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ABSTRACT. In the present investigation, the authors derive necessary and sufficient conditions
for spirallikeness and convex spirallikeness of a suitably normalized meromerphlent func-

tion in the punctured unit disk, using convolution. Also we give an application of our result to
obtain a convolution condition for a class of meromorphic functions defined by a linear operator.
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1. INTRODUCTION

Let >, be the class aeromorphidunctions

(1.1) (2) :;+ S at (peN:={1,23..}),

n=1-p
which areanalyticandp-valent in the punctured unit disk
E*:={z:2€eC and 0<|z| <1} =E\ {0},
ISSN (electronic): 1443-5756

(© 2004 Victoria University. All rights reserved.
153-03


http://jipam.vu.edu.au/
mailto:vravi@svce.ac.in
mailto:sivpk71@yahoo.com
mailto:kgsmani@vsnl.net
http://www.ams.org/msc/

2 V. RAVICHANDRAN, S. SVAPRASAD KUMAR, AND K. G. SUBRAMANIAN

whereE :={z: 2 C and |z| <1}.
For two functionsf andg analytic inE, we say that the functioli(z) is subordinate tg(z)
in E and write

f=g or  f(z) <g(2) (z€E),
if there exists a Schwarz functian(z), analytic inE with

w(0) =0 and lw(z)| <1 (z€E),
such that
(1.2) f(z) = g(w(z)) (z €E).
In particular, if the functiory is univalent inE, the above subordination is equivalent to
f(0) =g(0) and f(E)C g(E).
We define two subclasses of meromorphiealent functions in the following:

Definition 1.1. Let |A\| < 7 andp € N. Let » be an analytic function in the unit didk. We
define the classe$) () andC) () by

(1.3) Sh(p) = {f €y, : ijéij) < —pe ™ [cos A ¢(z) + isin )\}} ,

(1.4) Co(p) == {f €y, : 1+ Z;/;S) ~< —pe [cos A ¢(z) + i sin )\]} .
Analogous to the well known Alexander equivalence [2], we have

(L5) FeCie) e —2f €S)e) (eN)

Remark 1.1. For

(1.6) o) = A 1cBoa<),

we set
S;\(go) =: S;‘[A, B] and C’I;\(go) =: C2[A, B).

p
For A\ = 0, we write

Sp(p) =1 S,(p) and  Cp(p) =: Cyly),
S)IA, Bl =: S,[A,B] and CJ[A, B] =: C,[A, B].

For0 < a < 1, the classe$[1 — 2, —1] andC)[1 — 2a, —1] reduces to the class&g(«)
and C';‘(oz) of meromorphicp-valently A-spirallike functions of ordery and meromorphicp-
valently \-convex spirallike functions of orderin [E* respectively:

Sty {15, - n {200

} < —pacosA (0<a<l;|A< g)},

f(2)
CNa) == {f €, :%{e“ (1 + Z}f(iz)'))} < —pacosh (0<a<L;|)\< g)}

The classesS)[1 — 2a, —1] and C)[1 — 2a, —1] reduces to the classet (o) and C,(a)
of meromorphicp-valently starlike functions of ordex and meromorphicp-valently convex
functions of ordery in E* respectively.
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For two functionsf(z) given by [1.1) and

1 e’}
(1.7) 92 =+ > bt EN),
n=1—p

the Hadamard product (or convolution) pandg is defined by

1 = .
(1.8) (Fro)(z) = + ; anbp 2" =: (g% f)(2).
n=1-p

Many important properties of certain subclasses of meromorpiiglent functions were
studied by several authors including Aouf and Srivastava [1], Joshi and Srivadtava [3], Liu and
Srivastaval[4], Liu and Owa [5], Liu and Srivastava [6], Oetaal. [/] and Srivastavat al. [9].
Motivated by the works of Silvermaet al. [8], Liu and Owa [5] have obtained the following
Theore with\ = 0 for the class5; («) and Liu and Srivastava|[6] have obtained it for the
classesp’;(a) (with a slightly different definition of the class).

Theorem 1.2.[6, Theorem 1, p. 14]et f(z) € ¥,. Then
fesia) (0<a<LN<ZpeN)

if and only if
1—-Qz
f(z) = {m} #0 (2 €E),

where 4
142+ 2p(1 —a)cos e ™

2p(1 — ) cos Ae=* 7

In the present investigation, we extend the The 1.2 for the above defineﬂ;tﬂqagssAs
a consequence, we obtain a convolution condition for the functions in the@}ass. Also we
apply our result to obtain a convolution condition for a class of meromorphic functions defined
by a linear operator.

Q:

lz| = 1.

2. CONVOLUTION CONDITION FOR THE CLASS S];\(go)
We begin with the following result for the general clﬁs(go):

Theorem 2.1. Lety be analytic inE and be defined ofE := {z € C : |z| = 1}. The function
f € ¥, isinthe classS) () if and only if

(2.1) f(z) = - Wz

-7z E*
2P(1 — z)? 70 ek
where

(2.2) S 1+p {1 — ?fiA[cosAgp(x) —T—?Sin )\]}
p{l — e cosAp() + isin ]}
Proof. In view of (1.3),f(z) € S, () if and only if

2f'(2)
f(2)

s
=1\ < =).
(12l = LA < 2)

# —pe Meos A p(z) +isin ] (2 € B x| = 1;|)\| < g)
or
(2.3) 2f'(2) + pe~PMeos Np(z) +isin N f(2) #0 (2 € B |o| = 15|\ < g)
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For f € ¥, given by [1.1), we have

1 *
(2.4) f(Z)Zf(Z)*m (z € E)
and
"(2) = f(z) * L _ bl z *
@5 16 = 16 | s — | B,

By making use of the convolutions (2.5) and {2.4)[in}2.3), we have

1 p+1 pe~cos A p(z) + isin A
S L’p(l —2)2  z2P(1—2) * 2P(1 — z) 70

(z €E%lal = LA < 3)

or

p{e ?[cos Ap(x) + isin \] — 1}
J() = [ 2P(1 — 2)?
1+p{l—e*cosA +dsin A
+[ p{1—e?cosAp(z) +isinA]}] 2 40
2P(1 — 2)?

