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Abstract

In this paper, we study a second order differential operator with mixed nonlocal
boundary conditions combined weighting integral boundary condition with an-
other two point boundary condition. Under certain conditions on the weighting
functions and on the coefficients in the boundary conditions, called non regular
boundary conditions, we prove that the resolvent decreases with respect to the
spectral parameter in L? (0, 1), but there is no maximal decreasing at infinity
for p > 1. Furthermore, the studied operator generates in L” (0, 1) an analytic

Boundary Value Problem for
Second-Order Differential

semi group with singularities for p > 1. The obtained results are then used to Operators with Mixed Nonlocal
show the correct solvability of a mixed problem for a parabolic partial differential Boundary Conditions
equation with non regular boundary conditions. M. Denche and A. Kourta
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In the spacd.?(0, 1) we consider the boundary value problem

1

L =i =/ () |
(@:f U ﬁ+ﬁ5@d@ﬁ:a
where the function®, S € C([0, 1], C). We associate to probleri.(l) in space
L?(0.1) the operator. el
Lp(u) = u”, Operators with Mixed Nonlocal

Boundary Conditions

with domainD(L,) = {u € W??(0,1) : B;(u) =0,i =1,2}.
Many papers and books give the full spectral theory of Birkhoff regular dif-
ferential operators with two point linearly independent boundary conditions,

M. Denche and A. Kourta

in terms of coefficients of boundary conditions. The reader should refer to Title Page
[7, 10, 20, 21, 22, 28, 31, 37] and references therein. Few works have been Contents
devoted to the study of a non regular situation. The case of separated non reg-

ular boundary conditions was studied by W. Eberhard, J.W. Hopkins, D. Jak- « dd
son, M.V. Keldysh, A.P. Khromov, G. Seifert, M.H. Stone, L.E. Ward (see S. < >

Yakubov and Y. YakuboviZ] for exact references). A situation of non regular
non-separated boundary conditions was considered by H. E. Benziijget.
Denche {], W. Eberhard and G. Freiling’], M.G. Gasumov and A.M. Mager- Close
ramov [L2, 15], A.P. Khromov [.&], Yu. A. Mamedov [ 9], A.A. Shkalikov Quit
[24], Yu. T. Silchenko P6], C. Tretter P9, A.l. Vagabov [3(], S. Yakubov 7]

and Y. Yakubov §4]. Page 3 of 36
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A mathematical model with integral boundary conditions was derived by
[9, 23] in the context of optical physics. The importance of this kind of problem
has been also pointed out by Samarski][

In this paper, we study a problem for second order ordinary differential equa-
tions with mixed nonlocal boundary conditions combined with weighted inte-
gral boundary conditions and another two point boundary condition. Following
the technique in11, 20, 21, 27], we should bound the resolvent in the space
L? (0,1) by means of a suitable formula for Green’s function. Under certain
conditions on the weighting functions and on the coefficients in the boundary  Boundary value Problem for
conditions, called non regular boundary conditions, we prove that the resolvent , Seeoreate DIEEme
decreases with respect to the spectral parametér {0, 1), but there is no Boundary Conditions
maximal decreasing at infinity fgr > 1. In contrast to the regular case this
decreasing is maximal for= 1 as shown in]1]. Furthermore, the studied op-
erator generates ib” (0, 1) an analytic semi group with singularities fot> 1.

The obtained results are then used to show the correct solvability of a mixed
problem for a parabolic partial differential equation with non regular non local Contents
boundary conditions.
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Let A € C, uy(z) = wy(z, A ) andug(x) = us(x, A ) be a fundamental system
of solutions to the equation

L(u)—Au=0.

