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Abstract

Given a polynomial p(z) =
∑n

j=0 ajz
j , we give the best possible constant c3(n)

such that ‖p′′′‖ + c3(n)|a0| ≤ n(n − 1)(n − 2)‖p‖, where ‖ ‖ is the maximum
norm on the unit circle {z : |z| = 1}. Most of the computations are done with a
computer.
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1. Introduction
Let Pn denote the class of all polynomialsp(z) =

∑n
j=0 ajz

j, of degree≤ n
with complex coefficients. The famous Bernstein’s inequality states that

(1.1) ‖p′‖ ≤ n‖p‖,

where‖p‖ := max|z|=1 |p(z)|. The inequality (1.1) has been refined and gen-
eralized in numerous ways; see [3] for many interesting results. It is obvious
from (1.1) that

(1.2) ‖p(k)‖ ≤ n!

(n− k)!
‖p‖

for 1 ≤ k ≤ n. Let ck(n) be thebest possibleconstant such that

(1.3) ‖p(k)‖+ ck(n)|a0| ≤
n!

(n− k)!
‖p‖.

By “best possible” we mean that, for everyε > 0, there exists a polynomial
pε(z) =

∑n
j=0 aj(ε)z

j such that

‖p(k)
ε ‖+ (ck(n) + ε) |a0(ε)| >

n!

(n− k)!
‖pε‖.

It is known (see [4, p. 125] or [2, p. 70]) thatc1(1) = 1 andc1(n) = 2n
n+2

, n ≥ 2.

We [1, p. 30] also havec2(n) = 2(n−1)(2n−1)
(n+1)

, n ≥ 1. The aim of this note is to
prove the following result.
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Theorem 1.1. Let p ∈ Pn, p(z) =
∑n

j=0 ajz
j. If we denote byc3(n) the best

possible constant such that

(1.4) ‖p′′′‖+ c3(n)|a0| ≤ n(n− 1)(n− 2)‖p‖
thenc3(1) = c3(2) = 0 and, forn ≥ 3,

(1.5) c3(n) =
A(n)

B(n)
,

where

A(n) := 6(n− 2)(n− 1)3

(
(n− 1)3(8n2 − 15n + 6)

+ (n− 1)2(2n3 + 7n2 − 21n + 6)Tn

(
n(n− 2)

(n− 1)2

)
− n(11n3 − 47n2 + 56n− 14)Un

(
n(n− 2)

(n− 1)2

))
and

B(n) := n

(
4(n− 1)5(2n− 1)

+ 2(n− 1)2(n4 + 3n3 − 13n2 + 10n− 2)Tn

(
n(n− 2)

(n− 1)2

)
− n(11n4 − 54n3 + 86n2 − 50n + 9)Un

(
n(n− 2)

(n− 1)2

))
.

Here, Tn(x) := cos (n arccos(x)) and Un(x) := sin((n+1) arccos(x))
sin(arccos(x))

are
respectively the Chebyshev polynomials of the first and second kind.
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2. Proof of the Theorem
The method of proof used to obtain inequalities of the type (1.3) is well de-
scribed in the aforementioned references. We give some details for the sake of
completeness. Consider two analytic functions

f(z) =
∞∑

j=0

ajz
j, g(z) =

∞∑
j=0

bjz
j

for |z| ≤ K. The function

(f ? g)(z) :=
∞∑

j=0

ajbjz
j (|z| ≤ K)

is said to be their Hadamard product.
LetBn be the class of polynomialsQ in Pn such that

‖Q ? p‖ ≤ ‖p‖ for everyp ∈ Pn.

To p ∈ Pn we associate the polynomialp̃(z) := znp
(

1
z̄

)
. Observe that

Q ∈ Bn ⇐⇒ Q̃ ∈ Bn.

Let us denote byB0
n the subclass ofBn consisting of polynomialsR in Bn for

which R(0) = 1. The following lemma contains a useful characterization of
B0

n.
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Lemma 2.1. [2] The polynomialR(z) =
∑n

j=0 bjz
j, whereb0 = 1, belongs to

B0
n if and only if the matrix

M(b0, b1, . . . , bn) :=



b0 b1 . . . bn−1 bn

b̄1 b0 . . . bn−2 bn−1

...
...

...
...

...

b̄n−1 b̄n−2 . . . b0 b1

b̄n b̄n−1 . . . b̄1 b0


is positive semi-definite.

The following well-known result enables us to study the definiteness of the
matrix M(1, b1, . . . , bn) associated with the polynomialR(z) = Q̃(z) = 1 +∑n

j=1 bjz
j.

Lemma 2.2. The hermitian matrix
a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

...
...

an1 a12 . . . ann

 , aij = āji,

is positive definite if and only if its leading principal minors are all positive.

Here we simply use the calculations done in [1], where Lemmas2.1and2.2
are applied to a polynomial of the form

R(z) = 1 +
n−1∑
j=1

j(j − 1)(j − 2)

n(n− 1)(n− 2)
zj +

α

n(n− 1)(n− 2)
zn.
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In that paper, the evaluation of the best possible constantc3(n) is reduced to the
evaluation of the least positive root of the quadratic polynomial inc

(2.1) D(n, c) :=

∣∣∣∣∣∣∣∣∣∣∣

−c −6(n−1)2 12n(n−2) −6(n−1)2 0

6+c x1,n−4 y∗1,n−4 6n(n−2) −6− c
(n−1)2

−c x2,n−4 y2,n−4 −6(n−1)(n−2) 6(n−2)− c
(n−1)2

c x3,n−5 y3,n−5 3(n−1)(n−2) −3(n−1)(n−2)

−c x4,n−6 y4,n−6 (n−1)(n−2)(n−3) n(n−1)(n−2)

