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1. Introduction

The operatol/ (called the Sunouchi operator) was first introduced and investigated
by Sunouchi 1], [2] in Walsh-Fourier analysis.He showed a characterization for the
LP spaces fop > 1 by means ot/, since this characterization fails to hold jor= 1.
It was of interest to investigate the boundedneds oh a Hardy space. I'8] Simon
showed that/ is a sublinear bounded map from the dyadic Hardy sgacnto L'.

The Vilenkin analogue of the Sunouchi operator was given by @af$]. He
investigated the boundednessiéffrom (Vilenkin) H! into L' and proved that if
a Vilenkin group has an unbounded structure &hdis defined by means of the
usual maximal function, theti is not bounded. Furthermore, when they considered
a modified H! space (introduced by Simo]], then a necessary and sufficient
condition could be given for a Vilenkin group thét: H' — L! be bounded. All
Vilenkin groups with bounded structure and certain groups without this boundedness
property satisfy the condition given by Gat. Thus, in the so-called bounded case, the
(H', L") -boundedness dfl remains true also for Vilenkin system. Ii][Simon
extended this result, by showing th&?, L9)-boundedness df forall 0 < ¢ < 1.
Moreover, the equivalence

1
Il ~ 1081, (5<0<1)

was also obtained fof with mean value zero.
In this paper we consider a two-dimensional case with respect to generalized
Vilenkin-like systems.
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2. Preliminaries and Notations

In this section, we introduce important definitions and notations. Furthermore, we
formulate some known results with respect to Vilenkin-like systems, which play a
basic role in further investigations. For details, sgdf Vilenkin and B] by Schipp,
Wade, Simon and Pal.

Letm := (my,k € N) (N := {0,1,...,}) be a sequence of integers, each of
them not less than 2. Denote By, them, -th cyclic group(k € N). That is,Z,,,
can be represented by the §ét1,...,m; — 1}, where the group operator is the
modm,, addition and every subset is open. The Harr measuté,gns given such
thatu({j}) = ;.- (j € Zm,. k €N).

Let GG,,, denote the complete direct productyf, 's equipped with product topol-
ogy and product measuye thenG,, forms a compact Abelian group with Haar
measure 1. The elements 6f, are sequences of the forwg, =1, ..., 2, ... ),
wherezx; € Z,, for everyk € N and the topology of the grou@,, is completely
determined by the sets

I,(0) .= {(zo,21,.. ., Tpy... ) EGp iy =0(k=0,...,n—1)}

(Ip(0) := Gp). Let I,,(x) := 1,(0) +  (n € N); My := 1 and My, = my M
for £ € N, the so-called generalized powers. Then every N can be uniquely
expressed as = Y ., np My, 0 < ng < my, ng € N. The sequencey, ny,...)Is
called the expansion of with respect tan. We often use the following notations:
In| := max{k € N : ny, # 0} (thatis,M,; < n < M,11) andn®) = > M.

Let G, := {1, : n € N} denote the character group Gf,. We enumerate the
elements of,, as follows. Fork € N andz € G,, denote by, thek-th generalized
Rademacher function:

ri(z) = exp (QW%) (x € Gpy1:vV/—1,k €N).
k

Sunouchi Operator
Chuanzhou Zhang and

Xueying Zhang
vol. 9, iss. 4, art. 110, 2008

Title Page
Contents
44 44
< >
Page 4 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

It is known forz € GG,,,,n € N that

ma L 0, ifax, #0;
(2.1) §jmw={ .
P My, If 2, =0.
Now we define the),, by
Yy = HT’Zk (n € N).
k=0

~

G, is a complete orthonormal system with respegt.to

G. Gét introduced the so-called Vilenkin-liker ©«) system. Let functions

an,af : Gy — C (n, 7,k € N) satisfy:

i) oz? is measurable with respectd (i.e. oz? depends only omg, x4, ..., 2,1,

J. k €N),

i) |af] = af(0) = af = af =1 (j,k € N);

i) o, =], 0" (neN).

