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ABSTRACT. In this paper, the Gaussian product of generalized means (or reflexive functions) is
considered and an invariance principle for generalized means is proved.
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1. M EANS

A general abstract definition of means can be given in the following way. LetD be a set in
R2

+ andM be a real function defined onD.

Definition 1.1. We call the functionM ameanonD if it has the property

min(a, b) ≤ M(a, b) ≤ max(a, b), ∀ (a, b) ∈ D.

In the special caseD = J2, whereJ ⊂ R+ is an interval, the functionM is calledmeanonJ.

Remark 1.1. Each mean isreflexiveon its domain of definitionD, that is

M(a, a) = a, ∀ (a, a) ∈ D.

A functionM (not necessarily a mean) can have some special properties.

Definition 1.2.

i) The functionM is symmetriconD if (a, b) ∈ D implies(b, a) ∈ D and

M(a, b) = M(b, a), ∀ (a, b) ∈ D.

ii) The functionM is homogeneous(of degree one) onD if there exists a neighborhoodV
of 1 such thatt ∈ V and(a, b) ∈ D implies(ta, tb) ∈ D and

M(ta, tb) = tM(a, b).
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2 GHEORGHETOADER AND SILVIA TOADER

iii) The functionM is strict at the left(respectivelystrict at the right)onD if for (a, b) ∈ D

M(a, b) = a (respectivelyM(a, b) = b), impliesa = b.

iv) The functionM is strict if it is strict at the left and strict at the right.

The operations with means are considered as operations with functions. For instance, given
the meansM andN defineM ·N by

(M ·N)(a, b) = M(a, b) ·N(a, b), ∀a, b ∈ D.

We shall refer to the following means onR+ (see [2]):
– theweighted Gini meandefined by

Br,s;λ(a, b) =

[
λ · ar + (1− λ) · br

λ · as + (1− λ) · bs

] 1
r−s

, r 6= s,

with λ ∈ [0, 1] fixed;
– the special case of theweighted power meanBr,0;λ = Pr;λ, r 6= 0;
– theweighted arithmetic meanAλ = P1;λ;
– theweighted geometric mean

Gλ(a, b) = aλb1−λ;

– the corresponding symmetric means, obtained forλ = 1/2 and denoted byBr,s,Pr,A
respectivelyG;

– for λ = 0 or λ = 1 , we have

Br,s;0 = Π2 respectivelyBr,s;1 = Π1 , ∀r, s ∈ R ,

where we denoted byΠ1 andΠ2 the first respectively the second projections defined by

Π1(a, b) = a, Π2(a, b) = b, ∀a, b ≥ 0.

2. GENERALIZED M EANS

Let D be a set inR2
+ andM be a real function defined onD. In [6] the following was used:

Definition 2.1. The functionM is called ageneralized meanonD if it has the property

M(a, a) = a, ∀ (a, a) ∈ D.

Remark 2.1. Each mean is reflexive, thus it is a generalized mean. Conversely, each general-
ized mean onD is a mean onD ∩∆, where

∆ = {(a, a) ; a ≥ 0} .

The question is if the setD ∩∆ can be extended. The answer is generally negative. Take for
instance the generalized meanBr,s;λ for λ /∈ [0, 1]. Even though it is defined on a larger set like(

λ

λ− 1

)1/s

≤ b

a
≤

(
λ

λ− 1

)1/r

, for λ > 1, r > s > 0,

it is a mean only on∆. However, the above question may have also a positive answer. For
example, in [6], the following was proved.

Theorem 2.2. If M is a differentiable homogeneous generalized mean onR2
+ such that

0 < Mb(1, 1) < 1,

then there exists the constantsT ′ < 1 < T” such thatM is a mean on

D = {(a, b) ∈ R2
+; T ′a ≤ b ≤ T”a}.
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We can strengthen the previous result by dropping the hypothesis of homogeneity for the
generalized meanM .

