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ABSTRACT. Inthis paper are established some inequalities involving the Euler gamma function.
We use the ideas and methods that were used by J. Sandor in his[paper [2].

Key words and phrasesEuler gamma function, Inequalities.

2000Mathematics Subject Classificat/o83B15.

1. INTRODUCTION

The Euler gamma functioki(z) is defined forz > 0 by

F(a:):/ e dt.
0

The Psi or digamma function, the logarithmic derivative of the gamma function is defined by

¥(o) =

C. Alsina and M.S. Tomas in[1] proved the following double inequality:

xz > 0.

Theorem 1.1.For all = € [0, 1] and all nonnegative integers the following double inequality
is true:

1 < (14 )"
n! = I'(14+nx) —
Using the series representation«fr), J. Sdndor in[[2] proved the following generalized

result of [1.1):

Theorem 1.2.Forall « > 1 and allz € [0, 1], one has:
1 < (14 x)°
F'l4a) ~ TA+az) —

(1.1)

(1.2)
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In this paper, using the series representatiott(@f) and ideas used inl[2] we will establish
some double inequalities involving the gamma function, "similar[ tg (1.2).

2. MAIN RESULTS

In order to establish the proof of the theorems, we need the following lemmas:

Lemma 2.1. If z > 0, then the digamma function(z) = FFI((;”)) has the following series repre-
sentation

(2.2) Y(x) = =7+ x—l%kﬂ L

where~ is the Euler’s constant.

Proof. Seel[3]. O
Lemma 2.2. Letx € [0, 1] anda, b be two positive real numbers such that b. Then

(2.2) Y(a+bx) > (b+ ax).

Proof. Itis easy to verify that + bz > 0, b+ axz > 0. Then by [2.1) we obtain:

o0

1
(k+ 1)(a+ bx + k)

o

Yla+br) —P(b+ax) = (a+br—1)
1
_(b+ax_1)kz_0(k+1)(b+ax+k)

1 (a+bx—1 b+aa:—1)

I
NE

e k+1\a+br+k btar+k
:Z (a—0b)(1 —x) >0.
kzo(a+bx+k)(b+ax+k)
O
Alternative proof of Lemmja 3d.2.etz > 0,y > 0 andz > y. Then
. 1 . 1
- =(zr—1 —(y—1
¥ —00) = =D e - V) G e TR
:i 1 (x—l_y—l)
—~k+1\z+k y+k
:i (z—y)
(x+k)(y+k) —

i

0

Soy(z) = ¥(y).
In our case: since + bx > 0,b+ azx > 0 itis easy to verify that for: € [0,1],a > b > 0 we
havea + bz > b+ ax, soy(a + bx) > (b + ax). O

Lemma 2.3. Letx € [0,1], a,b (a > b) be two positive real numbers such thab + az) > 0.
Letc, d be two given positive real numbers such that> ad > 0. Then

(2.3) be(a + bx) — ady(b + ax) > 0.
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Proof. Sincey(b + ax) > 0, by (2.2) itis clear that)(a + bz) > 0. Now, sincebc > ad, using
Lemmd 2.2, we have:

beyp(a + bx) > adip(a + bx) > adip(b + ax).
Sobey(a + bx) — adip(b + ax) > 0. O
Theorem 2.4.Let f be a function defined by
~ I'(a+bx)°

wherez € [0,1], a > b > 0, ¢,d are positive real numbers such thatc > ad > 0 and
¥(b+ ax) > 0. Thenf is an increasing function oft), 1], and the following double inequality

holds:
I'(a) < I'(a + bx) < ['(a+0b)

L) — T'(b+ax)? — T'(a+ b)*
Proof. Let g(z) be a function defined by(x) = log f(x). Then:
g(x) = clogT'(a + bx) — dlogI'(b + ax).

So

o Da+bz) I'(b+azx)
g (x) =bc Tlatbo) ad T +an) bcyp(a + bx) — adip(b + ax).
Using ), we have' () > 0. It means thag(x) is increasing o0, 1]. This implies thatf ()
is increasing ono, 1].
So forz € [0, 1] we havef(0) < f(z) < f(1) or
['(a)° < I(a+ bx)° < I'(a+b)°
Lo — I'(b+ ax)t ~ T'(a+ b)*

This concludes the proof of Theor¢m|2.4. O

In a similar way, it is easy to prove the following lemmas and theorems.
Lemma 2.5. Letx > 1 anda, b be two positive real numbers such thhat a. Then
Y(a+ bx) > (b + ax).

Lemma 2.6. Letx > 1,a,b (b > a) be two positive real numbers such thgb + ax) > 0 and
¢, d be any two given real numbers such that> ad > 0. Then

be(a + bx) — adyp(b+ ax) > 0.
Theorem 2.7.Let f be a function defined by
_ I'(a+bx)°
1) = T o7 an)

wherez > 1,0 > a > 0, ¢, d are positive real numbers such that> ad > 0 andy (b + ax) >
0. Thenf is an increasing function ofi, +oc).

Lemma 2.8. Letz € [0, 1], a,b (a > b) be two positive real numbers such thain + bz) < 0
andc, d be any two given real numbers such thdt> bc > 0. Then

be(a + bx) — ady(b + ax) > 0.

Using Lemmag 2]2 arjd 2.8, and the methods we used in Th¢orgm 2.4, the following theorem
can be proved:
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Theorem 2.9. Let f be a function defined by

['(a+ bx)°
f(z) = (b + az)

wherexz € [0,1], a > b > 0, ¢,d are positive real numbers such thaf > bc > 0 and
¥(a + bx) < 0. Thenf is an increasing function ofb, 1.

Lemma 2.10.Letxz > 1,a,b (b > a) be two positive real numbers such thafa + bx) < 0
andc, d be any two given real numbers such thdt> bc > 0. Then

be(a + bx) — ad(b+ ax) > 0.

Using Lemmag 2]5 add 210, and the methods we used in Th¢orem 2.4, the following theorem
can be proved:

Theorem 2.11.Let f be a function defined by

I'(a + bx)°

wherez > 1,0 > a > 0, ¢, d are positive real numbers such that > bc > 0 andv(a + bx) <
0. Thenf is an increasing function ofi, +oc).
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