J=0""J

Let x,, := ¥na, (n € N). The systeny := {x, : n € N} is called a Vilenkin-

like (or ¢«) system (seell0] and [13] for examples).

1. If of = 1for eachk, j € N, then we have the "ordinary" Vilenkin systems.

2. 1f m; = 2forall j € Nanda?” = (6;)™, where

Bi(x) = exp (2m <

2 2j+1

then we have the character system of the group of 2-adic integers.

xﬂ‘1+...+ 0 )) (n,j € Nyx € Gp),
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3. If

- SR
Xn(T) := exp <2m (Z o Z%M])> (x € Gp,n € N),
7=0 7=0
then we have a Vilenklin-like system which is useful in the approximation of

limit periodic almost even arithmetical functions.

In [10] Gat proved that a Vilenkin-like system is orthonormal and complete in
L'(G,,). Define the Fourier coefficients, the Dirichlet kernels, and Fejér kernels
with respect to the Vilenkin-like systemas follows:

P(n) = F(n) = / o PO= [ f (LG

n—1
Dig(y,m) = Dn(yvm) = Xn(y))_(n(l’);
k=0
1 n—1
KX = . X
n(y7x) Kn(y7$) nZDn(y?x)?
k=0
h+H-1
KXy, 2) = Kpn(y,x):= Y DX(yx),
j=h

where the bar means complex conjugation.
In [10] Gat also proved the following expression of the Dirichlet kernel functions.

M,, fy—zel,

2.2) DX y7x:D¢’ y—x) =
v, (U5 @) a, ( ) 0, if y —x € Gu\I,.
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Moreover,
Dz(yv 33) = an(y)dn(x)DZ}(y - Z’)

=X ®)%n(@) [ 3Dy =) D rily—a)

(n € P:=N\{0}, y,z € G,,),

where the system is the "ordinary"” Vilenkin system.
If m = (m,,n € N) is also a generating sequence then we consider the Vilenkin
groupG,; as well. We writeM,, instead ofM,,. LetG := G, x Gz and

Xk, l('ray) = Xk(l‘)Xl(y) (k7l € N7 S Gm7 ) S Gﬁ’b)

be the two-parameter Vilenkin groups and Vilenkin systems, respectively.
The symboll? (0 < p < oo) will denote the usual Lebesgue space of complex-
valued functionsf defined on7 with the norm (or quasinorm)

= ([ 167)" ©<p<o0. Il =essupl

If f e L', thenf(k,1) = [, fxX&i1 (k, L € N) is the usual Fourier coefficient of
f.LetS,.f (n,l € N) be the(n [)-th rectangular partial sum gf.

—_

l—

Sn,lf f(kvj)Xk,j

0J

The so-called (martingale) maximal function pfs given by

/ s
In(x) J I (y)

3
—

B
Il
I§
=)

f*(xay) = sup Man (17 eGn, y e Gm)
n, 1
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Furthermore, lef® be the hybrid maximal function of defined by

fi(a,y) = sup M,

f(t, y)dt’ (x € G, y € Gi).
I (z)

Define the Hardy spacE?(G,, x G;;) for 0 < p < oo as the space of functions

f for which
Wfllee = f]lp, < oo
Then||f| #» is equivalent td|Q f|,,, whereQ f is the quadratic variation of:

( fj\ nlf\2>
-(;

SMTL,]\;[_lf = SM_Lle = SM_17M_1f =0 (n,l S N)
Let H® be the set of functiong such that

11l == [1LFl2 < oo

N|=

M8 1M8

Il
o

=0

> 2
Z ‘Sanle -5 m]\;fzqf - SMn—l:le+ SMn—lylelf‘ )

In [11] Weisz defined the two-dimensional Sunouchi operator as follows:

- <ZZ | Sgn gm f — 52n02mf—U2n52mf—|-02n02mf|2)

n=0 m=0
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whereo f is the Cesaro means of the Walsh Fourier serigs®fL!. Now we extend
the definition to the two-dimensional Vilenkin-like systems as follows:

1
2\ 2
0o 00 |Mpy1—1Msy1—1

= (D> > > Z FGR)XG

n=0 s=0 j=1 ”+1M3+1

(f € LY.

