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ABSTRACT. In this paper, we establish a weighted mixed norm integral inequality of Hardy’s
type. This inequality features a free constant term and extends earlier results on weighted norm
Hardy-type inequalities. It contains, as special cases, some earlier inequalities established by the
authors and also provides an improvement over them.
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1. INTRODUCTION
In a recent paper [2], the authors proved the following result.

Theorem 1.1. Let g be continuous and non-decreasingfend], 0 < a < b < oo with g(z) >
0,z > 0,r # 1 and letf(x) be non-negative and Lebesgue-Stieltjes integrable with respect to

g(z) on[a,b]. Suppose,(z) = [ f(t)dg(t), Fy(x) = f;f(t)dg(t) andd = £, r # 1. Then

b
(1.1) / 9@ [g(x) ™ — g(a) ] " Fu(w)Pdg(x) + Ki(p, . a,b)

< [r - l]p/abg(x)‘spl (=) f ()" dg(x), — r>1,

(1.2) / (@)’ [g(2)° — g(0) ] Fy(x)Pdg(x) + Ka(p, 5, a,b)

< [(Z] [swrtpwsaraw, <
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where
Ki(p,d,a,b) = ng(b)é [9() 7 — g(a) ] T Fu(b)?, §<0, ier>1
r —

and

p
1—7r

The above result generalizes Imoru [1] and therefore Shiim [3]. The purpose of the present
work is to obtain a weighted norm Hardy-type inequality involving mixed norms which contains
the above result as a special case and also provides an improvement over it.

KQ(pv 57 a, b) =

g9(a)’ [g(a)™® — g(b)_ﬂl_p Fy(a)?, 0>0,ier<l1.

2. MAIN RESULT

The main result of this paper is the following theorem:

Theorem 2.1. Let g be a continuous function which is non-decreasingan|, 0 < a < b <
oo, with g(x) > 0 for z > 0. Suppose thag > p > 1 and f(x) is non-negative and Lebesgue-
Stieltjes integrable with respect tdx) on [a, b]. Let

(2.1) Fu(z) = / " F(0)da (), a(x) = / T g0 f(r)pdg (t),
(2.2) Fo(z) = / F(t)dg(t). By(x) = / g() D0 f(p)Pdg(t)

andd = =F,r # 1. Thenifr > 1,i.e.4 <0,

1
q

b 5q 9(p—1
(2.3) { / g(x) 7~ [gl0) — g(a)]*" )Fgmdg(x)+A1<p,q,a,b,6>}

ST

b
< Ci(p.4.9) [ [ st @ dg<x>] ,
and forr < 1,i.e.9 > 0,

1
q

(2.9) [ / gla) 7" [g<x>-5—g<b>—ﬂ5<p‘”F£<x>dg<x>+A2<paq,a7b,5>}

3=

< Cylp.q.9) [ / (@) () f ()] dg<x>] ,

where
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Proof. For the proof of Theorein 2.1 we will use the following adaptations of Jensen’s inequality
for convex functions,

(2.5) / Bz, £) P dA(t) < V dA(t)} = {/:h(ac,t)flzd)\(t)r

and
b ) b =2t b ) B
(2.6) / h(z,t)rad\(t) < {/ dA(t)} {/ h(x,t)qd)\(t)] ,
whereh(z,t) > 0forx > 0,t > 0, A is non-decreasing angd> p > 1.
Let
(2.7) h(z,t) = g(x)* gt fyPe,  dA(t) = g(t)" " dg(t),

A? = (=8)»17P) if § < 0andAf = (6)» P if § > 0.
Usmg (2.7) in[(2.b), we get

z)r / f(t)dg(t)
< (=6)5 0P [g(x)" = g(a)]" ¥V g(a) [ / " g0 f(pypdg o)

Raising both sides of the above inequalities to poyvand using[(Z2]1), we obtain

dq q

9(@) ¥ Fy(2)7 < Algy(a)s @ Vg(a) 7 0,(2)7,

whereg,(z) = [g(x) ™ — g(a)~°].
Integrating ovexa, b) with respect tqy(z)'dg(z) gives

3q dq q

b b
(2.8) / 9(z) 7 ga(2) 2P Fy(2) dg(w) < Al / g(x)» " Gu(a)rdg(z) = J.
Now integrate the right side df (2.8) by parts to obtain

b dq q
J= A / 9(2) ¥ 719, (2) b dg )

