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Abstract: In this paper we estimate the rate of pointwise convergence of certain orthogonal
expansions for measurable and bounded functions.

Orthogonal Polynomial Expansions
Matgorzata Powierska
vol. 8, iss. 3, art. 11, 2007

Title Page
Contents
44 44
< >
Page 1 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:mpowier@amu.edu.pl
http://jipam.vu.edu.au
mailto:mpowier@amu.edu.pl
mailto:sever.dragomir@vu.edu.au

Contents

1 Introduction 3
2 Lemmas 6
3 Results 12

Contents

Title Page

B
Page 2 of 18
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:mpowier@amu.edu.pl
http://jipam.vu.edu.au

1. Introduction

Let H, be the class of all polynomials of degree not exceedirand letw be a
weight function defined oh = [—1, 1], i.e.w(¢) > 0 forall t € I and

1
/ trwd)dt < oo for  k=0,1,2, ...
—1

Then there is a unique systefp,} of polynomials such thap, € H,, p, =
pn(w; x) = y,2™ + lower degree terms, whesg > 0 and

/ PuOpm (O ()dt = 5,

(see P, Chap. ]). If fw is integrable orl, then byS,,[f](w; x) we denote the-th
partial sum of the Fourier series of the functiwith respect to the systefp,, },
i.e.

5,011 wi) = Y aue) = [ 0K (o0t

where
1
ay = f(&)pr(t)w(t)dt, k=0,1,2,...
-1
n—1
k=0

In 1985 (see®, p. 485]) R. Bojanic proved the following
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Theorem 1.1. Letw be a weight function and suppose that forale (—1,1) and
n=12...

(1.2) 0<w(z) <K(1—az2%)4,
(1.3) Ipa(z)] < K(1 — 275,

v C
1.4 [t <€

where A, B, C, K are some non-negative constants.fIfs a function of bounded
variation in the Jordan sense anthen

Sn[f](w?x)_ L ;T + L

2

1(f(as+)+f( ‘SLZV(% Ltz 1_x)

wheref(z+), f(z—) denote the one-sided limits ¢fat the pointz, the functiong,
is given by

f@t)—= fla—) if-1<t<ux,
(1.5) gz(t) =10 ift =x,
ft)— flz+) ifz<t<l1

and
1 ift > x,
(1.6) Y. (t) :==sgn,(t) =<0 ift=uz,
-1 ift<ua.
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Moreover,p(z) > 0 for x € (—1,1) andV (g.;a, b) is the total variation ofy, on
a, b].

In this paper, we extend this Bojanic result to the case of measurable and bounded

functionsf on I (in symbolsf € M (I)). We will estimate the rate of convergence
of S,[f](w;x) at those points: € I at which f possesses finite one-sided limits
f(z+), f(z—). In our main estimate we use the modulus of variatip(y.; a, b) of
the functiong, on some interval&:, b] C I. For positive integers, the modulus of
variation of a functiory on[a, b] is defined by

n—1

Vn(g; @, b) == SUPZ |9(zar+1) — g2k,
™ k=0

where the supremum is taken over all systemef n non-overlapping open intervals
(ok, Togy1) C (a,b), k =0,1,...,n—1(seeR]). In particular, we obtain estimates
for the deviation|S,[f](w;z) — 5 (f(z+) + f(z—))| for functions f € BVy(I).
We will say that a functiory, defined on the intervdl belongs to the clasBVg (1),
if
Va(f; 1) :==sup Y & (|f(wx) = f(tx)]) < oo,
Tk

where the supremum is taken over all finite systen@o$ non-overlapping intervals
(x, tx) C I. Itwill be assumed thab is a continuous, convex and strictly increasing
function on the interval0, co), such that®(0) = 0. The symbolVg(f;a,b) will
denote the totafb-variation of f on the intervalja,b] C I. In the special case,
if ®(u) = w? foru > 0 (p > 1), we will write BV,(I) instead ofBVs(I), and
Vo(f;a,b) instead ofVg (f;a,b).

J
>,
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2. Lemmas

In this section we first mention some results which are necessary for proving the

main theorem.

