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Abstract

In the present investigation, the authors derive necessary and sufficient condi-
tions for spirallikeness and convex spirallikeness of a suitably normalized mero-
morphic p-valent function in the punctured unit disk, using convolution. Also we
give an application of our result to obtain a convolution condition for a class of
meromorphic functions defined by a linear operator.
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Let ¥, be the class afneromorphidunctions

o0

(1.1) f(z)zz—lp—l— a, 2" (peN:={1,2,3,...}),
n=1-—p

which areanalyticandp-valent in the punctured unit disk

E*:={z:2€C and 0<|z| <1} =E\ {0},

Convolution Conditions for
Spirallikeness and Convex

whereE := {Z :zeC and |Z‘ < 1}. Spirallikeness of Certain
; FPRE ; H Meromorphic p-valent
For two functionsf and g analytic in[E, we say that the functiorf(z) is Eapt

subordinate tg(z) in E and write
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f <g or f(Z) =< g(z) (Z c E), and K.G. Subramanian
if there exists a Schwarz functian(z), analytic inE with Title Page
w(0) =0 and lw(z)| <1 (2 €E), Contents
such that < D
(1.2) f(z) =g(w(z)) (z€E). < >
In particular, if the functiory is univalent ink, the above subordination is equiv- Go Back
alent to oz
f(0)=9(0) and f(E)C g(E). -~

We define two subclasses of meromorphicalent functions in the follow-
ing: Page 3 of 16
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Definition 1.1. Let|\| < 7 andp € N. Lety be an analytic function in the unit
diskE. We define the classég(¢) andC)(p) by

2f'(z)
f(z)

2f"(2)
f'(z)

Analogous to the well known Alexander equivalenzk yve have

(1.3) S)(p) = {f €y, : < —pe~™ [cos X ¢(z) + isin )\]} :

(1.4) C’I;\(go) = {f €y, : 1+ < —pe~ ™ [cos X ¢(z) + isin )\]} :

]‘ !
(1.5) feC)(p) < —5Zf € S)(¢) (peN).
Remark 1.1. For
1+ Az
) = —1< <
(1.6) olz) = p, (FL<B<A<I)
we set

Sy () =: S)[A, B

For A\ = 0, we write
S)(e) =: S:(p)
S)A,B] =: S,[A,B] and C)[A, B] =: G,[A, B].

For 0 < « < 1, the classes)[1 — 2, —1] and C)[1 — 2a, —1] reduces to
the classess) (o) and C) («) of meromorphig-valently X-spirallike functions

and C’I’)\(ap) =: C[A, B).

p

and  CO(p) =: Cy(p),
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of ordera and meromorphig-valently A\-convex spirallike functions of order
« in E* respectively:

— : izt (z) . ™
S?(a) = {fGZp : %{ekm} < —pacosA (0<a<l;|\< E)}’

sor=fren s (53]

< —pacosA (0<a<l;|A< g)}

The classes)[1 — 2o, —1] andC}[1 — 2a, —1] reduces to the classek ()
and C,(«) of meromorphig-valently starlike functions of order and mero-
morphicp-valently convex functions of orderin E* respectively.

For two functionsf(z) given by (L.1) and

o0

1.7) g(z) = L + b,2"

zp

(reN),

n=1-—p

the Hadamard product (or convolution) pfandg is defined by

—l—Zanbz

n=1—p

(1.8) (f *g)(z (g f)(2).

Many important properties of certain subclasses of meromornphalent
functions were studied by several authors including Aouf and Srivasidya [
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Joshi and Srivastava], Liu and Srivastava/], Liu and Owa [], Liu and Sri-
vastava §], Owaet al. [ 7] and Srivastavat al.[9]. Motivated by the works of
Silvermanet al.[2], Liu and Owa [] have obtained the following Theoreinl
with A = 0 for the classS;(«) and Liu and Srivastaves] have obtained it for
the classes) () (with a slightly different definition of the class).

