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1. INTRODUCTION

Let H, be the class of all polynomials of degree not exceedirgnd letw be a weight
function defined ol = [—1,1],i.e.w(t) > Oforallt € I and

1
/ tfw(t)dt <oco  for  k=0,1,2,...
-1

Then there is a unique systefm,, } of polynomials such that, € H,,, p, = p,(w;z) = 72"
+ lower degree terms, whefig > 0 and

/ OO0 =5,

(seel9, Chap. I1]). Iffw is integrable o7, then byS,,[f](w; ) we denote the-th partial sum
of the Fourier series of the functighwith respect to the systefmp, }, i.e.

S.fwi) = Y o) = [ 0K, o w0
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2 MALGORZATA POWIERSKA

where

ay = 1 F(@&)pr(t)w(t)dt, k=0,1,2,...
-1

(1.1) Ko(z,t) ==Y pi(z)pr(t), n=1,2,...

In 1985 (see [6, p. 485]) R. Bojanic proved the following
Theorem 1.1.Letw be a weight function and suppose that forak (—1,1) andn =1,2,...
(1.2) 0<wz) < K(1-—2z%)4,
(1.3) [pa(2)] < K(1—2%)7",

(1.4) ‘ / <¢

where A, B, C, K are some non-negative constantsf lis a function of bounded variation in
the Jordan sense oh then

Sulfl(w;2) = 3 () + () \ ZV(gm - +12$)

+ 5\f(:zc—) — f(a4)| |Sn Y] (w; 2)]|,

wheref(z+), f(z—) denote the one-sided limits éfat the pointz, the functiory, is given by

ft)— flz—) if-1<t<uz,
(1.5) g:(t) :==<¢0 ift =z,
f@) = flz+) fz<t<1

and
1 ift >,
(1.6) V() :=sgn, (t) =10 ift=uzx,
-1 ift<ux.

Moreover,p(x) > 0 forz € (—1,1) andV(g,; a, b) is the total variation ofy, on [a, b].

In this paper, we extend this Bojanic result to the case of measurable and bounded functions
fonI (insymbolsf € M(I)). We will estimate the rate of convergence®f f](w; x) at those
pointsz € I at which f possesses finite one-sided limftec+), f(z—). In our main estimate
we use the modulus of variatian (g.; a, b) of the functiong, on some interval&:, b] C 1. For
positive integers:, the modulus of variation of a functignon [«, b] is defined by

n—1
vn(g;a,b) == SUPZ |9(zar+1) — g(zar)],
™ k=0
where the supremum is taken over all systemef n non-overlapping open intervalssy., zox 1) C
(a,b), k = 0, 1, co,n—1 (see [2]). In particular, we obtain estimates for the deviation
| S f](w; ) — (f(:z:+) + f(z—))| for functions f € BVy(I). We will say that a function

f, defined on the interval belongs to the clasBV (1), if
Va(f;1) = sup > @ (| f(xx) — f(tr)]) < o0,
Tk
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where the supremum is taken over all finite system$non-overlapping intervalgey, t) C 1.

It will be assumed tha? is a continuous, convex and strictly increasing function on the interval
[0, 00), such thatb(0) = 0. The symboWVs(f; a, b) will denote the totafb-variation of f on the
interval [a,b] C I. In the special case, #(u) = u? foru > 0 (p > 1), we will write BV, (I)
instead ofBVy (1), andV,(f; a,b) instead ofVs(f; a,b).

2. LEMMAS

In this section we first mention some results which are necessary for proving the main theo-
rem.

Lemma 2.1. Under the assumptions (1.2), (I1.3) ahd [1.4), we have:for2

2.1) ‘/_1 Kn(x,t)w(t)dt' L AOK (-

—-1< 1
n—1 x-—s (Flss<z<l),

ACK (1—a?)°B

n—1 sS—x

(2.2) (—l<z<s<),

/31 Kn(x,t)w(t)dt' <

’ 1+

(23) /x . |Kn(x,t)w(t)| dt S 2A+BK3W (—]_ <z < ].),
s AtBps_ 1=

(2.4) i ]Kn(a:,t)w(t)\ dt <2 K W (—1 <z< 1),

< 2K3 1
Tl —t] (1 —2?)B(1 —¢2)B+A
if z#t —1l<zx<l, —-1<t<l.

