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ABSTRACT. In this paper two-dimensional Vilenkin-like systems will be investigated. We prove
the Sunouchi operator is bounded fromHq to Lq for (2/3 < q ≤ 1). As a consequence, we
prove the Sunouchi operator isLs bounded for1 < s < ∞ and of weak type(H\, L1).
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1. I NTRODUCTION

The operatorU (called the Sunouchi operator) was first introduced and investigated by Sunouchi
[1], [2] in Walsh-Fourier analysis.He showed a characterization for theLp spaces forp > 1 by
means ofU , since this characterization fails to hold forp = 1. It was of interest to investigate
the boundedness ofU on a Hardy space. In [3] Simon showed thatU is a sublinear bounded
map from the dyadic Hardy spaceH1 intoL1.

The Vilenkin analogue of the Sunouchi operator was given by Gát [4], [5]. He investigated
the boundedness ofU from (Vilenkin) H1 into L1 and proved that if a Vilenkin group has an
unbounded structure andH1 is defined by means of the usual maximal function, thenU is not
bounded. Furthermore, when they considered a modifiedH1 space (introduced by Simon [6]),
then a necessary and sufficient condition could be given for a Vilenkin group thatU : H1 →
L1 be bounded. All Vilenkin groups with bounded structure and certain groups without this
boundedness property satisfy the condition given by Gát. Thus, in the so-called bounded case,
the(H1, L1) -boundedness ofU remains true also for Vilenkin system. In [7] Simon extended
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this result, by showing the(Hq, Lq)-boundedness ofU for all 0 < q ≤ 1. Moreover, the
equivalence

‖f‖Hq ∼ ‖Uf‖q
(

1

2
< q ≤ 1

)
was also obtained forf with mean value zero.

In this paper we consider a two-dimensional case with respect to generalized Vilenkin-like
systems.

2. PRELIMINARIES AND NOTATIONS

In this section, we introduce important definitions and notations. Furthermore, we formulate
some known results with respect to Vilenkin-like systems, which play a basic role in further
investigations. For details, see [8] by Vilenkin and [9] by Schipp, Wade, Simon and Pál.

Letm := (mk, k ∈ N) (N := {0, 1, . . . , }) be a sequence of integers, each of them not less
than 2. Denote byZmk

themk -th cyclic group(k ∈ N). That is,Zmk
can be represented by

the set{0, 1, . . . ,mk − 1}, where the group operator is the modmk addition and every subset
is open. The Harr measure onZmk

is given such thatµ({j}) = 1
mk

(j ∈ Zmk
, k ∈ N).

Let Gm denote the complete direct product ofZmk
’s equipped with product topology and

product measureµ, thenGm forms a compact Abelian group with Haar measure 1. The elements
ofGm are sequences of the form(x0, x1, . . . , xk, . . . ), wherexk ∈ Zmk

for everyk ∈ N and the
topology of the groupGm is completely determined by the sets

In(0) := {(x0, x1, . . . , xk, . . . ) ∈ Gm : xk = 0 (k = 0, . . . , n− 1)}
(I0(0) := Gm). Let In(x) := In(0) + x (n ∈ N); M0 := 1 andMk+1 := mkMk for k ∈
N, the so-called generalized powers. Then everyn ∈ N can be uniquely expressed asn =∑∞

k=0 nkMk, 0 ≤ nk < mk, nk ∈ N. The sequence(n0, n1, . . . ) is called the expansion ofn
with respect tom. We often use the following notations:|n| := max{k ∈ N : nk 6= 0} (that is,
M|n| ≤ n < M|n|+1) andn(k) =

∑∞
j=k njMj.

Let Ĝm := {ψn : n ∈ N} denote the character group ofGm. We enumerate the elements of
Ĝm as follows. Fork ∈ N andx ∈ Gm denote byrk thek-th generalized Rademacher function:

rk(x) := exp

(
2ψı

xk
mk

)
(x ∈ Gm, ı :

√
−1, k ∈ N).