Following [2(], the Green’s function of probleni(l) is given by

M Boundary Value Problem for
A()\) ’ Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions

(2.1) G(z,s;\) =

whereA(\) it the characteristic determinant of the considered problem defined
by M. Denche and A. Kourta

(2.2) A(N) = Title Page

Contents
and
44 4 4
ul(x) UQ(fL‘) g(l’, S, )‘)
(2.3) N(z,s;A) = | Bi(u1) Bi(uz)  Bi(9)a < 4
By(u1) Ba(uz)  Ba(g)s Go Back
for z, s € [0, 1].The functiong(z, s, ) is defined as follows Close
_ Quit
(2.4) 6(, 5 )) = o aDuls) —n(s)us(o)
2 u)(s)uz(s) — ui(s)uh(s) Page 5 of 36

where it takes the plus sign far> s and the minus sign far < s.
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Given an arbitrary € (%, ), we consider the sector
Ys={AeC, larg\| <, #0}.

For\ € ), definep as the square root of with positive real part. Fok # 0,
we can consider a fundamental system of solutions of the equdtien\u =
p*u given byu, (t) = e " anduy(t) = €.

In the following we are going to deduce an adequate formulaéfor and
G(x,s; \). First of all, forj = 1,2, we have

Boundary Value Problem for
Second-Order Differential

B, (uj) = aop + (_1)jbop + 006(_1)]p + (_1)jd0pe(—1)]p’ Operators with Mixed Nonlocal
1 ) 1 ) Boundary Conditions
—1)7 1 —1)7
BQ(uj) - /O R(t)e( ! Ptdt ™ (_1>j’0/0 S(t>e( ) ptdt' M. Denche and A. Kourta
S0 we obtain fromZ.2) _
Title Page
1
(2.5) A(X) = (ao — bop + coe™” — dope™?) </ (R(t) + pS(t))e” dt) Contents
° . « »
— (ag + bop + coe” + dope”) (/ (R(t) — pS(t))e " dt) , < >
0
andg(z, s; \) has the form Go Back
1 Close
4—p(ep(’”_s) —ePtmm)) if 1 > s, Quit
g(z,53) = ] Page 6 of 36
—(ertsm®) — er@=9)y if 1 < s.
4p J. Ineq. Pure and Appl. Math. 5(2) Art. 38, 2004
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Thus we have

er?
Bi(g) = (ao —bop — coe™ " + dope_p) %
s
+ (—ag — bop + coe’ + dope”) o
pSs s 1
B(9) = Z—p ( / (R(t) = pS(t))e"dt + / (—R(t) + pS(t))e—ptdt)
0 S

e P

+ I (- /OS(R(t)+pS(t))e”tdt+/sl(R(t)+pS(t))eptdt).

After a long calculation, formula2(3) can be written as

(2.6) N(x,s;X) = @o(z,5,\) + pi(z, 83 M),

where

(2.7) %0(%8%>=$ K /0 (a0 + pbo) (R (t) + pS (t)) e dt
—w@+mmAYRm+@wmww)gmm
# (] (ao=om) (00) - p () et

= o) [ ()= pS (0) ) e

Boundary Value Problem for
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions
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and the functiorp;(z, s; \) is given by

o1(z, s;A) if x> s,
(2.8) pi(x,5;0) =

wa(z,s;A) if & <s,

with

(2.9) @iz, ;1)

p(s—x) s
- 2p ( / (a0 + pbo + coe’ + pe’dy) (R (t) — pS (t)) e *dt
0
1
- [ (o= o) (R0 + 05 (1) et
ep(xfs) s
+ 5 (/ (ao — pbo + coe™ — pe"dy) (R (t) + pS (t)) e’ dt
0

= [ ot o) () - 95 1) eﬂtdt) |

— K_ / a0+ pbo + co? 1 pePdo) (R(£) — pS () e *dt

—i—/o (co — pdo) e P (R (t) + pS(t)) eptdt> eP(s72)

Boundary Value Problem for
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- (/ (ag — pbo + coe ™ — pe~"dy) (R (t) + pS (1)) e”dt

- [ e e (0= s 0 ar) ]
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Every\ € C such thatA(\) # 0 belongs tg(L,), and the associated resolvent
operatorR (A, L,) can be expressed as a Hilbert Schmidt operator

/GS)\

Then, for everyf € L? (0, 1) we estimate.1)

(3.1) (M —L,)"'f=R(\L,) s)ds, f € LP(0,1).

