statement. Also, this statement does not follow in any easy way from the
theorem of P].

The sense in which reversal occurat 1 is seen in the next result. Also,
we can formulate two companion statements (corresponding ones were not in-
cluded in Propositior.1, because they would be weaker than the given state-
ments).

Proposition 6.2.1f 0 < p < 1, then

Sn(p) S5n(p) i
@n Dn T 1y and = D@En 1) decrease with n
and
S (p) d Sn(p) increase with n

CnrDEn—1r Y mrDen-1)p

Proof. The functionf(z) = 2 is now concave. The first decreasing expression
is given by Corollarys.2with ay = 0 anda,, = 2n — 1 for n > 1. The second
one is given by Theorer. 1(iii) with ¢, = n anda,, = 2n + 1.

Inequalities for Averages of
Convex and Superquadratic
Functions

Shoshana Abramovich,
Graham Jameson and
Gord Sinnamon

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 30 of 32

J. Ineq. Pure and Appl. Math. 5(4) Art. 91, 2004

httrn//itinarm wvit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:abramos@math.haifa.ac.il
mailto:
mailto:
mailto:g.jameson@lancaster.ac.uk
mailto:
mailto:sinnamon@uwo.ca
http://jipam.vu.edu.au/

The first increasing expression is given by Corollarg with a; = 0 and
a, = 2n + 1 forn > 1. The second one is given by Theoré&mi(iii) with
¢, =mn andag =0, a, = 2n — 1 for n > 1. Recall that differentiability ab is
not required. O

Proposition 6.3. If p > 0, then

(2n + 1)P
AP gx(—

p— W (=D)
increases with.

Proof. Apply Theorem5.1(ii) to the decreasing convex functigi{z) = x=7?,
with ¢,, = n anda,, = 2n + 1. O

We remark that, unlikeZ, Proposition 12], this statement is not trivial when
p = 1. Again, we cannot replacg:(p) by S, (p).

Finally, we derive a result for the produ@, = 1-3----- (2n — 1). It
follows from [2, Theorem 4] thaQ}/"/n decreases with (though this is not
stated explicitly in P]). Our variant is less neat to state than the theorem]of [
but not a consequence of it.

" i 1 AL/ i
Proposition 6.4. The quantity ;- Qx decreases with.
Proof. Take f(x) = — log z, which is decreasing, convex and non-negative on

(0,1). Again apply Theorens.1(ii) with ¢, = n anda,, = 2n + 1. (Alterna-
tively, we can apply Theorer. 1(jii) to f(z) = logx + K, whereK is chosen
so thatlog(1/2n) + K > 0.) O
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