Theorem 2.3. If M is a differentiable generalized mean on the open setD such that

0 < Mb(a, a) < 1, ∀(a, a) ∈ D,

then for each(a, a) ∈ D there exist the constantsT ′
a < 1 < Ta” such that

ta ≤ M(a, ta) ≤ a; T ′
a ≤ t ≤ 1

and
a ≤ M(a, ta) ≤ ta; 1 ≤ t ≤ T ”

a .

Proof. Let us consider the auxiliary functions defined by:

f(t) = M(a, ta)− a, g(t) = ta−M(a, ta),

in a neighborhood of1 . Then there exist the numbersT ′
a < 1 < T ”

a such that

f ′(t) = aMb(a, ta) ≥ 0, t ∈
(
T ′

a, T
”
a

)
and

g′(t) = a− aMb(a, ta) ≥ 0, t ∈
(
T ′

a, T
”
a

)
.

As
f(1) = g(1) = 0,

the conclusions follow. �

Example 2.1. Let us takeM = A2
λ/G. As Mb(1, 1) = (3− 4λ)/2 , the previous result is valid

for M if λ ∈ (0.25, 0.75). Looking at the setD on whichM is a mean, fora ≤ b we have to
verify the inequalities

a ≤ [λa + (1− λ) b]2√
ab

≤ b.

Denotinga/b = t2 ∈ [0, 1], we get the equivalent system λ2t4 − t3 + 2λ (1− λ) t2 + (1− λ)2 ≥ 0,

λ2t4 + 2λ (1− λ) t2 − t + (1− λ)2 ≤ 0.

A similar system can be obtained for the casea > b. Solving these systems, we obtain a table
with the interval(T ′, T”) for some values ofλ :

λ T’ T"
0.25 0.004... 1.
0.3 0.008... 1.671...
0.5 0.087... 11.444...
0.7 0.598... 113.832...
0.75 1.0 243.776...

Forλ /∈ [0.25, 0.75] , we getT ′ = T” = 1 .

Remark 2.4. A similar result can be proved in the case

0 < Ma(b, b) < 1, ∀(b, b) ∈ D.

If the partial derivatives do not belong to the interval(0, 1), the result can be false.

Example 2.2. For M = Br,s;λ, we haveMb(a, a) = 1 − λ. As we remarked, forλ /∈ [0, 1] the
generalized Gini mean is a mean only on∆.

J. Inequal. Pure and Appl. Math., 8(2) (2007), Art. 45, 6 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


4 GHEORGHETOADER AND SILVIA TOADER

3. COMPLEMENTARY M EANS

Let us now consider the following notion. Two meansM andN are said to becomplementary
(with respect toA) ([4]) if M + N = 2 · A. They are calledinverse(with respect toG) if
M ·N = G2. In [5] a generalization was proposed, replacingA andG by an arbitrary meanP.

Given three functionsM, N and P on D, their compositionP (M, N) can be defined on
D′ v D by

P (M, N)(a, b) = P (M(a, b), N(a, b)), ∀ (a, b) ∈ D′,

if (M(a, b), N(a, b)) ∈ D, ∀ (a, b) ∈ D′. If M, N andP are means onD thenD′ = D.

Definition 3.1. A functionN is calledcomplementary toM with respect toP (or P− comple-
mentaryto M ) if it verifies

P (M, N) = P onD′.

Remark 3.1. In the same circumstances, the functionP is called(M, N)− invariant (see [1]).

If M has a uniqueP−complementaryN , denote it byN = MP . We get

MA = 2A−M and MG = G2/M,

as in [4].

Remark 3.2. If P andM are means, theP−complementary ofM is generally not a mean.

Example 3.1. It can be verified that

GGλ
µ = Gλ(1−µ)

1−λ

,

which is a mean if and only if0 < λ < 1/(2− µ).

For generalized means we get the following result.

Theorem 3.3. If P and M are generalized means andP is strict at the left, then theP−
complementary ofM is a generalized meanN.

Proof. We have

P (M(a, a), N(a, a)) = P (a, a), ∀ (a, a) ∈ D,

thus

P (a, N(a, a)) = a, ∀ (a, a) ∈ D

and asP is strict at the left, we getN(a, a) = a, ∀ (a, a) ∈ D. �

The result cannot be improved for means, thus we have only the following

Corollary 3.4. If P andM are means andP is strict at the left, then theP−complementary of
M is a generalized meanN.