Lemma 2.1. Under the assumptions (9), (1.3) and (L.4), we have fom > 2
4CK (1 —2?)7P
n—1 x—s
4CK (1 —a?)7P8
n—1 s—=x

(—-1<s<z<1l1),

(2.1) ’ SKn(-T,t)'I.U(t)dt‘S

(2.2) (—l<z<s<1),

/S 1 Kn(x,t)w(t)dt‘ <

v 1+
< 9A+B 3 _
(2.3) /$_1+z | K (z, t)w(t)|dt <2 K —(1 —EyATI (—l<z<1),
Hqi l1—2z

< 2K3 1
Tl —t] (1 —2?)B(1 —¢2)B+A
if x4t —1l<z<l, —-1<t<l.

(2.5) |K,(z,t)w(t)

Proof. In order to proveZ.1), let us observe that by the Christoffel-Darboux formula
([3, p. 26] or B, p. 42]) we have

(26) Kn({E, t) _ PYi;l Pn—1 (t)pn (l’i :};nfl (:U)Pn (t) ’
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Using the mean-value theorem aridd), we getfor—1 < s <z < 1,

S Kn(:v,t)w(t)dt‘

/
< Tn—1 K(l — x2)—B {
Tn T —s

3

/: pnl(t)w(t)dt' +

L[@ﬁmww

wheree,n € [—1,s]. From the mequahty””—1 < 1 (see b, p. 488]) and from the

assumptlonl 4) our estimate.1) follows |mmed|ately
The proof of ¢.2) is similar.
In view of (1.1) and the assumptions.@), (1.3), we have

1’ nk?3 z dt
K < B .
lJﬂrAawMMﬁ_<LﬂﬂBLJﬂu_ﬁyw

' 14+
A+B 13
S 2 K (1 _ xQ)A-&-QB’
In the same way, we ge? (4).
Applying identity (2.6), assumptions1(2) and (L.3), we can easily prove2(5).
O

Lemma 2.2. Suppose thay € M () is equal to zero at a fixed point € (—1,1)
and that assumptions.(2), (1.3), (1.4) are satisfied wittd, B such thatd + B < 1.
Then forn > 3

1 n—1
V g7 n— j7
/ g(t) Kn(z, w(t)dt| < = >A+2Bn1 (A+B) Z JIFATE

2.7)
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n—1
1/] g,x t I/n
- | 4

Jj=1

wheret; = 2+ j(l —z)/n (j = 1,2
8K (3K?2 + 20).

Proof. Observe that

2.8) / GO Ko, ) (t)dt

—1(.9;:67 1)
n—1 '

,2,...,n), ¢ = 8K3/(1—A— B), ¢

= /tl g(t) K (x, t)w(t)dt + Zg(tj) A Ky (z, tyw(t)dt

L /t (9(0) = g(ta ) Koo, ()t
+ Z /t " glt) — glt) o, ()it

=0+ I+ I3+ 1, say

In view of (2.4),

(29) |L|< /tl lg(t) — g(2)| | Kn(z, )w(t)|dt < 2K°%(1 —x)

(1 _ m2)A+2B

V1<g;$,t1)-
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Applying the Abel transformation we get

nolo et n—2 tet1
I = g(t) Z Ko (z tyw(t)dt + > (g(ti) — g Ko (z, t)w(t)dt
k=1 j=1 k: g+1 tk

g(tr) — gla / Ko, thw dt+2<g<tj+l> o) [ Kol i)

ti+1 Orthogonal Polynomial Expansions

Matgorzata Powierska
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Next, by inequality 2.5),

3 dt

2 1
myl(g7 b1, 1) /tn1 (t _ 1‘)(1 _ t2)A+B

4K l/l(g;tn 1,1) 1 dt
< .
S A= )B( - )1+ 2)A7F J, | (=04
4Ky (g3 tn-1,1)

(211)  |L|<
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T (1 —a?)A2B(1 — ) =1/t jn—j— 148 < >

_ 2K 3nitA+TE = /h lg(s+t;) —g(t )ldt Page 10 of 18
0

(1 —22)A+2B(1 — z) f= j(n—j—1)A+B
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lemma in [7] (the estimate of ;) we obtain