(= €E%sla] = LA < ),

which yields the desired convolution conditign (2.1) of Theofem 2.1. O

By taking A = 0 in the Theorem 2]1, we obtain the following result for the clisgo).
Corollary 2.2. Lety be analytic inE and be defined oflE. The functionf € ¥, is in the class
f € S;(p) ifand only if

1—-7"z
2P(1 — z)?

(2.6) f(z) = #0 (z€EY)

where

1t —el)
=T ey =D

By taking¢(z) = (1 4+ Az)/(1+ Bz), -1 < B < A < 1in Theoren{ 2.1, we obtain the
following result for the class))[A, B].

2.7)

Corollary 2.3. The functionf € %, is in the cIassS’;[A, BJ if and only if

(2.8) Ok % L0 (:eEY
where
(2.9) r._ = B+p(A-B)cosre ™

, =1).
p(A — B) cos Ae=#A (2 =1)

Remark 2.4. By takingA = 1—2«, B = —1 in the above Corollary 2|3, we obtain Theoren] 1.2
of Liu and Srivastave |6].

J. Inequal. Pure and Appl. Mathb(1) Art. 11, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

MEROMORPHICp-VALENT FUNCTIONS 5

3. CONVOLUTION CONDITION FOR THE CLASS  C)(¢)

By making use of Theorein 2.1, we obtain a convolution condition for functions in the class
C) () in the following:

Theorem 3.1. Lety be analytic inE and be defined o8E. The functionf € ¥, is in the class

C)(y) if and only if

p—2+p+(p—1)¥z+ (p+1)¥z?
2P(1 — z)?

(3.1) f(z) %
whereV is given by[(2.R).

Proof. In view of the Alexander-type equivalende (1.5), we find from Thedrern 2.1 fthat
C)(y) if and only if

#0 (z€E")

, 1—-"vz 11—z .
which readily yields the desired assertipn [3.1) of Thedrerm 3.1. O

By taking A = 0 in the Theorer 3]1, we obtain the following result of the clas§p).

Corollary 3.2. Lety be analytic inE and be defined o6E. The functionf € ¥, is in the class

f € Cy(yp) ifand only if

p—24+p+(p—1)Y]z+ (p+1)Y2?
2P(1 — z)?

(3.2) f(z) *
whereY is given by[(2.]7).

#0 (z€E")

4. CONVOLUTION CONDITIONS FOR A CLASS OF FUNCTION DEFINED BY LINEAR
OPERATOR

We begin this section by defining a clags,,—1(y). First of all for a functionf(z) € £,
defineD" 71 f(z) by

n+p—1 ) = 2) % ;
D) = ) | S,
(Zn+2p—1f(z))(n+19*1)
(n+p—1)zp
_ 1 = (m+n+2p—1) ”
=T Z (n+p—D(m+p)! ™

m=1-p
By making use of the operatd»™ 7~ f(z), we define the clasg,,, () by

Tuapei(9) = { 1) €5, ¢ il < 0() ).

When
1+ (1—2v)z
o)==
where
_ntr2=a) 0<a<l)
n+p - ’
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the class7,,,,_1(¢) reduces to the following class, ., («) studied by Liu and Owa [5]:

Dntp 9
ot~ {10e5, - w( 224 ) )

By making use of Corollarly 2|2, we prove the following result for the clBss_; (¢):

Theorem 4.1. The functionf(z) € ¥, is in the classZ,,,,—1(y) if and only if
1+ [n+p)(1-Q) —1]z
@) PRTREA CESI RS

zp(l _.Z)n+P+1
where(? is given by

40 (z€ Bl = 1),

e -y
“2 RN TR [ R VR

Proof. By making use of the familiar identity
2D (2)) = (n+p) D™ f(2) — (n+ 2p) D" f(2),

we have
(D™ f(2) D f(2)

Drifs) - P e
and therefore, by using the definition of the cl&ss,_1(¢), we see thaf (z) € T,4,-1(p) if

— (n+2p),

and only if
D™ lf(z) € Sy (n —;2]) — n;—pgp(z)) :
Then, by applying Corollary 2|2 for the functida™*~! f(z) , we have
1—Qz
n+p—1
(4.3) DML f(2) # PO £0,
where
LY 1 {2 g ]
T~ ()
n+) (o(2) — 1)
Since

D) = 1)+ |
the condition|(4.3) becomes
@.4) 1) ()4 5 ) #0

where
1

9G) = A=y
By making use of the convolutions (2.5) and (2.4), it is fairly straight forward to show that
1-Qz  1+[n+p)(1-9Q) -1z
(4.5) 9(z) * 2P(1—2)2 2P(1 — z)ntptl
By using [4.5) in[(4.4), we see that the assertionin|(4.1) follows and thus the proof of our
Theorenj 4.1 is completed. O
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By taking
1+(1—-29)z
olz) = U2
where @ )
n+pl2—a«
SRR Sl s < 1
v . 0<a<l)

in our Theoren 4]1, we obtain the following result of Liu and Owia [5]:

Corollary 4.2. The functionf(z) € %, is in the classT,, ., («) if and only if

1+ [(n+p)(1—-Q)—1]z
zP(l — Z)n+p+1

J(2) + £0 (2 € E5lal = 1),

wheref? is given by

[1]

[2]

[3]

1+ z+2p(1—-a)
- 2p(l-a)
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