∣∣∣∣∣∣∣∣∣∣∣
,

where

xj,1 = Hj,1 + 12n(n−2)
(n−1)2

,

xj,2 = yj,1 +
2n(n− 2)

(n− 1)2
xj,1, yj,1 = Hj,1 − 6,

xj,k −
2n(n− 2)

(n− 1)2
xj,k−1 + xj,k−2 = Hj,k,

y1,k + x1,k−1 = 6 for 2 ≤ k ≤ n− 5,

yj,k + xj,k−1 = Hj,k,

y∗1,n−4 + x1,n−5 = −6n(n− 2)

for j = 1, 2, 3, 4, and

Hj,k =



6 if j = 1, 1 ≤ k ≤ n− 4,

6(k + 1) if j = 2, 1 ≤ k ≤ n− 4,

3(k + 1)(k + 2) if j = 3, 1 ≤ k ≤ n− 5,

(k + 1)(k + 2)(k + 3) if j = 4, 1 ≤ k ≤ n− 6.
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It was impossible at the time of [1] to obtain a simple expression forD(n, c).
With the development of mathematical software, it has become possible to han-
dle nearly all the difficulties. The following computations can be done with
Mathematica 4.1.

The determinantD(n, c) can be expressed in the form

(2.2) D(n, c) = q0(n)− q1(n)c− q2(n)c2,

where

q0(n) :=
81(n− 2)(n− 1)8

(2n2 − 4n + 1)

(
8(n− 1)(2n− 3)(2n2 − 4n + 1)(2.3)

+ (n− 1)−2n
(
n(n− 2)− i

√
2n2 − 4n + 1

)n

×
(
2(2n2 − 4n + 1)(n2 + 2n− 6)

− i(n− 2)(11n2 − 20n + 3)
√

2n2 − 4n + 1
)

+ (n− 1)−2n
(
n(n− 2)

+ i
√

2n2 − 4n + 1
)n(

2(2n2 − 4n + 1)(n2 + 2n− 6)

+ i(n− 2)(11n2 − 20n + 3)
√

2n2 − 4n + 1
))

,

q1(n) :=
54(n− 1)5

(2n2 − 4n + 1)

(
(n− 1)(7n2 − 14n + 6)(2n2 − 4n + 1)(2.4)

+ (n− 1)−2n
(
n(n− 2)− i

√
2n2 − 4n + 1

)n

× (5n2 − 10n + 3)
(
(2n2 − 4n + 1)

− in(n− 2)
√

2n2 − 4n + 1
)

+ (n− 1)−2n
(
n(n− 2)
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+ i
√

2n2 − 4n + 1
)n

(5n2 − 10n + 3)
(
(2n2 − 4n + 1)

+ in(n− 2)
√

2n2 − 4n + 1
))

,

and

q2(n) :=
9n(n− 1)2

4(2n2 − 4n + 1)

(
8(n− 1)3(2n− 1) + (n− 1)−2n

(
n(n− 2)(2.5)

− i
√

2n2 − 4n + 1
)n(

2(2n2 − 4n + 1)

× (n4 + 3n3 − 13n2 + 10n− 2)

− in(11n4 − 54n3 + 86n2 − 50n + 9)
√

2n2 − 4n + 1
)

+ (n− 1)−2n
(
n(n− 2)

+ i
√

2n2 − 4n + 1
)n(

2(2n2 − 4n + 1)

× (n4 + 3n3 − 13n2 + 10n− 2)

+ in(11n4 − 54n3 + 86n2 − 50n + 9)
√

2n2 − 4n + 1
))

.

The only real problem we encountered was that the software was unable to
recognize that the discriminantq2

1 + 4q0q2 is a perfect square. It is necessary to
observe that

(2.6) q2
1 + 4q0q2

=

(
27(n− 1)−2n+9

√
2n2 − 4n + 1

(
4(2n− 1)(2n− 3)(n− 1)2(n−1)

√
2n2 − 4n + 1
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+
(
2n(n− 2)

√
2n2 − 4n + 1− i(n− 1)(11n2 − 22n + 6)

)(
n(n− 2)

− i
√

2n2 − 4n + 1
)n−1

+
(
2n(n− 2)

√
2n2 − 4n + 1

+ i(n− 1)(11n2 − 22n + 6)
)(

n(n− 2) + i
√

2n2 − 4n + 1
)n−1))2

.

The positive root ofD(n, c) is readily found with the help of (2.6). That root

can be written in the form (1.5) whereeit := n(n−2)−i
√

2n2−4n+1
(n−1)2

. Throughout
the calculations, the identity(
n(n− 2)− i

√
2n2 − 4n + 1

)n (
n(n− 2) + i

√
2n2 − 4n + 1

)n

= (n− 1)4n

is useful for simplifying the expressions.
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3. Two Open Questions
We immediately obtain the valuesc3(3) = 6, c3(4) = 156

7
, c3(5) = 5736

115
, c3(6) =

92955
1043

, c3(7) = 342430
2443

, etc. It is highly probable that all the constantsck(n),
appearing in (1.3), are rational numbers. Other values arec4(4) = 24, c4(5) =
2184
19

, c4(6) = 11808
37

, c4(7) = 11625
17

, etc. In fact, all the constantsck,ν(n), related
to the same kind of inequality with|aν | rather than|a0|, seem to be rational
numbers.

Question 1.Are the constantsck,ν(n) rational numbers?

As far as the constantsck(n), k ≥ 4, are concerned, it is probable that a few
simple expressions can be found for them. The most interesting problem here
is perhaps to find the asymptotic value ofck(n) asn →∞. We have

(3.1) lim
n→∞

ck(n)

nk−1
= 2k

for k = 0, 1, 2 andk = 3. The latter case follows from (1.5).

Question 2.Does (3.1) hold fork ≥ 4?
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