It is known forx ∈ Gm, n ∈ N that

(2.1)
mn−1∑
i=0

rin(x) =

{
0, if xn 6= 0;
mn, if xn = 0.

Now we define theψn by

ψn :=
∞∏
k=0

rnk
k (n ∈ N).

Ĝm is a complete orthonormal system with respect toµ.
G. Gát introduced the so-called Vilenkin-like(or ψα) system. Let functionsαn, αkj : Gm →

C (n, j, k ∈ N) satisfy:
i) αkj is measurable with respect toΣj (i.e.αkj depends only onx0, x1, . . . , xj−1 , j, k ∈ N);

ii) |αkj | = αkj (0) = αk0 = α0
j = 1 (j, k ∈ N);

iii) αn :=
∏∞

j=0 α
n(j)

j (n ∈ N).

Let χn := ψnαn (n ∈ N). The systemχ := {χn : n ∈ N} is called a Vilenkin-like(or ψα)
system (see [10] and [13] for examples).
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(1) If αkj = 1 for eachk, j ∈ N, then we have the "ordinary" Vilenkin systems.

(2) If mj = 2 for all j ∈ N andαn
(j)

j = (βj)
nj , where

βj(x) = exp
(
2πι

(xj−1

22
+ · · ·+ x0

2j+1

))
(n, j ∈ N, x ∈ Gm),

then we have the character system of the group of 2-adic integers.
(3) If

χn(x) := exp

(
2πι

(
∞∑
j=0

nj
Mj+1

∞∑
j=0

xjMj

))
(x ∈ Gm, n ∈ N),

then we have a Vilenklin-like system which is useful in the approximation of limit peri-
odic almost even arithmetical functions.

In [10] Gát proved that a Vilenkin-like system is orthonormal and complete inL1(Gm). De-
fine the Fourier coefficients, the Dirichlet kernels, and Fejér kernels with respect to the Vilenkin-
like systemχ as follows:

f̂χ(n) = f̂(n) :=

∫
Gm

fχ̄n, f̂χ(0) :=

∫
Gm

f (f ∈ L1(Gm));

Dχ
n(y, x) = Dn(y, x) :=

n−1∑
k=0

χn(y)χ̄n(x);

Kχ
n (y, x) = Kn(y, x) :=

1

n

n−1∑
k=0

Dχ
n(y, x);

Kχ
h,H(y, x) = Kh,H(y, x) :=

h+H−1∑
j=h

Dχ
j (y, x),

where the bar means complex conjugation.
In [10] Gát also proved the following expression of the Dirichlet kernel functions.

(2.2) Dχ
Mn

(y, x) = Dψ
Mn

(y − x) =

{
Mn, if y − x ∈ In
0, if y − x ∈ Gm\In.

Moreover,

Dχ
n(y, x) = αn(y)ᾱn(x)D

ψ
n (y − x)

= χn(y)χ̄n(x)

 ∞∑
j=0

DMj
(y − x)

mj−1∑
k=mj−nj

rkj (y − x)


(n ∈ P := N\{0}, y, x ∈ Gm) ,

where the systemψ is the "ordinary" Vilenkin system.
If m̃ = (m̃n, n ∈ N) is also a generating sequence then we consider the Vilenkin groupGm̃

as well. We writeM̃n instead ofMn. LetG := Gm ×Gm̃ and

χk, l(x, y) = χk(x)χl(y) (k, l ∈ N, x ∈ Gm, y ∈ Gm̃)

be the two-parameter Vilenkin groups and Vilenkin systems, respectively.
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The symbolLp (0 < p ≤ ∞) will denote the usual Lebesgue space of complex-valued
functionsf defined onG with the norm (or quasinorm)

‖f‖p :=

(∫
G

|f |p
) 1

p

(0 < p <∞), ‖f‖∞ := esssup |f |.