If « = (an, n € N), 8 = (8,, n € N) are bounded sequences of complex
numbers, then let

M, —1 M;—1

aﬁf - Sup Z Z O‘nﬁkf n k)Xnk
nl =0 5=0
be defined at least ob?.
Moreover, lete; == jM; ' (I € N,j = M, ...

(tEN,k:Mt7...,Mt+l—1)then

>y

n=0 s=0

My — 1) and gy == kM,

n s 2
Z Z MlMtAl+17t+1(Ta,ﬂf)

=0 t=0

In this paper we assume the sequeneesn are bounded. In the investigations
of some operators defined on Hardy spaces, the concept-at@n is very useful.
The functiona is called ag-atom if eithera is identically equal to 1 or there exist
intervalsi, (7) C G, I1(y) C Gz (N, LN, 7 € G,,,, v € G) such that

i) a(z,y) =0if (z,y) € G\(In(7) x IL(7)),

N
Q=
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Lemma 2.1 ([1]). Let T" be an operator defined at least dip, and assume that
T is Ly, bounded. If there exists > 0 such that for allg-atomsa with support
In(7) x I () and for allr € N, we have

/ Tal < C2°,
G\IN - (T)XIL—r(7)
thenT" is bounded front7, to L, forall 0 < ¢ < 1.

Lemma 2.2. Let2 < ¢ < 1. Then there exist > 0 and a constant, depending
only ong such that forN, L,r € N

_ 2 3
g T (@) () s
Myt Y o SRS d | de<c2
n=N+17CGm\IN—r \VIN | j=p, n

Proof. Forn € N,n > N, we have

M,,—2 M,—1
My K, (2,8) = Y xalz)x(t) Y 1
i=0 k=it1
M,,—2
= Z (M, — 1 = 1)xi(x)xa(t)
=0
Mp—1
= (M, = 1)Dpp, 1 (z,t) — Z ixi(z)Xa(t)-
=0
This follows
Mpy1—1 . _
Z ZXZ(?WM - mn(DMrH»l(‘r?t) - KMn+1($7t))
i=Mn n
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DMn+1< )_DMn(xvt)
M, ’
If v € G,\In_r, t € Iy, then there exists (0 < u < N —r — 1) such that
x € L,\I,11. Sincex —t € I,\1,41, we haveD,,, (z,t) = 0 for all (k > u + 1).

Suppose that > u. From the definitions of the functiom, and the Fejér kernel, we
have, ifx € 1,,(t)\1.+1(t),

n+M,—1 fu—1
Koo a ()= Y (Z k?ij> X () Xk (1)

— (D, (2,8) = K, (1)) =

n(s)‘i’Ms*l my—1
+ Z M, Z i (x — 1) x(2) X (1)
k=n(%) p=mu—ku

where

SR VD DD DS o Dot

ks—1=0 u+10ku10 ko=0 jo
o] My —1
ky A0 O] »
1 @ = 0o @a (@) Y rkee - 1)
My —1
= ) e =)ol 1),
ku=0

and the functiory does not depend ah. Cons.equentlyz1 = 0 (see [L2).
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Since the sequence is bounded, we have

J,

2

Z

My —1 Ms 1
dt < COM? Z X4 (8) X 11 (E) Xon() 1 (T) X0 1 () dt

IN g 1= Oku =mu=p

1
< CM?—M,M,,.
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’K (s+1) +]M M (33 t)’ dt) diE
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This last property implies that

a(i,j)=0ifi=0,..., My —1o0rj=0,..., M, — 1.