1 .
1RO L) o, < (sup G, s 0 dx) T

0<s<1 J0

and so we need to bound

1 % 1
(sup / |G($,8;)\)]pdx> =—— ( sup / IN(z,8;\) \pdx)
0<s<1Jo |A 0<s<1

We will denote byj|-|| the supremum norm which is defined bit|| = sup |R(s)|.
Since \ W e
T,S; T,S; ITx >s
Nz, 5:4) = { i&x,s;)&ii;ix,s;/\; if x z s ;
then
(3.2) IN (2,85 M o < o (@85 M o + [l0i (2,8 M) | o

Boundary Value Problem for
Second-Order Differential
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from (2.8), we have

(33) i (w, 53 M)l

< 21/19{{/:“02 (a:,s;)\)|pdx];+ Ul |1 (x,s;)\)|pdx];}.

From @2.7) we have
6—(32-{-8) Rep

2l
+ ORI+ 111 ol + ol ) ™2 [ ePevar]

1
o (5 M) < R+ 01151 al + ol ) | e

elo+s)Rep

1
+ W |:(HR|| + |p| ||SH) (|a0\ + |p| ‘bOD\/ e_tRepdt

+ e (IR + |l 181D (eof + o] \do\)/o etRepdt]

then
i Re sRe
o (e, V1 < 5 TR+ 1ol 11 (ol + 1ol ol (77 = e77)
+ LRI+ 1ol 1S1) (Icol + Lol dol) (e Rer — eRer)]
elz+s)Rep

D~ R S b —sRep _ _—Rep
+2|p|Rep [UIR] + (ol 1S11) (aol + [o] [bo]) (e e )

+ (IR + 1ol 1S1) (eol + o] Ido]) (™ FeP — e~ Rer)]

Boundary Value Problem for
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions
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and

1
| e snras
0
2p fol e PrRep
(|p| Re p)”
+NRH+MMSWPXU%%HMWMV@M”—JP”Mﬂﬂ
1 T e
or fo ePrRep
(|p] Re p)®
+ (IRl + 1o I1SI1) (el + |pl dol)? (e~ 1 Rer — 6’”‘”)”} ;

(1R + 1ol IS1)? (ol + 1] [B])? (=% — 1)"

[IRI + 1ol I1S1)” (aol + lo] [bo])?” (1 — e+~ D Rer)?

after calculation we obtain

(/ o (25, de);

91+ (Rep [ [( N N )
= i (IR + 1o 1S1) (laol + |o] [bol) (€777 —e™ P
o (Rep)* v pl/p

1 1
x (1= eReP)s 4 (1= ?Re0)s (1— el RR) | ([R] + |o] |15])

x (Jeol + lol 1dol) | (1 PR (1~ o Rer)

+ (1 — e—PRep)% (e(s—l)Rep . 6—Rep)]}

Boundary Value Problem for
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions
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asRep > 0so

1 :
(3.4) sm>(/'wcuawvda
0<s<1 0

< 27 e P (|R] + 1ol 181D [(Jaol + leol) + Il ([bol + |do])]

ol (Rep)'# pirr
From 2.9) we have

6(s—ac) Rep

2|p|
xmm+wwm45%%

o1 (2,83 A)] < { [(laol + [pl [bo]) + € (lcol + || ldo])]

1
+wm+mwmwwmmmAéMﬂ

6(gcfs) Rep

b S [ RIS el + ol )

e (o] + ol do])] [ etMera
0

1
+ (laol + |pl [bo]) CIE[ =+ [ol [1S1]) /0 e_tRe”dt]

Boundary Value Problem for
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions
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then

e(s—x)ch
|901 (IL‘;SQ /\)| < W [(|CL0| + |p| |b0|) (HR” + |p| ||S||) (eRep N e—SRep)
+ (Jeo| + |p] |do]) (I|IR]| + |pl |S]]) (eReP _ 6(1*S)Rep)i|
e(x_S)Rep R S b sRep —Rep
+W [IRII+ 1ol 1S]]) (Jaol + |p| [bo]) (e —e )