Theorem 1.1.[6, Theorem 1, p. 14] Lef(z) € X,. Then
s
FeS@) (0<a<Lp<ipeN)

if and only if
1O | G| #0 G eB),

where ‘
1+ a+42p(1 — «)cos Ae

Q= .
2p(1 — a)cos e

In the present investigation, we extend the Theoflefnfor the above de-

lz| = 1.

fined classsg(go). As a consequence, we obtain a convolution condition for the
functions in the clasé?;(go). Also we apply our result to obtain a convolution

condition for a class of meromorphic functions defined by a linear operator.
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We begin with the following result for the general clﬁs(go):

Theorem 2.1. Letp be analytic inE and be defined odE := {z € C : |z| =
1}. The functionf € %, is in the classS) (¢) if and only if

(2.1) f(z) =

1—-Uz
— " 40 (z€EY
2P(1 — z)?

Convolution Conditions for
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where

Ll e s )
(22) T := p{l — e *cos A () + isin A}

T
(lz] = LAl < 5).
2 V. Ravichandran,S. Sivaprasad Kumar
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Proof. In view of (1.3), f(z) € S; () if and only if

Title P
F1(2) ™ itle Page

78 # —pe *cos A p(z) +isinA] (2 € B |z| = 1; )| < 2) Contents
or XX >
/ i .. T < 4
(2.3) zf'(2)+pe Meos Ap(x)+isin \|f(2) #0 (z € E*; |z| = 1; |\ < =).
2 Go Back
For f € ¥, given by (L.1), we have Close
Quit

(2.4) f(z) = f(z) * (z € E7)

2P(1 — z) Page 7 of 16
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and
(2.5) 2f(z) = f(z) * L’p(l 1_ el Zp](?;r_lz)] (z e E").

By making use of the convolutiong.6) and @.4) in (2.3), we have

1 _ ptl pe~cos X p(z) + isin A
J(2)% [zp(l —2)2 (1 -—2) 2P(1 — z) 70

(= € E5fal = LA < 3)

or

pre eos Ap(z) +isin A — 1
f(2) * [ { | P ) 2 | }
2P(1 — z)
14+ p {1 —e?cos\ +isin A
+[ p{1—e?cosAp(z) + isin A }] z 40
2P(1 — z)?

(= € B o] = LA < 5),

which yields the desired convolution conditidgh 1) of Theorem2.1 O

By taking A = 0 in the Theoren?®.1, we obtain the following result for the
classS; ().

Corollary 2.2. Let ¢ be analytic inE and be defined owWE. The function
f €X,isinthe classf € S; () if and only if

1-7"z .
570 (2 €E")

(2.6) f(z) 21— 2
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where

_ 1+p(l—p() _
2.7) T= ey (=,

By takingp(z) = (1 + Az)/(1 + Bz), -1 < B < A < 1in Theorem2.1,
we obtain the following result for the clasg[A, B].

Corollary 2.3. The functionf € %, is in the classS)[A, B] if and only if

1-7Tz .
570 (2 €EY)

(2.8) f(z) = 2= 27

where

& —B+4p(A— B)coshe™?

2. T: .
(2.9) p(A — B) cos Ae=#A

([ = 1).

Remark 2.1. By takingA = 1 — 2a, B = —1 in the above Corollary.3, we
obtain Theoreni.1of Liu and Srivastavad).
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By making use of Theorer.1, we obtain a convolution condition for functions

in the class”)(¢) in the following:

Theorem 3.1.Lety be analytic inE and be defined ofilE. The functionf € %,

is in the clas”) () if and only if

p—[24+p+(p—1)9z+ (p+1)¥22
2P(1 — 2)?

(3.1) f(z) =

whereV is given by 2.2).

#0 (z€E")

Proof. In view of the Alexander-type equivalence.§), we find from Theo-
rem2.1that f € C)(y) if and only if

, 1—vz 1—0z \ .
which readily yields the desired assertiéhl) of Theorem3.1 m

By taking A = 0 in the TheorenB.1, we obtain the following result of the
classC, ().