4. DOUBLE SEQUENCES

An important application of complementary means is in the search of Gaussian double se-
quences with known limit. The arithmetic-geometric process of Gauss can be generalized as
follows. Let us consider two functionsM andN defined on a setD and let(a, b) ∈ D be an
initial point.
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Definition 4.1. If the pair of sequences(an)n≥0 and(bn)n≥0 can be defined by

an+1 = M(an, bn) and bn+1 = N(an, bn)

for eachn ≥ 0, wherea0 = a, b0 = b, then it is called aGaussian double sequence. The
functionM is compoundable in the sense of Gauss(orG-compoundable) with the functionN if
the sequences(an)n≥0 and(bn)n≥0 are defined and convergent to a common limitM ⊗N(a, b)
for each(a, b) ∈ D. In this caseM ⊗ N is called theGaussian compound function(or G-
compound function).

Remark 4.1. If M andN are G-compoundable means, thenM ⊗ N is also a mean called the
G-compound mean.

The following general result was proved in [3].

Theorem 4.2. If the meansM andN are continuous and strict at the left on an intervalJ then
M andN areG-compoundable onJ .

A similar result is valid for means which are strict at the right. In [5] the same result was
proved assuming that one of the meansM andN is continuous and strict.

In the case of means, the method of search ofG-compound functions is based generally on
the following invariance principle, proved in [1] .

Theorem 4.3.Suppose thatM ⊗N exists and is continuous. ThenM ⊗N is the unique mean
P which is(M, N)-invariant.

In the same way, Gauss proved that the arithmetic-geometricG-compound mean can be rep-
resented by

A⊗ G(a, b) =
π

2
·

[∫ π/2

0

dθ√
a2 cos2 θ + b2 sin2 θ

]−1

.

This example shows that the search of an invariant mean is very difficult even for simple means
like A andG. We prove the following generalization of the invariance principle.

Theorem 4.4. Let P be a continuous generalized mean onD andM andN be two functions
onD such thatN is theP− complementary ofM. If the sequences(an)n≥0 and(bn)n≥0 defined
by

an+1 = M(an, bn) andbn+1 = N(an, bn), n ≥ 0,

are convergent to a common limitL denoted asM ⊗N(a0, b0), then this limit is

M ⊗N(a0, b0) = P (a0, b0).

Proof. As N is theP− complementary ofM, we have

P (M(an, bn), N(an, bn)) = P (an, bn), ∀n ≥ 0,

thus
P (an+1, bn+1) = P (an, bn), ∀n ≥ 0.

But this also means that
P (a0, b0) = P (an, bn), ∀n ≥ 0.

Finally, asP is a continuous generalized mean, passing to the limit we get

P (a0, b0) = P (L, L) = L,

which proves the result. �

It is natural to study the following
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Problem 4.1. If N is the P−complementary ofM but M, N or P are not means, are the
sequences(an)n≥0 and(bn)n≥0 convergent?

The answer can be positive as it is shown in the following

Example 4.1.We haveGG4/5

5/8 = G3/2, whereG3/2 is not a mean. Takea0 = 105, b0 = 1 and

an+1 = G5/8(an, bn), bn+1 = G3/2(an, bn), n ≥ 0.

Although some of the first terms take values outside the interval[b0, a0] like

b1 ≈ 3.1 · 107, b3 ≈ 4.7 · 106, b5 ≈ 1.1 · 106, b7 ≈ 3.7 · 105, b9 ≈ 1.5 · 105,

finally we geta100 = 9999.9 . . . , b100 = 10000.1 . . . , while G4/5(a0, b0) = 104.

But the answer to the above problem can be also negative.

Example 4.2.We haveGG−1

2 = G, but takinga0 = 10, b0 = 1 and

an+1 = G2(an, bn) andbn+1 = G(an, bn), n ≥ 0,

we geta3 = 109, b3 = 4 · 106 and the sequences are divergent. In this caseG2 andG−1 are not
means.
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