+ (leol + Lol 1dol) (LRIl + Lol 1S1]) (e*=1Re? — e=Rer)] R
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions

p
/ ’901 I 5 /\ | dx M. Denche and A. Kourta
fs e PrRerdy s)Re p
7 (laol + [pl [bl)” (IR + lpl 1S])” (M F9Rer — 1) Title Page
ol” (Re p)”
+ (leol + ol [dol)” (1RI + ol 18117 (e+Rer — efery?] conents
44 44
or fl ePrRep (14 Re
e (ool + bl Il (LRl + [ 17 (1= ety < | >
+ (col + Il [do])” (IRI| + ol S|P (e P — e~ Rer) T, Go Back
this yields Close
op+1cpRep Quit
/ o1 (2,85 M) do < o Re ™! [(laol + 1ol [o])” (I RI| + 1ol [1511)” Page 14 of 36

X (1 — e (1+s) Rep)p (1 _ 6p(s—l)Rep)
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+ (Ieol + ol [dol)” (1R] + 1ol [S])7 (1 = e7*eP)” (1 — ermDEer)]

asRe p > 0 we obtain

(3.5) sup (/1 o1 (2, ;M) dw) '

0<s<1

< 27 e (|R] + 1ol 181D [(laol + leol) + Il ([bol + |do])]

- L5 pl/p
|P| (Re p) "p Boundary Value Problem for

From 2.10 we have Second-Order Differential
Operators with Mixed Nonlocal

|S0 (ZE S'>\)| Boundary Conditions
2 ) 99
e(ac—s) Rep 1 M. Denche and A. Kourta
§—2,p, (LRI + ol I1S1) (leol + 1l Idol)/ eI Rery
0
1 Title Page
+ (IRl I 11D (ol + 1o o)+ ¢ (el + I )] | etRepdt] o
(s—z)Rep 1
S —DRe <44 >
+ [(leol + Ipldol) (I1BI] + |p| IISII)/ eli=VRerqy
2]p| . ) ,
1
+ [(aal + 11 o)+ € ol + ol 1do)] (11 + 11 1S1) | e-tReﬂdt} Go Back
then Close
6a?Rep Quit
o2 .5t )] < 5 LR+ o111 (el + ol dol) (77 — &) e 15 of o6

+ (Jaol + |pl [bo]) (IR]] + o] [1S]) (19 Bep —1)]
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e % Rep

+ 3ToRep LB+ 11151 (ol + ol do) (o7 = =e7)
+ (lao| + o] [bo]) (IIR]] + |p| ||S]]) (1 — els=DRer)] .
So
/ |2 (x, 85 \)|F dx
0
op+1 gpRep .
= plplf (Re p)P™ [(HRH + 1ol 1S (ol + 1] 1do])? (1 — o(s—2)R p)p

x (1 —e7*R) + (lao| + |p| |bo])”
X (LRI + ol ISP (1= e Rer) (1 = el ery?]

asRe p > 0 we obtain

(36) sup ( / |soz<x,s;x>|pda:)”
0<s<1 0

< 2w efer (|[R]| + 1ol 1S1) [(aol + leol) + lol ([bol + |do])]
> 1 .
ol (Re p)'*» pt/r

From 3.4), (3.5 and 3.6), we obtain
IR (A, Ly)|

< 2776 (IR] + 1ol IS1) [(laol + Ieol) + Il (o] + |do])] (245 +1)
AWl (Rep)*7 pi/e

Boundary Value Problem for
Second-Order Differential
Operators with Mixed Nonlocal
Boundary Conditions
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forp € X5 = {peC:largp| <L, p#0}, we havgRep) ™' < ﬁ,then

ol cos(3

IR (A L)l
2" (2”5 + 1) e™? (| Rl + ol 151 [(laol + leol) + lol ([bol + Ido])]