(2.5) | K (x, t)w(t)

Proof. In order to prove[(2]1), let us observe that by the Christoffel-Darboux formula ([3, p. 26]
or [9, p. 42]) we have

_ Yt Poca(O)pn(®) — P (2)pa(t)
(2.6) Ky(z,t) = o p— :

Using the mean-value theorem apd [1.3), we getfor< s < = < 1,

’/_1 Kn(x,t)w(t)dt’

< Yn—1 . K(l — mz)_B {
Yn T —3S

/:pnl(t)w(t)dt' + /nspn(t)w(t)dr } ,

wheree, n € [—1, s]. From the inequality”’;—;1 < 1 (seel[6, p. 488]) and from the assumption
(1.4) our estimatd (2]1) follows immediately.

The proof of [(2.) is similar.

In view of (1.1) and the assumptioris (1.2), (1.3), we have

v nk? v dt
K, Hw(t)| dt < ———= —_—
/xuz [, tho(t)] df < (1—2a2)B /xwz (1 —1¢2)A+B

1+=x
(1 — 22)A+2B"

In the same way, we g€t (2.4).
Applying identity [2.6), assumptions (1.2) afnd (1.3), we can easily pfovge (2.5). O
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Lemma 2.2. Suppose thay € M(I) is equal to zero at a fixed point € (—1,1) and that
assumptiong (1]2), (1.3), (1.4) are satisfied withB such thatd + B < 1. Then forn > 3

—_

n—

C1

1 l/'(g;tnf‘a 1)
/x g(t) Ky (z, t)w(t)dt| < (1 — 2)A+2Bpl- (A+B) ;

1+A+B
jlHA+

¢ — vi(g;iz.t;)  vpoa(giz, 1)
+ (1_1-.2)1-‘1-3 {Z -2 + n_l )

X J

j=1
wheret; =z +j(1—2)/n(j =1,2,...,n), a =8K?*/(1— A— B), ¢y = 8K(3K?* 4 2C).
Proof. Observe that

(2.8) / g(t) K (x, t)w(t)dt

2.7)

| .
~
—_

+ 2_: /tvm(g(t) — g(t;)) K (2, t)w(t)dt

j=1

=1+ 1+ I3+ 1y, say

In view of (2.4),
f 2K3(1 —x
@9 Inl< [ 1o - gl Ko (o]t < ng; 7.h).
Applying the Abel transformation we get
n=1 n—2 n—l1 tet1
L=g(t)) Ky (@, yw(t)dt + ) (g(tj1) — g(t;) Y K, t)w(t)dt
k=1 "tk j=1 k=j+1 "tk

z)) /t K (, )w( dt+z tiv1) —g(t;) | Ku(z, w(t)dt.

tj+1

Next, using the inequality (2.2) and once more the Abel transformation we obtain

ACK lg(t1) — g(x 1
< -
Bl < (n—1)(1—a2)B ( th—x +Z l9(ti1) = 9(t) >

(tj41 — )

ACKn n2 1 J
S D0 —2)P(1 -1 {'g(tl) —g(@)[ + ]Zl RESES)] ; 9ty — g(tn)|

S gt - g(tk>|} .

k=1
Hence, in view of the definition of the modulus of variation and its elementary properties,
8CK — (g2 b)) veea(gia,1)
2.10 ] < 9 Y n ) 7
(2.10) Bl < G a = (}; R —
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(see the proof of Lemma 1 in[[8]).
Next, by inequality[(Zp),

2K° ! dt
2.11 L)< —— itno1, 1
&1 = ot ) || G

4K3I/1<g;tn,1, 1) L dt
< -
— (1 _ x2)B<1 _ 93)(1 + x)A+B _— (1 _ t)A+B
B 4K30, (g5 tp-1,1)

o (1 _ IZ)A+2Bn1—(A+B)(1 _ (A + B))

and

o l9(t) — 9(t;)|
I < dt
| BZ/ (t; — 2)(1 — t;31)A+B(1 + t,)A+B

QK 3plt+A+B n=2 et t) — alt
O S
I—2 (-2 2+ ), Jn-j-1)

=1 J

n—2
_ 2K3n1+A+B /h |9(8 +t, ) ( )|dt
(1 =2?)M25(1 —2) = Jy j(n—j— D4

n—2
_ 2K AP / Z|g (s+1t;) —glt )\Jr Z lg(s +t;) — g(t;)] ds
(1 _ x2)A+QB 1— x n _ ] _ 1 A+B ' ](n —j _ 1)A+B ’

j=m+1

whereh = (1 — z)/n andm = [n/2]. Next, arguing similarly to the proof of the lemma In [7]
(the estimate of ;) we obtain

