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ABSTRACT. We introduce inequalities involving multipliers for complex-valued multivalent
harmonic functions, using two sequences of positive real numbers. By specializing those se-
quences, we determine representation theorems, distortion bounds, integral convolutions, con-
vex combinations and neighborhoods for such functions. The theorems presented, in many cases,
confirm or generalize various well-known results for corresponding classes of multivalent or uni-
valent harmonic functions.
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1. INTRODUCTION

A continuous complex-valued functiofh = u + v defined in a simply connected complex
domainD is said to be harmonic i if both v andv are real harmonic if». Such functions
admit the representatiofi= i + g, whereh andg are analytic irD. In [5], it was observed that
f = h+ gislocally univalent and sense preserving if and only/ifz)| < |h'(z)|, z € D.

The study of harmonic functions which are multivalent in the unit dise {z € C : |z| <
1} was initiated by Duren, Hengartner and Laugesen [6]. However, passing from harmonic
univalent functions to the harmonic multivalent functions turns out to be quite non-trivial. In
view of the argument principle for harmonic functions obtained In [6], the second author and
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2 H. OzLEM GUNEY AND OM P. AHUJA

Jahangiri[[1[ 2] introduced and studied certain subclasses of the fahity), m > 1, of all
m-valent harmonic and orientation preserving function®inA function f in H(m) can be
expressed ag = h + g, whereh andg are analytic functions of the form

1.1) h(zx)=z2"+ Z U127 g(2) = Z bppm_12" T bi| < 1.
n=1

n=2

The classH (1) of harmonic univalent functions was studied by Clunie and Sheil-Small [5].
Let SH(m,a), m > 1 and0 < a < 1 denote the class of functions= h +g € H(m)
which satisfy the condition

(12) S (arg(f () 2 ma,

for eachz = re?, 0 < 6 < 27, and0 < r < 1. A function f in SH (m, ) is called an m-valent
harmonic starlike function of order. Also, letT'H(m, a), m > 1, denote the class of functions
f=h+7g¢€ SH(m,«) so thath andg are of the form

(13) »h (Z) =2" - Z |an+m71’2n+m717 g (Z) = Z ‘bn+mfl|zn+mila ’bm’ < L.
n=2 n=1

The classl"H (m, o) was studied by second author and Jahangiriinl[1, 2]. In particular, they
stated the following:

Theorem A. Let f = h + g be given by[(1]3). Thefiis in TH (m, «) if and only if

(1.4) Z {n - :nzrlﬂz(;)_ «) (nem 1| + n— ;IlTi((lx;L a) \bn+m1\] <o

n=1

wherea,, = 1 andm > 1.

Analogous tol'H (m, «) is the classk H (m, «) of m-valent harmonic convex functions of
ordera, 0 < o < 1. More precisely, a functiorf = h + g, whereh andg are of the form[(1]3),
isin K H(m, «) if and only if it satisfies the condition

0 0 ,
90 (arg <%f(rew))> > ma,

for eachz = re¢?, 0 < 6 < 2r, and0 < r < 1.

Theorem B ([4]). Let f = h + g be given by[(1]3). Thefis in K H(m, «) if and only if

(1.5) Z% [(n =1+ m(1 = a)|ansm | + (0= 1+ m1 + ) busm|] <2,

wherea,, = 1 andm > 1.

Inequalities[(1.4) and (1].5) as well as several such known inequalities in the literature are the
motivating forces for introducing a multiplier famili,,,({c,+m-1}, {dnsm-1}) form > 1. A
function f = h + g, whereh andg are given by[(1]3), is said to be in the multiplier family
Fo.({cnim-1},{dnim—1}) if there exist sequenceg:,,,,—1} and{d, .1} of positive real
numbers such that
6 > [Mmmmlr phimty <2 e = mdulbal <m.

m m

n=1
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The multipliers{c,+,—1} and{d,...—1} provide a transition from multivalent harmonic star-
like functions to multivalent harmonic convex functions, including many more subclasses of
H(m)andH(1). For example,

@ v ({n—1+m(1—0z)}’{n—1+m(1+oz)}> _ TH(m.a),

11—« 11—«

ws) . ({(n—l—m—l)(n—l%—m(l—a))}’

m(l—a)
{(n+m— D(n = 1+m(1+a)) }) = KH(m,a),

m(l — )
(1.9) Fn({n+m—1}{n+m—1}) = TH(m,0) := TH(m),
PR ( (CESE R W CRSTEIS y
(1.11) F({n},{n}) = TH(1,0) = TH,
(1.12) Fi({n*},{n*}) = KH(1,0) := KH,
(1.13) B ({n’},{n"}) == F({n*}, {n"}), p>0,
(1.14) F({en}, {dn}) == F({ea}, {dn}).