If f ∈ L1, thenf̂(k, l) :=
∫
G
fχk,l (k, L ∈ N) is the usual Fourier coefficient off . LetSn,lf

(n, l ∈ N) be the(n, l)-th rectangular partial sum off :

Sn,lf :=
n−1∑
k=0

l−1∑
j=0

f̂(k, j)χk,j.

The so-called (martingale) maximal function off is given by

f ∗(x, y) = sup
n, l

MnM̃l

∣∣∣∣∫
In(x)

∫
Il(y)

f

∣∣∣∣ (x ∈ Gm, y ∈ Gm̃).

Furthermore, letf \ be the hybrid maximal function off defined by

f \(x, y) := sup
n
Mn

∣∣∣∣∫
In(x)

f(t, y)dt

∣∣∣∣ (x ∈ Gm, y ∈ Gm̃).

Define the Hardy spaceHp(Gm ×Gm̃) for 0 < p <∞ as the space of functionsf for which

‖f‖Hp := ‖f ∗‖p <∞.

Then‖f‖Hp is equivalent to‖Qf‖p, whereQf is the quadratic variation off :

Qf :=

(
∞∑
n=0

∞∑
l=0

|∆n,lf |2
) 1

2

:=

(
∞∑
n=0

∞∑
l=0

∣∣∣SMn,M̃l
f − SMn,M̃l−1

f − SMn−1,M̃l
f + SMn−1,M̃l−1

f
∣∣∣2) 1

2

SMn,M̃−1
f := SM−1,M̃l

f := SM−1,M̃−1
f := 0 (n, l ∈ N).

LetH\ be the set of functionsf such that

‖f‖H\ := ‖f \‖1 <∞.

In [11] Weisz defined the two-dimensional Sunouchi operator as follows:

Uf :=

(
∞∑
n=0

∞∑
m=0

|S2n,2mf − S2nσ2mf − σ2nS2mf + σ2nσ2mf |2
) 1

2

whereσf is the Cesàro means of the Walsh Fourier series off ∈ L1. Now we extend the
definition to the two-dimensional Vilenkin-like systems as follows:

Uf :=

 ∞∑
n=0

∞∑
s=0

∣∣∣∣∣∣
Mn+1−1∑
j=1

M̃s+1−1∑
k=1

jk

Mn+1M̃s+1

f̂(j, k)χj,k

∣∣∣∣∣∣
2

1
2

(f ∈ L1).

If α = (αn, n ∈ N), β = (βn, n ∈ N) are bounded sequences of complex numbers, then let

Tα,βf := sup
n,l

Mn−1∑
i=0

M̃l−1∑
j=0

αnβkf̂(n, k)χn,k
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be defined at least onL2.
Moreover, letαj := jM−1

l (l ∈ N, j = Ml, . . . ,Ml+1 − 1) andβk := kM̃−1
t (t ∈ N, k =

M̃t, . . . , M̃t+1 − 1) then

Uf =

 ∞∑
n=0

∞∑
s=0

∣∣∣∣∣
n∑
l=0

s∑
t=0

MlM̃t∆l+1,t+1(Tα,βf)

∣∣∣∣∣
2
 1

2

.

In this paper we assume the sequencesm, m̃ are bounded. In the investigations of some
operators defined on Hardy spaces, the concept of aq-atom is very useful. The functiona is
called aq-atom if eithera is identically equal to 1 or there exist intervalsIn(τ) ⊂ Gm, IL(γ) ⊂
Gm̃ (N, L ∈ N, τ ∈ Gm, γ ∈ Gm̃) such that

i) a(x, y) = 0 if (x, y) ∈ G\(IN(τ)× IL(γ)),

ii) ‖a‖2 ≤ µ(IN(τ)× IL(γ))
1
2
− 1

q ,

iii)

∫
Gm

a(t, y)dt =

∫
Gm̃

a(x, u)du = 0 if x ∈ Gm, y ∈ Gm̃.