2K A+Bn71 vilg; @, t;) 6 Pu (g, 1)
(2.12) |14|SW{2.6 ; i p—

nZi V ga n— ]7 2 Vn—l(g;xa]-)

n1 (A+B jI+A+B nl=(A+B)(n — 1)A+B (-
7j=2

In view of (2.8), [2.9).[(2.10)[ (2.11) and (2]12) we get the desired estimation. O

By symmetry, the analogous estimate for the integifalg(¢) K,,(x, t)w(t)dt can be deduced
as well. Namely, we have

n—1
C1 Vj(Q% _173n7j)
(2.13) ’/_1 Jw(t)dt| < (1= 2)A2Bp1=(B) £~ jIea+h
n—1
Vj 978]7 Vn—l(ga 1,[[‘)
+(1—x21+3{; n—1 ’

wheres; =z — j(1+2)/n (j =1,2,...,n), ¢1,c; are the same as in Lemfa]2.2.
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3. RESULTS

Suppose that € M(I) andthat at a fixed point € (—1, 1) the one-sided limitg (z+), f(z—)
exist. As is easily seen

(3.1) Sulf)(wiz) — ~(flat) + fla—)) = / 0u(0) o, ()t

2 1

1
+ 5 (Fa+) = F@=))Saltin] (ws o),
whereg, andi, are defined by (1]5) anfl (1.6), respectively.

The first term on the right-hand side of identify (3.1) can be estimated via (2.7) anyl (2.13).
Consequently, we get:

Theorem 3.1. Let w be a weight function and let assumptiops (1.p),](1[3),] (1.4) be satisfied
with A+ B < 1. If f € M(I) and if the limitsf (z+), f(x—) at a fixedz € (—1, 1) exist, then
for n > 3 we have

@2 S — L) + f(w—))‘

2
C1 nz_:Vj(ga:;tn—jal)+Vj(goc;_1>$n—j)
— (1 _ xQ)A-‘rQBnl—(A—i-B) jl+A+B

j=1

n—1
N ( 02) {Z vi(g; 2, t5) + vi(gas 85, 7)
=1

1 — 22 1+B j2

J
Vn—l(gac§ -1, x) + Vn—1(9m3 z, 1) }
_'_
n—1

+ 5(f(@+) = f(2=))Sulta] (w; 2),
wheret;, s;, c1, ¢, are defined above (in Sectiph 2).

Theorem 3.2.Let f € BV () and let assumption§ (3.2), (1.9), (1.4) be satisfied withB <
1. Then for every: € (—1,1), and alln > 3,

(3.3)

n—1
c3 1., (k 1—2 k 1+
< 2 - - . - ey
>~ (1 _ 1'2)1+B — k.CI) (nv'ib (gx,m,x + k’ + nV‘I) g3 T k’ y L

o 1 __,/1\ 1
T (1-— xz)ji(zglcanl(A+B) ; /{;A+B(I) ' (E) + ilf($+) = f(@=)][Salta)(w; )],

wherecs = 10cy, ¢4(x) = ¢;(max{1, Va(g.; x, 1)} + max{1, Va(g,; —1,z)}) and®~! denotes
the inverse function cb.

Proof. It is known that, for every positive integgrand for every subintervad, b] of [—1, z| (or

[z, 1]), 1
Vj(ga; a,0) < jO (}V:P(gx;a: b))
(seell2, p. 537]). Consequently,

Vi(Gzstn—j, 1 < max{Ve(g,;x,1) 1} 1
A+B) Z jI+A+B = nl—(A+B) A+B _~ :
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Moreover

1
iR
X
Yy
Ne
g,
8
S
SN—
IN
oo
3
L
T =
KA
L
VR

Jj=1 J

k 1-—

—Vo (gx;x,w+ x))

n k
(seel[7, Section 3]). Similarly,

n—1
Vn-1(ge; 7, 1) 1 (Va(ga;z, 1) (K 1—x
I D <997t (ZP ) <0 T 2o (Vg ( gas :
1 = < 2 Ve Jz; T, T + A

n — n
=1

Analogous estimates for the other terms in the inequdlity (3.2), corresponding to the interval
[—1, 2], can be obtained as well. Theorém|3.1 and the above estimates give the desired result.
O

Remark 3.3. Since the function, is continuous at the point, we havdtir% Vo (ge; x, x+t) = 0.
Consequently, under the additional assumption,

=1 1

(3.4) —¢! (—) < 00
; k k

and

(3.5) Jim S, [o)(w: z) = 0,

the right-hand side of inequality (3.3) converges to zern as cc.