While (1.7), (1.9) and[(1.11) follow immediately from Theorgrn A, {1.8), (1.10) and1.12)
are consequences of Theorgm B. Note that and K H in (1.17) and[(1.12) were studied in

[9] as well as[[10]. Also, by lettingn = 1,a = 0,¢, = d,, = n? for p > 0 andb; = 0, the
classed’ ({n?}, {n?}) were studied in[8]. Finally| (1.14) follows frorh (1.6) by setting= 1
which was studied iri [3].

In this paper, we determine representation theorems, distortion bounds, convolutions, convex
combinations and neighborhoods of functiongin({c,+m-1}, {dntm-1}). As illustrations of
our results, the corresponding results for certain families are presented in the corollaries.

2. MAIN RESULTS
If (n4+m —1) < ¢yym—1 and(n+m —1) <d,,,_1, then by Theorern |A we have

Fon({cnim—1} {dnym—1}) C TH(m).

Consequently, the functiods, ({¢,+m-1}, {dntm—1}) are sense-preserving, harmonic and mul-
tivalent inU. We first observe that if

oo 00
fl (Z) =2" - Z |a1(n+m—l) |Zn+m—1 + Z |b1(n+m71) |2n+m—1
n=2 n=1

and

oo oo
f2<z> =2" - Z ’a2(n+m—l) Zrmt + Z |b2(n+m—1) Zrmt
n=2 n=1
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are inF,,({¢casm-1}, {dnim-1}) @and0 < X < 1, then so is the linear combinatiovry; + (1 —

A) f> by (1.6). ThereforeF,, ({ca+m—1}, {dnstm—1}) is @ convex family.
Next we determine the extreme points of the closed convex hull of the famityc,,+m—1},

{dns+m-1}), denoted byelco F,,,({cnim—1}, {dnim—1})-

Theorem 2.1.Afunctionf = h+7gisin clcoF,,({¢h1m-1},{dn+m-1}) if and only if f has the
representation

(2.1) f(z) = Z(An+mflhn+mfl(2> + tntm—19n+m—1(2)),
n=1
where
(n +m — 1) S Cn+m—1, (TL +m — 1) S dn+m717 )\nerfl Z 07
Hntm—1 > 07 Z()‘nerfl + ,un+m*1) = 1? hm(2> = Zm’
n=1
hn+m71(2) —,m LG+mfl and gn+m71(z) — M m Fnt+m—1
Cnim—1 n+m—1

In particular, the extreme points @, ({¢r+m-1}, {dnsm-1}) ar€ {hnim-1}, {gnsm-1}-
Proof. For functionsf of the form [2.1) we have

> m
2) = Anhon(2) + 3 A (27 = _Zn+m1>
FE) = Aaa(2) + 3 D (27

> m
+ D fnpmo (zm + —z”+’”‘1)

n=1 dn—i—m—l
> m > m
_.m n+m—1 —n+m—1
=z - E >\n+m71 z + E ,un+m71d z .
n—=>2 Cn+m—1 n—1 n+m—1
Then
00 00
m m
E )\n+m—1—cn+m—1+ E /un—&-m—ld—dn—&—m—l
—2 Cnt+m—1 =1 n+m—1

00 00
— Z m/\n+m*1 + Z m,unerfl S m,

n=2 n=1

and sof € clcoF,,,({¢pim-1}, {dnsm—1}). Conversely, supposee clecoF,,({chim-1}, {dnim-11})-

We set
Cntm—1

)\n+m,1 = ‘an+m,1|, (n = 2, 3, . ),

dn+m—1

Hn4m—1 = ‘anrmfl‘a (n: 172737"')a

/\m =1- Z /\n+m—1 - Z/vbn+m—1-
n=2 n=1

Therefore, by using routine computatiorfsgan be written as

and

[e.9]

f(Z) = Z(/\n+m—1hn+m—1(z> + :un—&-m—lgn—l-m—l('z))‘

n=1
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In view of (1.7), Theorer 2]1 yields:

Corollary 2.2 ([2]). A functionf = h+7gisin clcoT H(m, «) if and only if f can be expressed
in the form [2.1), where

m(l — «) _
B (2) = 2™ Poim-1(2) = 2™ — ntm=l =2,3,...),
m(l —a) —ntm—1
n+m— =z" e ) :1,2,3,...
gtm-1(2) = 2 +n—1+m(1+a)z (n )
and
0o
Z(An+mfl + ,unerfl) = 17 >\n+m71 > 07 Hnt+m—1 > 0.
n=1

Our next result provides distortion bounds for the function8jift{c,+m-1}, {dnsm-1})-

Theorem 2.3. Let{c, 1} and{d,...—1} be increasing sequences of positive real numbers
so that

Cmi1 < dmy1, Mm+m—1)<cpma and (n+m—1) <dpim
foralln >2.If f € F,,({¢htm-1}, {dntm-1}), then

(= oo = (2ol ot < g7y < 1 (Pl

Cm+1 Cm+1
The bounds given above are sharp for the functions

d,. b,
F(2) = 2™ £ [b|Z™ + (m—H

Cm+1
Proof. Let f € F,,({¢n+m-1}, {dntm—1}). Taking the absolute value ¢f we obtain

oM Z|an+m 1|Zn+m 1+Z’bn+m 1’—n+m 1

) 2" b < 1.

S Tm + Z |an+m—1|rn+m_1 + Z |bn+m—1|rn+m_1
n=2 n=1

o0
= (1 + [bm|)r™ + Z(’awrmfl‘ + b )
n=2

Z i1 (|ngm—1] + |brpm—r|)r™ !

Cm+1 n=2

< (1A o )r™ +

o

Z(Cerl ‘anerfl | + dm+1 ’bn+m71 |)rm+1

< (L4 |b])r™ +
Cm+1 n—2

oo

Z(Cn+m—1|an+m—1| + dn+m—1|bn+m—1|)rm+1
Cm+1 n=2

< (1A o )r™ +

1
< (L + [bm)r™ + (m_dm|bm|)rm+1'
c

m—+1
We omit the proof of the left side of the inequality as it is similar to that of the right side.]
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Corollary 2.4. If f € TH(m, «), then

oy = a= L+ Qb))
S (1 Iy 4+ P e,

and

ml—a = (1+a)bu) i

where|z| =7 < 1.

)

The following covering result follows from the left hand inequality in Theofem 2.3.
Corollary 2.5. Let f be as in Theorein 2.3. Then

{wwM<ciﬁ%ﬂ—m—m%rwmmm}cﬂw.

Corollary 2.6. If f € TH(m,«), then

{u: ) < 2 E2E =0l ¢ )

Remark 2.7. Fora = 0, the corresponding results in Corollary]2.4 and Corolflary 2.6 were also
found in [1].

In the next result, we find the convex combinations of the members of the famile,, -1},
{dn+mfl})'

Theorem 2.8.1f (n4+m — 1) < cpymrand(n+m —1) < dpym i foraln+m—12> 2,
thenF,,({¢rim-1}, {dnim—1}) is closed under convex combinations.

Proof. Consider

zn+m—1
bl’n+'m7 1 | z

f’L(Z) = Zm - Z ’ain+m71|zn+m71 + Z
n=2 n=1
fori=1,2,....If f; € F,,({¢hem-1},{dnsm_1}) then

(22) Z Cn+m—1|a'in+m—1| + Z dn+m—1’bin+m_1‘ S m, 7, = 1, 2, e

n=2 n=1

Ford >, t;=1, 0<t <1, wehave

thfz(2> =" — Z < ti|ain+m1|) Lntm—1 + Z (Z tz’|bz‘n+m1’> Fntm—1
=1 =1 i=1

n=2 n=1 1 —

In view of the above equality anf (2.2), we obtain

[eS) ) [eS)
E Cn4+m—1 E tz |ain+m_1| + E dn—i—m—l
n=2 i=1 n=1

|bin+m—1 |

>
i=1

- tl {Z Cn+m_1 |ain+mfl | _'_ Z dn“l‘m_l |bin+m71 | }
=1 n=2 n=1
< Z t,;m=m.
=1
Hence} ", t;f; € Fu({¢h+m-1}, {dnim-1}), by an application of (1]6). O
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In view of relations|(1.]7) tq (1.10), we have the following results:

Corollary 2.9. The familyT’H (m, «), KH(m, «), TH(m) and K H(m) are closed under con-
vex combinations.