Lemma 2.1([1]). LetT be an operator defined at least onL2 and assume thatT isL2 bounded.
If there existsδ > 0 such that for allq-atomsa with supportIN(τ) × IL(γ) and for all r ∈ N,
we have ∫

G\IN−r(τ)×IL−r(γ)

|Ta|q ≤ Cq2
−δr,

thenT is bounded fromHq toLq for all 0 < q ≤ 1.

Lemma 2.2. Let 2
3
< q ≤ 1. Then there existδ > 0 and a constantCq depending only onq

such that forN,L, r ∈ N

M
1− q

2
N

∞∑
n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χk(t)

Mn

∣∣∣∣∣
2

dt


q
2

dx ≤ Cq2
−δr.

Proof. Forn ∈ N, n ≥ N , we have

MnKMn(x, t) =
Mn−2∑
i=0

χi(x)χ̄i(t)
Mn−1∑
k=i+1

1

=
Mn−2∑
i=0

(Mn − i− 1)χi(x)χ̄i(t)

= (Mn − 1)DMn−1(x, t)−
Mn−1∑
i=0

iχi(x)χ̄i(t).

This follows

Mn+1−1∑
i=Mn

iχi(x)χ̄i(t)

Mn

= mn(DMn+1(x, t)−KMn+1(x, t))

− (DMn(x, t)−KMn(x, t))−
DMn+1(x, t)−DMn(x, t)

Mn

.
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If x ∈ Gm\IN−r, t ∈ IN , then there existsu (0 ≤ u ≤ N − r − 1) such thatx ∈ Iu\Iu+1.
Sincex− t ∈ Iu\Iu+1, we haveDMk

(x, t) = 0 for all (k ≥ u + 1). Suppose thats > u. From
the definitions of the functionαn and the Fejér kernel, we have, ifx ∈ Iu(t)\Iu+1(t),

Kn(s), Ms
(x, t) =

n(s)+Ms−1∑
k=n(s)

(
u−1∑
j=0

kjMj

)
χk(x)χ̄k(t)

+
n(s)+Ms−1∑
k=n(s)

Mu

mu−1∑
p=mu−ku

rpt (x− t)χk(x)χ̄k(t)

=:
1∑

+
2∑
,

where
1∑

=

ms−1−1∑
ks−1=0

· · ·
mu+1−1∑
ku+1=0

mu−1−1∑
ku−1=0

· · ·
m0−1∑
k0=0

(
t−1∑
j=0

kjMj

)

·
∞∏

l=u+1

rkl
l (x− t)αk

(l)

l (x)ᾱk
(l)

l (t)
mu−1∑
ku=0

rku
u (x− t)

=
mu−1∑
ku=0

rku
u (x− t)φ(x, t),

and the functionφ does not depend onkt. Consequently,
∑1 = 0 (see [12]).

Since the sequencem is bounded, we have∫
IN

∣∣∣∣∣
2∑∣∣∣∣∣

2

dt ≤ CM2
u

mu−1∑
p=0

∫
IN

Ms−1∑
k, l=0;ku=mu=p

χn(s)+k(t)χ̄n(s)+l(t)χ̄n(s)+k(x)χn(s)+l(x)dt

≤ CM2
u

1

MN

MsMu.

Recall thatk(u+1) 6= l(u+1) implies∫
IN

χns+k(x)χ̄n(s)+l(x)dx = 0.

