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ABSTRACT. Inthis article we givedifferentsufficientconditionsforinequa(tﬁ: f(:c)”‘dx) >
J? f(2)"de to hold.
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1. INTRODUCTION

In this paper we wish to investigate some sufficient conditions for the following inequality:

(1.1) (/abf(m)adx)ﬂ > /abf(x)”dx.

This is a generalization of the inequalities that appear in the papers [4,15,6) 7, 8, 9].
F. Qi in [7] considered inequality (1.1) fer = n+2,5 =1/(n+ 1),y =1,n € N. He
proved that under conditions

fecyan);  fP)>0,0<i<n-1;  f"z)>nl z € a,b]

the inequality is valid.

Later, S. Mazouzi and F. Qi gave what appeared to be a simpler proof of the inequality under
the same conditions (Corollary 3.6 in [1]). Unfortunately their proof was incorrect. Namely,
they made a false substitution and arrived at the condjtian > (n + 1)(x — a)™ which is not
true, e.g. for functiory (z) = = — a, whereas this function obviously satisfies the conditions of
the theorem ifh = 1.
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2 J. FECARIC AND T. PEJKOVIC

K.-W. Yu and F. Qi ([9]) and N. Towghi ([8]) gave other conditions for the inequdlity](1.1) to
hold under this special choice of constanis, .

T.K. Pogany in[[6], by avoiding the assumption of differentiability used’in[7,/8, 9], and
instead using the inequalities due to Holder, Nehari (Lefhma 2.4) and Barnes, Godunova and
Levin (Lemmd 2.b) established some inequalities which are a special caseg of (1.1} when
ory=1.

To obtain some conditions for the inequalify (1.1) we will first proceed similarly to T.K.
Pogany ([6]) and in the second part of this article we will be using a method from the paper [4].

2. CONDITIONS BASED ON INEQUALITIES BETWEEN MEANS

We want to transform inequality (1.1) to a form more suitable for us. It can easily be seen
that if f(z) > 0, for all z € [a, b] and~y > 0, inequality [1.1) is equivalent to
aB

(2.1) (W)a (b—a) > (f i_adx>

Definition 2.1. Let f be a nonnegative and integrable function on the segiaedt Ther-
mean (or the-th power mean) of is defined as
ffardx>T r # 0,400, —00),

00),

+oo)

m
M

wherem = inf f(z) andM = sup f(z) for x € [a, b].

(
M(p) = Jexp (BBEE) - — ),

(

(

< =
||

According to the previous definition inequali]‘.Y_(]Z.l) can be written as

(2.2) (M[O‘](f)) (b—a) > >MH(f)

We will be using the following inequalities:

Lemma 2.1 (power mean inequality, [2])If f is a nonnegative function da, b] and —co <
r < s < -+oo, then
MI(f) < MFI(f).

Lemma 2.2 (Berwald inequality,[[B,5]) If f is a nonnegative concave function @nb|, then
for 0 < r < s we have

, 1/r

Lemma 2.3 (Thunsdorff inequality,[[3]) If f is a nonnegative convex function nb| with
f(a) =0, then for0 < r < s we have

MFI(f) >

MEI(f) <

r 1/r

Lemma 2.4(Nehari inequality,[[2]) Let f, ¢ be nonnegative concave functions|arb]. Then,
for p, ¢ > 0 such thap=! + ¢! = 1, we have

(/abf(x)pd:c) (/abg(x)qu); < N(p, q) /abf(a:)g(x)d;c
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whereN(p, q) =

6
(14+p)t/P(1+q)t/a”

Lemma 2.5(Barnes-Godunova-Levin inequality;
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tions onla, b|. Then, forp, ¢ > 1 we have

whereB(p, q) =

Let us first state our results in a clear table. Each result is an independent set of conditions

[3, 2Det f, g be nonnegative concave func-

([ s pdx) ( /abgm)‘ldx)qsmpm [ ey

b a)l/p+l/q 1
(1+p)1/p(1+f1)1/q

that guarantee the inequalify (IL.1) is valid.

Result Conditions on Conditions on functiorf | Lemma for
constantsy, 3,7, a,b | (holds for allx € [a, b)) the proof
1. a>y>0,a8 >y f(az:)z(b—a)ag—i1 Lemmag 2.1
—BF
2. a<vy>0,a8<0 0< f(x)<(b—a)=s— | Lemma2.1
3(0). | a>~v> (2;7?45 >, flz)>1 Lemmail
(b—a)~+ >1
3 (ii). a>7>%aﬁ<'y, 0< f(z) <1 Lemm
(b—a)~
4(G). | 0<a< RE aj > v f concave Lemmg 2.2
a 1/«
(b—a) > e f@) =1
4 (i). | 0 <« < <7, aff <~ f concave Lemmg 2.2
a 1/«
(b—a)5 >l 0< fle) <1
5. O<a<n~aB >~y f concavef(x) > Lemmg 2.2
1-8 o 1/a aﬁ’y—'y
(b — CL) aB—y <%
6. 0<v<a,B<0 f concave() < f(x) < Lemm
af
1-8 o 1/a\ aB—~
(b —a)ar— <((7E;1/7)
7. 0<y<a,af >~ |fconvexf(a) =0, f(z) > | Lemmg 2.3
T i
(b1—ae )V yyaA=
8. O<a<~p8<0 f convex,f(a) =0, Lemmg 2.3
0< f(z) <
16 [ (aq1)i/e TE2
(-0 ()
9. 0<vy<e, 0 n : Lemmd 2.4
v<a,fB< fcocavei e
0< flz) < (b—a)*m
ap
x Gzivfaﬁ)

Remark 2.6. Observe that in the result$i). and5. it is enough for the condition ofito hold
in endpoints of segmei;, b] (ie., for f(a) and f(b)).