In particular, if f € BV,(I) with p > 1, i.e. if ®(u) = w? for u > 0, then [3.4) holds
true. Moreover, the function defined as\(t) = f(cost) is 2r-periodic and of boundeg-th
power variation orj—m, 7]. Hence, in view of the theorem of Marcinkiewicz([5, p. 38]), its
LP-integral modulus of continuity

W(X;9)p := sup (/7r A& + h) — A(x),pdx) v

|h|<6 \J—m

satisfies the inequality
w(X;6), < 6YPV,(X;0,37) for 0<6 <.
Consequently, it <p < 2,then
w(X; )y < 6V2V5(X;0,3m) < 6Y2(V,(X;0,37))%?,

which means thak € Lip (%, 2). Applying now the Freud theorem {[3, V. Theorem 7.5]) we
can easily state that in the casefoE BV, (I) with 1 < p < 2, condition {3.5) holds. So, from
Theorenj 3.2 we get:

Corollary 3.4. Letw be a weight function satisfying < w(z) < M(1 — 2?) "2 for x €
(—1,1) (M = const.) and let [1.3),[(1.4) be satisfied with< B < 1/2. If f € BV, (1), where

1 < p <2, thenS,[f](w;z) converges td(f(z+) + f(z—)) ateveryz € (—1,1), wherew is
continuous.

From our theorems we can also obtain some results concerning the rate of uniform conver-
gence ofS,[f](w; x). Namely, we have:

Corollary 3.5. Let conditions[(1]2)[ (1]3) (I.4) be satisfied with+ B < 1. If f is continuous
on the intervall and if—1 < a < b < 1, then for allz € [a,b] and all integers: > 3

Sulfl(w; z) — f(2)| < c(a,b, A, B) {w (f;%) ;%+ 3 Vk(fk—;ll)}

k=m+1

J. Inequal. Pure and Appl. Matt9(1) (2008), Art. 11, 9 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 MALGORZATA POWIERSKA

wherew( f; §) denotes the modulus of continuity obn I, ¢(a, b, A, B) is a positive constant
depending only on, b, A, B andm is an arbitrary integer, such that. < n.

Proof. It is known ([2,8]) that, for every intervak, b] C [—1, 1] and for every positive integer
Js

vi(f;a,b) < 2jw (f; b “) .
J
Therefore,

. 1 ) 1
vi(gs; 85, ) < djw (f; E) o Vi(ges o, ty) < 4jw (f; —>

n
and

n—1
1 ZVj(gxatn—j#l).‘|‘Vj(ga:;_173n—j) < 8 w f,l ‘
nl=(A+8) £ jitA+B 1-(A+B) n
J:
Using the above estimation and inequalfty [3.2) we get the desired result. O

Clearly, Corollary 3.p yields some criterions for the uniform convergence of orthogonal poly-
nomial expansions on each compact interval containée-in 1) (cf. [2,[7]).
Finally, let us note that our results can be applied to the Jacobi orthonormal polynomials

{p,(f"m} determined via the Jacobi weight(z) := w®?(z) = (1 — 2)*(1 + z)?, where
a > —1,4 > —1. In this case, the fulfillment of (1].2) and (1.3) with someB follows from

the definition of the weight'(*? () and from Theorem 8.1 in[3] (Chap. 1). Estim1.4) can
be verified via the known formula

N

1
1— x)(a+1)(1 —+ l’)(IB+1)
(@8) ()00 @B) (1)t — " ( (a+1,8+1)
[ e = (e . Rl

(cf. [6, identity (51)]) and the inequality

pffif)(x)} < c(a, B) ((1 )2y %) e ((1 NPV %)

(see e.qg. [[4, inequality (12)]). Moreover, it was stated by R. Bojanic that in the case of the
Jacobi polynomials conditiof (3.5) is satisfied (see [6, estimate (12)]).

In particular, our general estimations given in Theorgmg 3.1, 3.2 and in Cofollary 3.4 remain
valid for the Legendre polynomials (séé [7]). The rate of pointwise convergence of the Legendre
polynomial expansions for functiorjsof bounded variation in the Jordan senselqe. for
f € BVi(I) was first obtained ir [1].

—-B-1/2
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