= 142 141
Al (1015) (cos §)* 7 piiv

: . 9
Finally, we obtain forA = p* € X5 Boundary Value Problem for

Second-Order Differential
Operators with Mixed Nonlocal

(3.7) HR ()\, Lp) HLP Boundary Conditions
celer R
< o (LB ) 0l + e + 1l + ) DEsEaUA
(AW o7 \ el
Where Title Page
ol+3 (2”% + 1) Contents
Cc = T -
pr cos ) “l_»
< >
Go Back
The next step is to determine the cases for whikf\)| remains bounded be- Close
low. It will then be necessary to bound ()| appropriately. However, formula Quit

(2.5) is not useful for this purpose. It will be then necessary to make some ad-
ditional regularity hypotheses on the functidR@nd.S, and so we assume that Page 17 of 36
the functions®k andS are inC? ([0, 1], C).
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Integrating twice by parts ir2(5), we obtain

(3.8) A(N) = e” |p(doS(0) — bpS(1)) + (doS (0) + bpS (1) + agS (1)

bR (1) — doR (0) + oS (0)) + %(QOR (1) — R (0) + bR (1)

008 (1) — doR (0) + o (0)) + 5 (~aoR (1) — R (0)) + <1><p>} |

02

Boundary Value Problem for

where Second-Order Differential
Operators with Mixed Nonlocal
1 " " Boundary Conditions
R'(t)  S"(t)
— _ —p _ —2p _ ot
(3'9) @(,0) o [(ao pbo)e + (CO pdo)e } /0 ( p2 p c”dt M. Denche and A. Kourta

+ [(ao + pbo)e™ + (co + pdo)] /01 (R”(t) SH(t)) e Pldt

p? P Title Page
1 /
er [; (—bOR’(O) +doR'(1) — cpS'(1) + apS(0) + coR(1) — aOR(0)> Contents
<< >
+ p(boS(0) — doS(1))] + 267 [(ag + pbo) (R(1) — pS(1)) ) R
1 / /
— (co = pdo)(R(0) + pS(0)) + 5 {ao + pbo)(R (1) = pS'(1) o Back
1 / !
ozl = )R 0) + 5 0)|. Close
p Quit
After a straightforward calculation, we obtain the following inequality valid for Page 18 of 36
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pE Eg,with |p| sufficiently large,

|2 (p)]
< [(laol + Il 1bo]) €= 7 + (lcol + [p] Ida]) e~*"*"]

<|IR”I| ||S”||> <€Rep - 1>
X 5~ +
P ANY

+ [(laol + [p] [bo]) €= "% + (|eol + [p] |do])]
HR”H HS”H 1 — ¢~ Rer Boundary Value Problem for
(e ) )

Second-Order Differential

‘p‘z ‘,0‘ Rep Operators with Mixed Nonlocal
Boundary Conditions
1 / ! ! !
+ 2e” Rep {m ‘_bOR (0) + doR (1) - COS (1> + aOS (O) + COR(l) - aOR<0)‘ M. Denche and A. Kourta
—9Rep | 1
+ |pl oS (0) — doS(1)]] + e 2Te” {W (laol + [o 1bo]) (2RIl + [o] 1S1]) Title Page
1 HR/” + |p| | S’ Contents
+ — (|eo| + d R|| + S| + (lag| + b
o ool 1ol o) (LR -+ 1 1151+ (Jaol+ I oo ( W —
R + 1ol |5 < >
+ (lcol + 1o |dol) 7] 2 |
p| Go Back
Th Close
en
Quit
) + R"
|®(p)| < 5 {(’aol [<ol) + (|bo| + |do]) (H | + ||S”||)} Page 19 of 36
|p| cos 5 || ||
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—boR (0) 4+ doR (1) — oS (1)

Al
ol cos 3 L|p|*
- —l—aoS/(O) +coR(1) — CLOR(O)‘ [boS5(0) — dOS(l)@

oz (i) (151 1s1)
+ (el taol) (45 +||S||)
# () ( |p| )
i (e )( |p| )]

Where we have used th&&(p) > |p| cos($), (1 — e~ Rer) < 1,

2 1
e~ Rer < — 2ande 2Rep < —,e‘Rep < 1.
oI (cos 3) 2|pf (cos )2
There are several cases to analyze depending on the funétiandsS.
e Case 1.