If s ≤ u, then|Kn(s), Ms
(x, t)| ≤ CMuMs. Then

M
1−q/2
N

∞∑
n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄i(t)

Mn

∣∣∣∣∣
2

dt


q
2

dx

≤M
1−q/2
N

∞∑
n=N+1

∫
Gm\IN−r

(∫
IN

C(|DMn+1(x, t)−KMn+1(x, t)|2

+

[
|DMn(x, t)−KMn(x, t)|+

∣∣∣∣DMn+1(x, t)−DMn(x, t)

Mn

∣∣∣∣]2

dt

) q
2

dx

= M
1−q/2
N

∞∑
n=N+1

∫
Gm\IN−r

(∫
IN

C(|KMn+1(x, t)|2 + |KMn(x, t)|2)dt
) q

2

dx
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≤ CqM
1−q/2
N

∞∑
n=N+1

N−r−1∑
u=0

1

Mn+1

n+1∑
s=0

ns−1∑
j=0

∫
Iu\Iu+1

(∫
IN

|Kn(s+1)+jMs, Ms
(x, t)|2dt

) q
2

dx

+ CqM
1−q/2
N

∞∑
n=N+1

N−r−1∑
u=0

1

Mn

n∑
s=0

ns−1∑
j=0

∫
Iu\Iu+1

(∫
IN

|Kn(s+1)+jMs, Ms
(x, t)|2dt

) q
2

dx

≤ CqM
1−q/2
N

∞∑
n=N+1

N−r−1∑
u=0

1

Mn+1

n+1∑
s=0

ns−1∑
j=0

∫
Iu\Iu+1

(
M3

uMs

MN

) q
2

dx

+ CqM
1−q/2
N

∞∑
n=N+1

N−r−1∑
u=0

1

Mn

n∑
s=0

ns−1∑
j=0

∫
Iu\Iu+1

(
M3

uMs

MN

) q
2

dx

≤ CqM
1−q/2
N

∞∑
n=N+1

N−r−1∑
u=0

M3q/2−1
u M−q/2

n M
−q/2
N

≤ CqM
1−q/2
N M

3q/2−1
N−r−1M

−q
N = Cq(mN−r · · ·mN−1)

−(3q/2−1) ≤ Cq2
−δr (δ = 3q/2− 1 > 0).

�

Theorem 2.3.Let 2
3
< q ≤ 1. Then there exists a constantCq such that

‖Uf‖q ≤ Cq‖f‖Hq (∀f ∈ Hq(Gm ×Gm̃)).

Proof. Let a be aq-atom. It can be assumed that the support ofa is IN × IL for someN,L ∈ N,
that is

‖a‖2 ≤ (MNP
′
L)

1
q
− 1

2 and
∫
IL

a(x, t)dt =

∫
IN

a(u, y)du = 0 for all x ∈ Gm, y ∈ Gm̃.

This last property implies that

â(i, j) = 0 if i = 0, . . . ,MN − 1 or j = 0, . . . , M̃L − 1.

Let α andβ as above. Then from the Cauchy inequality we have

Tα,βa(x, y)

≤
∞∑

n=N+1

∞∑
j=L+1

∫
IN

∫
JL

|a(t, u)|
Mn+1−1∑
k=Mn

k

Mn

χk(x)χ̄k(t)

Mj+1−1∑
l=Mj

l

Mj

χl(y)χ̄l(u)|dtdu

≤ ‖a‖2

∞∑
n=N+1

∞∑
j=L+1

∫
IN

∫
JL

∣∣∣∣∣∣
Mn+1−1∑
k=Mn

k

Mn

χk(x)χ̄i(t)

Mj+1−1∑
l=Mj

l

Mj

χl(y)χ̄l(u)

∣∣∣∣∣∣
2

dtdu


1
2

.(2.3)

First we will showTα,β is q-quasi local. Letr ∈ N and define the setsXi (i = 1, 2, 3, 4) as
follows:

X1 := (Gm\IN−r)× IL, X2 := (Gm\IN−r)× (Gm̃\IL),

X3 := IN × (Gm̃\IL−r), X4 := (Gm\IN)× (Gm̃\IL−r).