Let o andj as above. Then from the Cauchy inequality we have

Ta,ﬁa(:C?y)
0o s} My p1—1 k Mjy1—1
<3 % [ [l X fru@ng 3 o ey
" = InJL o Y Xueying Zhang
oo o Mns1=1 Mya-1 2 H vol. 9, iss. 4, art. 110, 2008
@3)  <lallz > > (/ Y. apx@x® > g dtdu)
n=N+1j=L+1 \ j | k=Mn n 1=M; J
. . . . . ) Title Page
First we will showT, s is g-quasi local. Let- € N and define the set&; (i =
1,2,3,4) as follows: Contents
X1 = (Gm\IN—r) X IL, X2 = (Gm\]N—r) X (Gm\][), « >
X3 = IN X (Gm\IL,T), X4 = (Gm\[N) X (Gm\[L,T>. | | 2
It is clear that , Page 14 of 19
/ (T 5a)? < Z/ (T pa)’. Go Back
(G\IN—rxIp_;) i=1 Y Xi Full Screen
To estimate the integral ove¥,, we have
Close
/X (Topa)!(x, y)dxdy journal of inequalities
1

in pure and applied
mathematics
issn: 1443-575k

SUL|1_% / / /

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

2
1 Mjpa—1 2

<sw [ altw) 3 slduldt | dy | da

a7 X
I Mj
L _]ZLJFI l:MJ‘

) Myy1—-1
n=N+17Gm\In—r \ /IN | j=p,
q

« ( / ya<t,y)|2dydt) |
In JJg,

From the definition ofj-atoms and Lemma.2, we have

2 3

dt dx

)0

n

/ (Topa)!(x, y)dxdy
X1

o0
< |lafl4| 1,3 / /
? Z Gm\IN—T IN

n=N+1

-1 &
<cont Y f ’ /
m N-—r N

n=N-+1
(24) <C27.

2 2

dt dx

Mnjrlill{ kT 7kt
3 Xk () X (t)

M,

k=Mp

[N

Mpy1—1 2

3 Fxe ()X (t)

YA dt dx

k=M,

In a similar way, we have

(2.5) / (Topa)(z,y)dzdy < C27°".
X3
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On the setX5, by inequality £.3) we have

/ (T pa)? (2, y)dady
X3

< > [

N+1 L+1
n=NFLI=LH G NIy, G\

Sunouchi Operator

M 1 2 % Chuanzhou Zhang and
n+l1—1 _ ' i
k?Xk )Xkt l B Xueying Zhang
// Z (]\4) ( ) Z MXl(ZJ)Xl(U) dtdu dxdy vol. 9, iss. 4, art. 110, 2008
g | k=Mn " I=M;—1 "7
N JL
< (MNPL)l_% Z Z / / Title Page
n=N-+1 j:LJ’_le\INfr G\, Contents
o 2 2 44 44
Mpy1-1 _ Mji1-1
kxr () X (1) l _
// Z ~ Mxl(y)xl(u) dtdu | dxdy < >
gy | k=Mn " 1=M; J
. Page 16 of 19
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gument and these prove that the operdtpy is g-quasi local. By Parseval’'s equality,
itis clear that the operatdF, s is L* bounded. Since

1
2\ 2
© oo |Mpy1— 1M3+1 1

=122 > Z FG k)X < CQ(Tupf),

n=0 s=0 j=1 "+1M5+1

where the operatdp is a two-dimensional quadratic variation HfBy LemmaZ2.1,
we have

||Uf||q < Cq”Q(Taﬂf)Hq < Cq“TaﬂfHHq < Cq”fHHq'
OJ

Applying known theorems on the interpolation of operators and a duality argu-

ment gives the following:

Theorem 2.4. The operatoil/ is L® — L* bounded and of weak tygé/", L'), i.e
there exists a constant such that for ally > 0 and f € H* we have

plla.0) € G 1 |Uf(w.g)| > o) < 1L
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