Suppose that +# 0, dy # 0, by # 0, dpS (0) — byS (1) = 0 and

]{?1 = doS, (0) + boSl (1) + (105 (1) — boR (1) — doR (O) + C()S (0) 7é 0
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From (3.8), we have forjp| sufficiently large

A (M)
> ofer Hdos’ (0) + boS’ (1) + apS (1) — boR (1) — doR (0) + coS (0)‘
- ﬁ wR (1) ~ R (0) + b (1) — agS’ (1) ~ do (0) + oS (0)

]
From 3.10 we deduce fop € Z%, lp| > 19 > 0.

c(ro)

[@(p)| < R

Then, we have

A ()]
> (Rer [ oS (0) + oS (1) + apS (1) — boR (1) — do R (0) + oS (0)‘
-5 ‘aoR — R (0) + bR (1) — apS’ (1) — doR (0) + co’ (0))
R S R c(ro)
oo @ e @] - .

o faolt () + ok O - 069
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we can now choose, > 0, such that
1 ! ! / !
—~ ‘QOR(U — R (0) + bR (1) — apS’ (1) — doR (0) + coS (0)]
0
c(ro)
||
1 ! !
<3 ]dos (0) + boS' (1) + aoS (1) — bR (1) — doR (0) + oS (0)) ,

1 / /
+ = |aoR (1) + R (0)] +

T

then, forp € Eg, lp| > ro > 0, we get

Rep

2

(&

AN = [Fal

From (3.7), we deduce the following bound, valid for everyg p| < g, p#0

2¢c aopl + |c R
IROL)| < — ((‘ ol + | ”’) +<|bo|+|do|>) (U+ ||S||),
p| 7 k1| | Pl

then

C1
1R Lyl < —=,
A2
as|A\| — +o0, where

_ 2¢ |IS|| (Jbo| + |d0|).
K|

e Case 2.
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If by = dy = 0, S 7é 0 andaos (].) + C()S (0) =0, with
ky = agR (1) — coR (0) — aoS’ (1) + oS’ (0) # 0,

we have the following bound, valid for € 35 and|\| big enough,

2¢ (lag| + |c R
IR Ly < 2ol el (”| |”+HSH),
FHERRNE

then
1

IR L)l < —

E
as|A\| — +o0, where

oo 2 (Jao| + [col) 15|
' |Ka| '

e Case 3.
If S =0, bo 7A 0, do 7A 0 andboR(l) + doR (O) =0, with
ks = agR (1) — coR (0) + boR (1) — do R (0) # 0.

Similarly, we get

IR L)) < 2l ((lao|+|co|>

Pinaal™ o]

T (Jbol + |do|>) |
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then, we have .
IR\ L)) < —,
A|2»

as|A\| — +o0, where

_ 2¢||R] (Jbo| + \do\)_
|Ks|

e Case 4.
If bo =dp =0,5 =0andapR (1) — xR (0) = 0 with
ky = aoR (1) — coR (0) # 0.
Again in this case, we have

2¢(lao| + |col) [ 2]

1R Lyl < T
ol |Fal

then .
1

1R\ L)l < —,

RYEZ

as|\| — o0, where

_ < IR (Jao| +|eol)
|Ka
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Definition 3.1. The boundary value conditions if.() are called non regular
if the functionsRk, S € C?([0,1],C) and if and only if one of the following
conditions holds

