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ABSTRACT. In the present paper, we consider a new modification of the Lupas operators with
the weight function of Szasz operators and study simultaneous approximation. Here we obtain a
Voronovskaja type asymptotic formula and an estimate of error in simultaneous approximation
for these Lupas-Szasz operators.

Key words and phrasesSimultaneous approximation, Lupas operators, Szasz operators.

2000Mathematics Subject Classificat o41A28, 41A36.

1. INTRODUCTION

Lupas proposed a family of linear positive operators mapglfigoo) into C[0, o), the class
of all bounded and continuous functions [Bnoco), namely,

N =3 (") s ()

wherez € [0, c0).
Motivated by the integral modification of Bernstein polynomials by Derriennic [1], Sahai and
Prasad [3] modified the operatats for functions integrable o’'[0, o) as

00
0

(Mf) (@) = (0= 1) Y Poa(a) / Pon(0) (9)dy,

n+k—1 tF
Poi(t) = ( i ) ik
(1+1)
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Integral modification of Szasz-Mirakyan operators were studied by Gupta [2]. Now we consider
another modification of Lupas operators with the weight function of Szasz operators, which are
defined as

(L.1) (Buf) (@) =0y Pasle) [ S, 0)y
where ) _—
P, i(x) = (n +k B ) (1 + )"
and oy .
Sn,k(y) = #

2. BASIC RESULTS
The following lemmas are useful for proving the main results.

Lemma 2.1.Letm € N° n € N, if we define
Ton(e) =13 Prios(o) [ Suaer0)ly = )"y
k=0 0
then
(i) Tho(z) = 1,T,(x) = 402 and

n

re(l+z)+1+[1+7r(1+2)*+nx(2+z)

(i) Forall z >0,

n

Tom(z) = O (ﬁ) |
(i)

Ny mi1(x) = z(1+ x)TT(Ll,},LH(x) +m+1+7r(1+2)|T,m(x) + maTy,m-1(x)
wherem > 2.

Proof. The value off;, o(z), T,,1 (x) easily follows from the definition, we give the proof of (jii)
as follows.

p(z+ DI (x) =n > 21+ )P (z) / e () (y — )™ dy
0

k=0
— S 21+ 2)Payr() / Sreir(4)(y — )™ dy.
k=0 0

Now using the identities
ySU)(y) = (k — ny)Sua(y),
andz(1l+z)P, 1,2(90) = (k —nx)P, x(x), we get

(

z(1+ 2)TWY ()
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Therefore,
x(1+ x)[Télm(x) + mTy m—1(x)]

=03 Pasnala) [ [0t 7= n9) 0y =) = (14 DS, ()l — )"y
=03 Pasnala) [0S 0 = )y T s () = (1 )T )
=03 Pasnale) [ w8 )= )"y

+ 12> Pprila) / SU W)y — )"y + 1T () — (1 + )Ty ()
k=0 0

=—(m+ 1T, m(x) — maT,m1(z) + 0T i1 (x) — (1 + 2)T5, ()
This leads to proof of (iii). O

Corollary 2.2. Leta andé be positive numbers, then for everyc N andz € [0, c0), there
exists a positive constant,, , depending om» andz such that

n Z Pi( / wk(t)edt < Cpon™™.
[t—z|>5

Lemma 2.3.If f is differentiabler tlmes(r =1,2,3,...)0nJ0,00), then we have

ZPM / Sner ()7 (9)dy.

Proof. Applying Leibniz’s theorem wf(_T]l) we have
(B f)(x)

_nzz< ) n—i‘kn—i-_’f’l)—'lz'_ 1) ( 1)r i, .k— z(1+x) —n—k—r+i /Omsn,k(y)f<y)dy

1=0 k=i

—~ (n+k+r—1) g < s
—nZ - R e / ;—1) (1) Sunsiw) f )y

. <"Z:1 prk [ Z () Suenilw)Fw)ay.

Again using LerI’IIZS theorem,

(n+r—1)!
n’“ln—l‘

(2.2) (BI f)(x) =

=0
Hence
r n + 7= r r
(BY @) = iy ZPM ) [0 w1 s
and integrating by partstimes, we get the required result. O
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3. MAIN RESULTS

Theorem 3.1. Let f be integrable in0, co), admitting a derivative of ordefr + 2) at a point
x € [0,00). Also supposg ") (z) = o(e**) asz — oo, then

Tim n[(BY) f)(2) = f7(2)] = L+ r(L+2))f 00 (@) + 2(2+ 2) f72 ().

Proof. By Taylor’s formula, we get
I)Q 2

(31) f(T) (y) _ f(?“) (x) — (y _ x)f(rJrl) (.I') + (y - f(TH)(x) i (y — x)

5 5y, 2),
where
lya) = LW I0@ =m0 ) - it AL G B

=0 if z=y. 2
Now, for arbitrarys > 0, A > 03 ad > 0s. t.
(3.2) In(y,z)| <e for |y—uz| <d,z<A.
Using (2.2) in[(3.1)

n"(n —1)!

BN = fO@) =0 ) Pura() /OOO Suker®) 7 (y)dy - f (@)

=n Z Poiri(x) /OOO St (Y) {f(T)(y) — f (55)} dy

= Tor fO (@) + Thof " (2) + B (2),
where

() =5 3 Pasnala) [ Suser )y = 01 n(y, )y

In order to completely prove the theorem it is sufficient to show that

nE,,(r) -0 as n — oc.

Now
nEn,r(x) == Rn,r,l<x) + Rn,r,2<$)a
where
n? —
Rura(@) = 5 3" Proos(o) [ Sunenlw)y = 2Pt )y
F=0 ly—z|<s
and
n? —
Rurale) = 5 3" Proos(o) [ Sunenlw)y = 2Pty )y
h=0 ly—2]>0
By (3.2) and[(2.11)
ne ad
(3.3) |Rn,r,1 (:L’)l < |n Pn+r,k($) Sn,kJrr(y) (y - x)zdy < 837(2 + :C)
2 —
=0 ly—z|<6
asn — oQ.
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Finally we estimateR,, .»(z). Using Corollary 2.R we have

n? — n
(34) anz(fﬁ) = ? Z Pn-i—r,k:(x) / Sn,k-i—r(y)eaydy = 5 m,mn_m =0
k=0
ly—a|>6
asn — oo. 0
Theorem 3.2. Letf € C*+Y[0, a] and letw(f*Y;.) be the modulus of continuity gf™+Y,
thenr =0,1,2,.

|8 () - @) < LX) v

where||-|| is the sup norn0, a].

Proof. We have by Taylor’s expansion
Fy) = ()

=y - )/ V(@) + / 1 - e @Y

o

:nzpn-l-r,k(x)/ nk:—H" {f f(r)(x)}dy
k=0 0

—n N Pypri(z) Oosn, ) (y —2) [ (z) + y[f(”“)(t)— FU(@)]dt ) dy.
; k /0 k+r\Y (y /x ) Y

Also

(B () = f7(@)

}f(r+1)(t) . f(r—&-l)(l,)’ < <1 + ﬁ%ﬂ) w(f(r—l—l);(;)
Hence
n"(n—1)!
(n+7r—1)!

|Tn2|

< [Tual - [ £ H((ﬁ ) w(f;0).

By Schwarz’s inequality. Choosing = ? and using (i) and!l) we obtain the required
result. O
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