Remark 2.7. There is only one result in the table obtained with the help of Lefnma 2.4 and
none with the Lemmfa 2.5 because the constants in the conditions are quite complicated.
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Remark 2.8. If we make the substitution — 1, 5 — % in Result 1, Theorem 2.1 in|[6] is
acquired.

We will prove only a few results after which the method of proving the others will become
clear.

Proof of Result 1Lemmd 2.1 implies that
(2.3) MEl(f) = MPY(f).

Also
MEl(f) > MES)(f) > (b — a) 7,
S0 by raising this inequality to a power, we get

af—y —B+1
(2.4) (M) T = —a) T
Multiplying (2.3) and [(2.4) we gef (Z.2). O
Proof of Result 3 (). M*/(f) > 1 becausef (z) > 1, so from%2 > 1 and Lemml it follows
(2.5) (MEI(£) S = MEI(f) > M),
By multiplication of {2.5) and the conditiofd — a)% > 1 we get(2.2). O

Proof of Result 5From

1-3 [0 Ve a=y
MEl(f) = ME(f) > (b — a)er (%)

and@ > ( we obtain

(2.6) (M) T b-a)T 2
According to Lemma 2]2:

a 1/
@) Ml 2 > M),

From (2.6) and[(2]7), by multiplication, we arrive gt (2.2). O

Proof of Result 7Since

by integration it follows that

v

_ 1a\ ap—=
D Fy > (p_ g (et D)7
(2.8) M9Y(f) > (b—a) <(V )i :
However, Lemma 2|3 implies inequality (2.7). Thus, frgm|2.8) (2.7) we finally find that
inequality [2.2) is valid. O
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3. CONDITIONS ASSOCIATED WITH THE FUNCTIONS WITH BOUNDED DERIVATIVE

In this section we will prove inequality (1.1) under different assumptions including the dif-
ferentiability of f and boundedness of its derivative.
J. P&aric and W. Janous proved inl [4] the following theorem.

Theorem 3.1.Let1 < p < 2 andr > 3. The differentiable functiorf : [0,c¢] — R satisfies
f(0)=0and0 < f'(z) < M forall 0 <z < ¢, csubject to

(3.1) 0<e< <p(p— 1)2* P MP- ) T

r—1

<Aiﬂ@®0pzzfﬂ®<h

(If f/(x) > M the reverse inequality holds truender the condition that the second inequality

in (3.1) is reverseq.

Remark 3.2. The emphasized words were left outlof [4].

Then

The following generalization will be proved:

Theorem 3.3.Leta > 0,1 < § < 2andy > 2a+ 1. The differentiable functioyi : [0,¢] — R
satisfiesf(0) = 0 and0 < f'(z) < M forall 0 < x < ¢, ¢ subject to

(3.2) 0<c< (ﬁ(ﬁ —D(a+ 1)2—5Moaﬂ—w)m
. < 41 |

(Aiﬂw%M)ﬂszﬂw%M-

Remark 3.4. Fora =1, § = p, v = r, we get Theorer 3] 1.
Proof. From f(0) = 0 and0 < f’(z) < M we obtain

Then

x Moaxa—i-l
0< f(z)* < M*x* and og/ ft)de < for 0<z<ec
0 a+1
Now we define
</ f(t "‘dt) — / f@t)dte.

ThenF(0) =0andF'(z) = f(z ), where

(/‘f a&)ﬂl—f@W‘%
Clearly,g(0) = 0 andg’(x) = f(z)*h(zx), where
)= oo -0 ([ sera) - s,

From the conditions of the theorem we have

a.o+1
ble) 2 (5 - 1) (F)

— M2 (eat1)(8-2) (@(5 — D(a+ 1)2—ﬁMaﬂ—v —(y— a)xv—aﬁ—ﬁﬂ)

)ﬁ (g )M
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Thus, since[(3]2) is equivalent to
BB — D+ 1)*PMP7 > (v — )2’ 20,4,
we haveh(z) >0, ¢'(z) > 0, g(x) > 0, F'(x) > 0 and flnaIIyF(x) >0.S0oF(c) > 0. O

Substitutinge = a — b and translating functiotf « units to the right {(z) — f(z — a)) we
obtain the following theorem.

Theorem 3.5.Leta > 0,1 < 5 < 2andy > 2a+ 1. The differentiable functioffi : [a,b] — R
satisfiesf(a) = 0 and0 < f'(z) < M forall a < z < b, where

B(B — 1)(a + 1)2- 9 Mes=r\ F=an7rT
)

(3.3) 0<b—a< (
Then the inequality1.T) holds.
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