1-dyS (0) — by (1) = 0, by # 0,dy # 0, S # 0 and

dyS" (0) + boS" (1) 4+ apS (1) — bR (1) — doR (0) + oS (0) # 0
2-by =do =0, ||S|| #0, apS (1) + oS (0) = 0 with
aoR (1) — coR (0) — apS (1) + ¢S (0) # 0
3-S =0,by #0,dy # 0, bgR(1) +o R (0) # 0 with
agR (1) — coR (0) 4+ boR (1) — doR (0) # 0
A4by =dy=0,5S =0, agR (1) — ¢oR (0) = 0 with
aoR (1) — coR (0) # 0.
This proves the following theorem

Theorem 3.1. If the boundary value conditions iri (1) are non regular, then
Y5 C p(L,) for sufficiently larggA| and there exists > 0 such that
C
RN L)l < —.
RYEZ

Remark 3.1. From Theoren3.1it follows that the operator.,, for p # oo, gen-
erates an analytic semigroup with singularities] of type A (2p — 1, 4p — 1).
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In the following, we apply the above obtained results to the study of a class of
a mixed problem for a parabolic equation with an weighted integral boundary
condition combined with another two point boundary condition of the form

( Ou(t,z)  Q*u(t,x)
_ = f(¢t
Ly(u) = agu (0,t) + by’ (0,t) + cou (1,t) + dow’ (1,t) = 0,
(3-11) Boundary Value Problem for
1 1 , i . .
Lo(u) = Jo B(&) ult,€) dE + [y S(&) w(t,€) d€ =0, Operstors wih ixed Nonlocal
Boundary Conditions
L u(0,2) = up(z),

M. Denche and A. Kourta

where(t, &) € [0,7] x [0, 1]. Boundary value problems for parabolic equations
with integral boundary conditions are studied by §, 5, 6, 14, 15, 16, 17,

] using various methods. For instance, the potential method]iarfd [1 7], LR
Fourier method inT, 14, 15, 16] and the energy inequalities method has been Contents
used in b, 6, 35]. In our case, we apply the method of operator differential <« >
equation. The study of the problem is then reduced to a cauchy problem for R

a parabolic abstract differential equation, where the operator coefficients has
been previously studied. For this purpose HetE;, andE, be Banach spaces. Go Back

Introduce two Banach spaces
Close

€, ((0,7],E) Quit

= {f/f e C(0,T], E), [l =S [ @)l < OO}, =0,
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C. (0,11, E) = {fo'E ¢ (0,11, E), Il = Sup, [ ()]

; wp!WH%%fwwWﬂ<w}

0<t<t+h<T
pw=>0,v€(0,1],

and a linear space

Boundary Value Problem for
! ((0, T] ,Eq, EQ) = {f/f eC ((O,T] ,El) Nnct ((O,T] 7E2)} , 1 C Es, Second-Order Differential
Operators with Mixed Nonlocal

whereC ((0,T], F) andC' ((0,T], F) are spaces of continuous and continu- N IR

ously differentiable, respectively, vector-function frat 7] into £. We de- . DEEE EINE s SEnE
note, for a linear operatot in a Banach spacg, by

1 Title Page
B(A) = {u/ue D), Jullpe = (lAul*+ [ul’)*} . Contente
and 44 >
/ | 4
CH((0.7), E(A), B) = { /f € C((0,T], E(4)), f € C((0,T],E))}.
Go Back
Let us derive a theorem which was proved by various methods5jrand [31, Close
]. Consider, in a Banach spaég the Cauchy problem
Quit
o (1) = Aut) + f(1), t € [0,T],
(3.12) { Page 27 of 36
U(O) = Up,
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where A is, generally speaking, unbounded linear operatadr jn is a given
element ofE, f(t) is a given vector-function and(¢) is an unknown vector-
function inE.