2K3

6A+B

Vn-1(9; 7,

1)

n—1 .
{2 6B Vj(g,j, t;) n

= 7

n—1

vi(g;t
G Zﬂ LEIE N
nl +B) jl+A+B ni—

In view of (2.9), (2.9), (2.10), (2.11) and .12 we get the desired estimation. [

By symmetry, the analogous estimate for the integfaly(t) K, (z, t)w(t)dt can

be deduced as well. Namely, we have

(2.13) ‘/

_'_

wheres; =z — j(1+z)/n (j =

o] <

(A+B)(

-1,

Vn—l(.g;xa 1)
n — 1)A+B ’

Sn—j)

n—1
Y s

(1 x2)A+2Bn1 (A+B) - 1+A
J:

+B

c n_lu( 85,x)  Uno1(g;—1,2)
2 Z 7 ga. B + n—1\9; 9 ’
(1 —a2)1+B | 4 52 n—1
7j=1
1,2,...,n), ¢, co are the same as in Lemria.
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3. Results

Suppose thaf € M (I) and that at a fixed point € (—1, 1) the one-sided limits

f(z+), f(z—) exist. As is easily seen

(3.1) Sulf](w;x) -

S+ 5@ = [ a0l it

n %(f(g;—{-) — fa=))Sultea] (w; ),

whereg, andv, are defined byi(.5) and (L.6), respectively.

The first term on the right-hand side of identity. ) can be estimated vi& (7)
and ¢.13. Consequently, we get:

Theorem 3.1. Letw be a weight function and let assumptions?, (1.3), (1.4) be
satisfied withA + B < 1. If f € M (/) and if the limitsf(z+), f(z—) at a fixed
x € (—1,1) exist, then fom > 3 we have

Sulfl(ws ) — (7 + f<:c—>>]

2

< — Vi(9e; tnj, 1) + V5(ga; =1, Sn—y)

(1-— 932)A+2Bn1 (A+B) Z jI+A+B

j=1
’ G {nzlyj(g;ﬂﬁatj)—i-uj(gx;sj,x)
_ 2)1+B 5

(1 —a2)+ sy j

Vn-1(9e; —1,2) + Vn1(gs; 7, 1 1
L Vol n)_ 1 1 >} + 5 (f @) = f(a=))Salt] (w; ),

wheret;, s;, c1, co are defined above (in Sectiah
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Theorem 3.2.Let f € BV () and let assumptionsl(?), (1.3), (1.4) be satisfied
with A + B < 1. Then for every € (—1,1), and alln > 3,

(3.3) Sn[f])w;x)_%(f(H)H(x_))’
S (1—;%2%@_1 <§V<I> (gas;l’,.’lj—l— 1 ;x> + %Vfb (9;,;;33 . H%,x))
k=1

+(1 _ x2)A+2Bn1 (A+B) Z kAJrB <l)+%\f(x+)—f(x—)| |5 [¥0a) (w; 7)),

wherec; = 10cs, c4(x) = c1(max{1l, Vo(g.;x,1)} + max{1, Va(g.; —1,2)}) and
d~! denotes the inverse function ®f

Proof. It is known that, for every positive integgrand for every subintervad, b] of
[—1, 2] (or [z,1]),

1
vi(ge; a,b) < jO! (Ev‘i)(gm;aa b))

(see B, p. 537]). Consequently,

— V] gI) n— ]; < maX{V.:I) gx,l’ ]_ 1} 1
—(A+B) Z 1+A+B = —(A+B) A+B —, .
7j=1

Moreover
k 1—
! (—le (gm;x‘,x + x))
n k

-1 n—1
Vj(Qx;x7tj> L _
D P
J=1 J=1
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(seeJ7, Section 3]). Similarly,

-1

Vn—l(gx;$71) -1 V@(ga:ax 1 1 11—

nolNgTs T T - ATt Rard - )
1 <20 Z ’ Gz} T, T + 2

Analogous estimates for the other terms in the inequatity) (corresponding to the
interval[—1, x|, can be obtained as well. Theoreni and the above estimates give
the desired result. O

RemarKL. Since the functiom, is continuous at the point, we have%ir% Vo (gz; x, x+
t) = 0. Consequently, under the additional assumption,

= Lo

4 - -
(3.4) kzzj - ( ) <00
and
(3.5) lim S, [, (w;x) =0,
the right-hand side of inequality? (3) converges to zero as— oc.