Aq q q
(@) 7 0, (2)7 2 + (=5 A

b Sa “
< [ o) g0 f a0, )} (o),
However,
T= [ oty gt 009 a0 gl
ab T %*1
= [ oty gt sy [ / g<t>5p+p—1—5f<t>pdg<t>] dg(a)

4_q

-/ gy {gu)é / xg(tfp*?”f(t)pdg(t)} )

Sinced < 0, we haveg(x)=° > g(t)=° Vt € [a, z].
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Consequently
r< [ty [ [ e serago) " agte)
- / [ ot gt >Flg<x>5p+p—1f<t>pdg<x>
g[/ -1 <>]pdg<x>]g
Thus [2:8) becomes

(2.9) / g(2) 7 [g(2) 0 — g(a) ] Fa<x>ng<x>+§A?<—6—l>g<bw&<b>i

b »
< 25 [ / g2 [f(2)g(@)] dg(x)

Taking theq*” root of both sides yields assertidn (2.3) of the theorem.
To prove [2.4), we start with inequality (2.6) and use](2.7) with]|(2.2) to obtain

9(@) Fifx) < (=0)2" Pgy(a)r® V()P ()
= (577" (= gu(2)) 7V g(w) by(x)

whereg, () = [g(b)~° — g(z)™°].
On rearranging and raising to powgand then integrating both sides oVerb] with respect
to g(z)~'dg(x), we obtain

éq

b 1(1p b sy
(2.10) / 9(2) 1 [g(2)™* — g(0)*] " Fy()idg(x) < AL / 9(2) 310, (x)dg ().

We denote the right side df (2]10) by, integrate it by parts and use the fact that dor 0,
g(x)° < g(t)? Vt € [z,b] to obtain

ép q b
1 < $-Mg(a) ¥ ), + (ba/) 4 / g(2) " [f (2)g ()] dg(z).
Using this in [2.1ID) we obtain

b Sq 1(1—p 1 4q q
(2.11) / g() 7 [g(x)° = g(b)°] )Fb<w>ng<w>+§5 Alg(a)r0,(a)?

q
P

b
Do _
< Znag | [ o) (0t dote)
We take the;*” root of both sides to obtain assertipn (2.4) of the theorem. O
Remark 2.2. Letp = ¢, andd = =* < 0,i.e.,r > 1, then ) reduces to

(2.12) / (@) [g(2)° = g(a) ] Fulx)Pdg(x) + Ai(p,p,a,b,d)

< Ci(pop.d) [ [ st @ agto)|.
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where
(2.13) Ai(p,p,a,b,8) = (=8) Pg(b)°0a(b),  G<0
and
P p
(2.14) Ci(p,p,0) = (=0)" = [r - 1] -
Now from (2.18) in [2] we have that, far < 0
(2.15) g(0)°0,(b) > (—07)'g(0)" [9(0)™* — g(a) ™) " Fulb)".
Thus, from [[2.1B) and (2.15), using notations/in(1.1), we have

(2.16) A(p.p,a,b,8) = (—0)Pg(b)°0,(b)
> (=0) 7 (=671 Pg(0)° [g(b) ™ — g(a) ] " Fu(b)’
= (=0)"'g(0)" [g(0) ™ — ()] " Fu(b)’
= —L=g() [9(0) = g(a)) " Eulb)”
= Ki(p,6,a,b),

i.e., Ai(p,p,a,b,0) = Ki(p,d,a,b) + By for someB; > 0.
Thus we can writg (2.12), using (2]14), as

-1

b
(2.17) / 9(2)" [g()™® — g(a) )" Fu(w)dg(x) + K (p,6,a,5) + By

<[] [ st trwtar ast]

So, whenB; = 0, (2.17) reduces t¢ (1.1). Whe® # 0, i.e., B, > 0, (2.17) is an improvement
of (1.1). Similarly with notations in (I]2) anfl (2.4) in this paper we use (2.19)lin [2] to prove
that
AZ(p7p7 a, ba 6) = KQ(pa (57 a, b) + BZ
for someB;, > 0.
Thus, wherp = ¢, (2.4) reduces t¢ (1.2) B, = 0 and is an improvement df (1.2) whé# # 0,
I. e., whenB;y > 0.
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