Theorem 3.2. Let the following conditions be satisfied:

1. Aisaclosed linear operator in a Banach spaEend for somes € (0, 1],
a>0

IROA <O, JargAl < S +a, [\ = oo
2. fECZ((O,T],E)forsomevé (1_ﬁa1]aﬂe [076)7

3. uy € D(A)
Then the Cauchy probler.(L2 has a unique solution
we C([0,T],E)NC ((0,T), E(A), E)

and for the solution: the following estimates hold

(@)l < € (I Auoll + lluoll + 1 lloy o) - £ € (.71,

|« @] + nauey

<€ (51 (Auol + uol) + 4 | Flegan) £ € OT):
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As a result of this we get the following theorem

Theorem 3.3. Let the following conditions be satisfied

[

1. a#0,largal <

Y

~ DN

2. the functionsR(t
tions is satisfied
doS (0) — b(]S (1) =0, by 7A 0, do 7A 0, andsS 7A 0

, S(t) € C*?([0,1],C) and one of the following condi-

Boundary Value Problem for
’ ’ S d-Order Diff ial
dOS (0) + bOS (1) + aOS (1) - bOR (1) - dOR (0) + COS (O) 7£ 07 Opel?actgrr]s Witrh?vrlixtladelileonr::gcal
Boundary Conditions

Orbo:O,do:O,S#O,GJQS(l)—i—CoS(O):OWith

M. Denche and A. Kourta

aoR (1) — coR (0) — aoS (1) + ¢S’ (0) # 0,

Title Page
or by 7& 0, dy 7é 0, S =0, boR(l) + doR (0) = 0 with Contents
aoR (1) — coR (0) + by R (1) — doR (0) # 0, pp b
Orbo:dOZO,SZO,(IoR(1>—C0R(O):OWith < >
, ) Go Back
aoR (1) — R (0) 0. °=ae
Close
3. feCy((0,T],L0,1)) for somey € (1 ~ 30 1} and some: € [O, 2—1q> , Quit
Page 29 of 36
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Then the problem3(11) has a unique solution
we C((0,T),L0,1)) N C* ((0,T], W2(0,1), L4(0, 1))

and for this solution we have the estimates:

(3.13) |[u(t, ')HLq(o,l) <c (HUOHWQQ(OJ) + HfHCu((O,t],Lq(O,l))> , te(0,17,

(3.14) |[lu"(t, ')HLq(o,l) + [Ju'(t, ')||Lq(0,1)
<c (fﬁ_l [[uollwz (0,1 + taa ”chg((o,t},Lq(o,n)) , te(0,T7.
Proof. We consider in the spade&(0,1) 1 < ¢ < oo, the operator defined by
A(u) = au(x), D(A) = {u € W}(0,1), Li(u) =0,i=1,2}.
Then problem§.11) can be written as
u'(t) = Au(t) + f(2),
{ u(0) = uo,

whereu(t) = u(t,-), f(t) = f(t,-), anduy = ug(-) are functions with values in
the Banach spack?(0, 1). From Theoren8.1we conclude thaf R(\, A)|| <
c\)\|_71q ,for larg A| < g + a, as|A| — oco.

Then, from Theoren3.2the problem 8.11) has a unique solution

ue C((0,77,L90,1)) nC* ((0,T],W7(0,1), L9(0,1))
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and we have the following estimates

(3.15) [Ju(t, ~)||Lq(0,1) <c (HAUOHLq(o,l) + HUOHL‘Z(O,I) + ”fHCH((O,t],Lq(O,l))) )

+ [ Au(t, )

L49(0,1)

(3.16) Hu 0

L9(0,1)

<cftzat(|A TR
>c | uOHLQ(0,1)+HUOHL‘J(OJ) + Hchl((o,t},Lq(o,l)) )

wheret € [0, 7], from (3.15 we get

), 01 < <||Ug||LQ(O,1) + llwoll pago1y + ||f||CH((O,t],Lq(O,1))>
<c <||U0||W;(071) + ”f”cu((qt],m(o@))) , tel0,T].

and from (3.16) we get

/

Y <Z€>Hm(o,l)
1 1 _q_
< (857" (1 Auollagoy + ol zaoy ) + 5~ I looanony

L1 1 _q_
S C <t2q HUO”WQQ(O,l) + t2q H ||fHCZ((07tLLq(071))> 5 t e [O,T] .

+ [Ju” (¢, ')”LQ(O,l)

which gives the desired result. ]
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