In particular, if f € BV,(I) with p > 1, i.e. if ®(u) = w? for v > 0, then
(3.4) holds true. Moreover, the functiondefined as\(t) = f(cost) is 2r-periodic

and of boundeg-th power variation ori—, 7|. Hence, in view of the theorem of
Marcinkiewicz (b, p. 38]), itsLP-integral modulus of continuity

™ 1/p
w(A;9), := sup (/ Az +h) — )\(:1:)|pdx)
[R|<6 \J —m
satisfies the inequality
w(\;8), < 8YPV,(X;0,37) for 0<§ <.
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Consequently, it <p <2,then
w(A;6) < 51/2\/2(/\; 0,3m) < 51/2(‘/;)(/\;0, 3#))2/p,

which means thak € Lip (3,2). Applying now the Freud theorem3([V. Theorem
7.5]) we can easily state that in the casefof BV, (/) with 1 < p < 2, condition
(3.9 holds. So, from Theorera.2 we get:

Corollary 3.3. Letw be a weight function satisfying < w(z) < M(1 — 22)71/2
forx € (—1,1) (M = const.) and let (L.3), (1.4) be satisfied witl) < B < 1/2. If
f € BV,(I), wherel < p < 2, thenS,,[f](w;z) converges t@ (f(z+) + f(z—)) at
everyz € (—1,1), wherew is continuous.

From our theorems we can also obtain some results concerning the rate of uniform

convergence of,[f](w; z). Namely, we have:

Corollary 3.4. Let conditions {.2), (1.3), (1.4) be satisfied wittd + B < 1. If f is
continuous on the intervdl and if —1 < a < b < 1, then for allz € [a, b] and all
integersn > 3

ISl fl(w; ) — f(2)] < c(a,b, A, B) { ( )Z% Z %}’

k=m+1

wherew( f; §) denotes the modulus of continuityobn I, c(a, b, A, B) is a positive
constant depending only anb, A, B andm is an arbitrary integer, such that: <
n.

Proof. It is known ([2, 8]) that, for every intervala,b] C [—1,1] and for every
positive integer,

vi(f;a,b) < 2jw <f; b ; a) :
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Therefore,

. 1 , 1
Vi(ga; 85, 7) < 4jw <f; 5) . Vilgas o, ty) < 4jw (f; H)

and
n—1
1 ZVj(gxatnf]#l)+Vj<gx;_1a5nfj) < 8 w fl
nl*(A#»B) j1+A+B — 1 _ (A + B) 3 n .
j=1
Using the above estimation and inequality4d) we get the desired result. H

Clearly, Corollary3.4 yields some criterions for the uniform convergence of or-
thogonal polynomial expansions on each compact interval containgdlin) (cf.

[2, 7).

Finally, let us note that our results can be applied to the Jacobi orthonormal poly-

nomials {p,(f"ﬁ)} determined via the Jacobi weight(z) := w®%(z) = (1 —

7)*(1 + z)%, wherea > —1,3 > —1. In this case, the fulfillment of1(2) and
(1.9 with someA, B follows from the definition of the weight(**) () and from
Theorem 8.1 in3] (Chap. I). Estimatel.4) can be verified via the known formula

1
]_ — x)(a+1)(1 -+ x)(ﬁ+1)
[ e wue = (s - Rl

(cf. [6, identity (51)]) and the inequality

(a,B) 1\ @ 1/2 1\ #-1/2
iy (x)‘ < c(a, B) ((1 )2 g _) <(1 )2 g ﬁ)

n

(SIS

(see e.qg.4, inequality (12)]). Moreover, it was stated by R. Bojanic that in the case
of the Jacobi polynomials conditios.€) is satisfied (seed] estimate (12)]).
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In particular, our general estimations given in Theoréms 3.2 and in Corol-
lary 3.3remain valid for the Legendre polynomials (s&®.[ The rate of pointwise
convergence of the Legendre polynomial expansions for functfons bounded
variation in the Jordan sense otti.e. for f € BV, (/) was first obtained in1].
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