It is clear that ∫
(G\IN−r×IL−r)

(Tα,βa)
q ≤

4∑
i=1

∫
Xi

(Tα,βa)
q.
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To estimate the integral overX1, we have∫
X1

(Tα,βa)
q(x, y)dxdy

≤ |IL|1−
q
2

∞∑
n=N+1

∫
Gm\IN−r

(∫
IL

(∫
In

∣∣∣∣∣
Mn+1−1∑
k=Mn

k

Mn

χk(x)χ̄k(t)

∣∣∣∣∣
× sup

∫
IL

a(t, u)
l∑

j=L+1

Mj+1−1∑
l=Mj

l

Mj

χl(y)χ̄l(u)|du|dt

2

dy


q
2

dx

≤ |IL|1−q/2
∞∑

n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

k

Mn

χk(x)χ̄k(t)

∣∣∣∣∣
2

dt


q
2

dx

×
(∫

IN

∫
JL

|a(t, y)|2dydt
) q

2

.

From the definition ofq-atoms and Lemma 2.2, we have∫
X1

(Tα,βa)
q(x, y)dxdy

≤ ‖a‖q2|IL|1−
q
2

∞∑
n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄k(t)

Mn

∣∣∣∣∣
2

dt


q
2

dx

≤ CqM
1− q

2
N

∞∑
n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄k(t)

Mn

∣∣∣∣∣
2

dt


q
2

dx

≤ Cq2
−δr.(2.4)

In a similar way, we have

(2.5)
∫
X3

(Tα,βa)
q(x, y)dxdy ≤ Cq2

−δr.

On the setX2, by inequality (2.3) we have∫
X3

(Tα,βa)
q(x, y)dxdy

≤ ‖a‖q2
∞∑

n=N+1

∞∑
j=L+1

∫
Gm\IN−r

∫
Gm̃\Il∫

IN

∫
JL

∣∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄k(t)

Mn

Mj−1∑
l=Mj−1

l

Mj

χl(y)χ̄l(u)

∣∣∣∣∣∣
2

dtdu


q
2

dxdy
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≤ (MNPL)1− q
2

∞∑
n=N+1

∞∑
j=L+1

∫
Gm\IN−r

∫
Gm̃\Il∫

IN

∫
JL

∣∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄k(t)

Mn

Mj+1−1∑
l=Mj

l

Mj

χl(y)χ̄l(u)

∣∣∣∣∣∣
2

dtdu


q
2

dxdy

≤M
1− q

2
N

∞∑
n=N+1

∫
Gm\IN−r

∫
IN

∣∣∣∣∣
Mn+1−1∑
k=Mn

kχk(x)χ̄k(t)

Mn

∣∣∣∣∣
2

dt


q
2

dx

≤ Cq2
−δr(M̃L)1− q

2

∞∑
j=L+1

∫
Gm̃\JL

∫
IL

Mj+1−1∑
l=Mj

l

Mj

χl(y)χ̄l(u)|2du)
q
2dy


≤ Cq2

−δr.

An analogous estimate withX4 instead ofX2 can be obtained using a similar argument and
these prove that the operatorTα,β is q-quasi local. By Parseval’s equality, it is clear that the
operatorTα,β isL2 bounded. Since

Uf =

 ∞∑
n=0

∞∑
s=0

∣∣∣∣∣∣
Mn+1−1∑
j=1

M̃s+1−1∑
k=1

jk

Mn+1M̃s+1

f̂(j, k)χj,k

∣∣∣∣∣∣
2

1
2

≤ CQ(Tα,βf),

where the operatorQ is a two-dimensional quadratic variation off. By Lemma 2.1, we have

‖Uf‖q ≤ Cq‖Q(Tα,βf)‖q ≤ Cq‖Tα,βf‖Hq ≤ Cq‖f‖Hq .

�

Applying known theorems on the interpolation of operators and a duality argument gives the
following:

Theorem 2.4.The operatorU isLs → Ls bounded and of weak type(H\, L1), i.e., there exists
a constantC such that for allδ > 0 andf ∈ H\ we have

µ{(x, y) ∈ G : |Uf(x, y)| > δ} ≤ C
‖f‖H\

δ
.
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