For harmonic functions

(23) Z\amrm 1z Sntm— 1 +Z|bn+m 1|—n+m 1
and
(2.4) F(z)=2" = [Appmat|2"™ 7 4+ | Busmo |2

n=2 n=1
define the integral convolution gfand F' as

|an+m lAn+m 1| 1 |bn+m—1Bn+m—1| _ _

25 F n+m n+m 1'
28) (fo Z n+m-—1 +Z n+m-—1 ©

In the following result, we show the integral convolution property of the clasgc,+m-1},

{dn+m—1})-

Theorem 2.10.Let(n+m —1) < cpymyand(n+m—1) < d, 1 foralln+m—1> 2.
If fandF areinF,,({¢h1m-1},{dnim-1}), thensoisf o F.

Proof. SinceF,,,({¢r+m-1}, {dntm-1}) C TH(m)andF € F,,({casm-1}, {dntm-1}), it fol-
lows that|A,, 1., 1| < 1and|B,im_1| < 1. Thenfo F € F,,({chim-1}, {dnim_1}) because

[e.9]

Crtm— d
ntmel |an+m lAn+m 1| + Z M—m1)|bn+m—an+m—1|

“—~m(n+m-—1) (n+m

> C
< Z n+m—1 Z n+m 1
= s n+m |an+m 1’+ n_|_m )‘n-i-m 1|

C _ _
S § ntmel ‘an+m—1| + § n+m ! |bn+m—1’
m m

n=2 n=1

< 2.

O

Corollary 2.11. If f and F' are inTH (m,«), KH(m,«), TH(m) and K H(m), then so is
folF.

The o—neighborhoodf the functionsf = h + gin F,,({(n +m — 1)cpym-1}, {(n +m —
1)d,+m—1}) is defined as the sé{;( f) consisting of functions

F(Z) ="+ B, 2" + Z(An+m_lzn+m—l + Bn+m_12n+m—1)
n=2
such that

o)

[(n +m— 1)(‘an+mfl - An+m71| + ‘anrmfl - Bn+mfl‘)]

n=2

+ m|by — B <6, 6> 0.
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Our next result guarantees that the functions in a neighborhood of

Fn({(n+m—=1)cnym}, {(n+m —1)dnym-1})
are multivalent harmonic starlike functions.

Theorem 2.12.Let{c,m—1} and{d,..,—1} be increasing sequences of real numbers so that
i1 < dpmy1, (n+m—1)<cpymaand(n+m—1) < d,4,_1 foralln > 2. If

m
(Cm+1 —-1- (cm—‘rl - d’m)|bm‘)7

5:

then
Ns(Fou({(n +m = Dengmr}, {0+ m = Ddoym1})) € TH(m).

Proof. Suppose

f =h+ g€ FM({(n +m— 1)Cn+m—l}> {(n +m— 1)dn+m—l})'
Let F = H + G € Ns(f) where

H(z)=z2"+ Z A1zl and G(z) = Z Boim_12" T

n=2 n=1

We need to show thaf € T'H(m). It suffices to show thak’ satisfies the condition

M(F) =Y (n+m—=1)(|Antm1| + |[Butmi]) + m|Bp| < m

n=2
Note that

Z n + m — ]- |An+m 1 CLn—i—m—1| + |Bn+m—1 - bn+m—1|] + m|Bm - bm‘
n=2

+ Z(n +m = 1)(|antm-1] + [bnsm—1]) + m|by|
n=2

<S4 mfbnl + Y _(n+m—1)(|anem1| + [barm-1])
n=2

Z (Cm+1(n +m — 1)|anm-1]
m—+1 n—2

+ Cm+1(n +m— 1>|bn+m71’)

=0+ m|by| +

(e o]

Z ( (n +m — 1)Cn+m71’an+mfl
m+1 n=2

+ (Tl +m — 1)dn+mfl|bn+mfl|)
(m(1 = dn|bi))-

But, the last expression is never greater thaprovided that

<0+ m|by,| +

1
<0+ m|by,| +
Cm+1

L (1 = dfbl)) =

m+1 Cm+1

6 < m —m|bn| — - (mt1 =1 = (mt1 = di)[bin])-
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Corollary 2.13. If

m — (m — 2m2a) |b,|

0= 1+m(l—«)

)

thenNs(KH(m,«)) C TH(m).
Letting o = 0 andm = 1, Corollary[2.13 yields the following interesting result.
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