Corollary 3.2. Let ¢ be analytic inE and be defined owWE. The function

f e ¥, isinthe classf € C,(y) if and only if

pP—[2+p+(p—1Y]z+ (p+1)T2?
2P(1 — 2)?

(32  f(z)=
whereY is given by 2.7).

#0 (z€EY)
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We begin this section by defining a cla&s,,—1 (). First of all for a function
f(z) € ¥, defineD" 71 f(2) by

D™ f(2) = f(2) * [ﬁ]

_ )

(n+p—1)lr

1 (m+n+2p—1)!
— o Z (n+p—"1(m+p)

|amzm.

m=1—p

By making use of the operatd» 7~ f(z), we define the clasg,,, :(¢) by

n+p >
Tuapes() = { 1) €3, 5 oot o < ()}
When Lo (12
olz) = U202
where
_ A=) oo
n+p o ’

Convolution Conditions for
Spirallikeness and Convex
Spirallikeness of Certain
Meromorphic p-valent
Functions

V. Ravichandran,S. Sivaprasad Kumar

and K.G. Subramanian

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 16

1T lmmw Biirm mmed Al Amtlh E/1\N Avd 11 ANNA


http://jipam.vu.edu.au/
mailto:
mailto:vravi@svce.ac.in
mailto:sivpk71@yahoo.com
mailto:sivpk71@yahoo.com
mailto:kgsmani@vsnl.net
http://jipam.vu.edu.au/

the classZ,,_1(y) reduces to the following class, ., ;(«) studied by Liu
and Owa pJ:

Dnrp 9
|

By making use of Corollary.2, we prove the following result for the class
Toip-1(p):
Theorem 4.1. The functionf(z) € ¥, is in the classZ,,,,—1(y) if and only if

L+ [(n+p)(1—9Q) —1]z

Convolution Conditions for
Spirallikeness and Convex

(4.1) f(2) * 2P(1 — z)n+ptl #0 (2 € E%z[=1), S[’?/ilreiléirlzeor:’zfﬂs.cofp(i?;t:::
where() is given by Functions
V. Ravichandran,S. Sivaprasad Kumar
(4 2) - 1+ (n +p)(g0(x) — 1) (|x| _ 1) and K.G. Subramaflian
(n+p)(p(z) — 1)
Proof. By making use of the familiar identity Title Page
AD™ () = (0 + )PP F() = (n 4+ 29) DL (), S
we have 44 44
(DML (2)] D f(z) Y >
= +P)Fmmir s — (n+2p),
n+p—1 n+p—1
Driv=1f(z) Driv=1f(z) p—
and therefore, by using the definition of the cldss,_,(¢), we see thaf (z) Close
Tnip—1(p) if and only if
Quit

ntp— L(nt2p n+p
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Then, by applying Corollarg.2for the functionD™*?~! f(z) , we have
1—Qz

2P(1 — z)?

(4.3) D f(2) # 40,

where

1+p [1— w—”—“’gp(z)ﬂ

p p

R CEEEE)
1+ (n4p) (o) = )
(EDICOEDE

Q:

lz| = 1.

Since

D) = 1)+ |

Zp(l — Z)n-i—p

the condition ¢.3) becomes

(4.4) F(2) * <g(z) ) ﬂ) 40

where
1

9= S
By making use of the convolution2.6) and @.4), it is fairly straight forward
to show that

1-Q2 14+[n+p(1-9) —1)z

(4.5) 9(2) % 2P(1 — 2)? - 2P(1 — z)ntptl
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By using @.5) in (4.4), we see that the assertion ih.J) follows and thus the

proof of our Theorem.1is completed. ]
By taking
14+ (1—2v)z
@@)I——%j;—L
where
_ntp2-o) 0<a<1)
n+p -

in our Theoreml.1, we obtain the following result of Liu and Ows]f

Corollary 4.2. The functionf(z) € ¥, is in the class7,,., () if and only if

1+[(n+p)(1—-9Q)—1]z

fe) e S A0 (e Ela] = 1)

where(? is given by

1+ z+2p(1-a)
- 2p(l—a)

(] = 1).
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