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Abstract: We use the results of Zhand, 16] and Davies 7] on the behavior of
the heat kerneb(t, z,y) on a bounded** domainD to find again
the result of Grunau-Sweerd][concerning the estimates of the iterated
Greens function&..,» (D). Next, we use these estimates to character-
ize, by means op(t, z, y), the Kato class<,,,» (D) and we give new
examples of functions belonging to this class.
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1. Introduction

Let D be a bounded’! domain inR", n > 3 andp (¢, x,y) be the density of the
Gauss semigroup of. Combining the results of Zhand 9|, [16] and those of
Davies or Davies-Simorv], [8] a qualitatively sharp understanding of the boundary
behaviour ofp (¢, x, y) is given as follows: There exist positive constantsc, and

Ao depending only orD such that for alt > 0 andxz ,y € D,

o(a) ), p) e
@y () () e

—Aot—‘xc;yt‘z
0(x) M) ( oy) 1) e o=
VEAT VAT ct?
whered(z) denotes the Euclidean distance frerto the boundary oD.
Let G(x,y) be the Green’s function of the laplaciéx in D with a Dirichlet

condition ondD. ThenG is given by

Sp(t,%y)s(

(1.2) G(z,y) :/ p(t,z,y)dt, forz,y e D.
0

For a positive integem, we denote by, ,, the Green’s function of the operator

u — (—A)™u on D with Navier boundary conditiond’u = 0 ondD for 0 < j <
m — 1. ThenG, ,, = G andG,,, satisfies form > 2

Gm,n(:v,y):/D/DG(a:,z)Gm_l,n(z,y) dz.

Using the Fubini theorem and the Chapman-Kolmogorov identity, we show by in-
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duction that for eacln > 1 andx ,y € D we have

1 o

In this paper we will usel(. 1) and (L.3) to find again the result of Grunau and Sweers
in [9] concerning the sharp estimates@f, ,,. More precisely we will give another
proof for the case > 3 of the following theorem.

Theorem 1.1 (see9]). On D? we have

(1.3) Gmn(z,y) =

( ﬁ min <1 , 5(xz5(g)) |f n > 2m,
lz—y| lz—yl
Log (1 + %) if n =2m,
Gmn(,y) ~ Hypn(7,y) = d(x)d(y) min (1 , fﬁ);(y)) if n=2m —1,
d(z)d(y) Log (2 + m> if n=2m — 2,
[ d(x)0(y) if n <2m —2,

where the symbol is defined in the notations below.

As a second step we will also use 1) and (L.3) to give new contributions in the
casen > 2m to the study of the Kato clags,, (D) defined in [L1] for m = 1 and
in [2] for m > 2 as follows.

Definition1.1 A Borel measurable functiopin D belongs to the Kato clags,, ,,(D)
if ¢ satisfies the following condition

. o(y)
1.4 lim su / —~Gmnlr, dy = 0.
(1.4) a—0 xeg DA(ja—y]<a) S(x) ™ (z,9)lq(y)| dy
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We note that in the case = 1, the clasdx, ,,(D) properly contains the classical
Kato classk, (D) introduced in 1] as the natural class of singular functions which

replaces thd.’-Lebesgue spaces in order that the weak solutions of the Shrédinger
equation are continuous and satisfy a Harnack principle. More precisely, it is shown

in [11] that the functiorp,, (y) = 5%@) belongs tok ,,(D) if and only if « < 2 but
forl <a <2, p, ¢ Kn(D).

Our second contribution here is to exploit estimates of Thedrenon the one
hand, to give new examples of functions belonging to the clags,(D) and to
characterize this class by means of the density of the Gauss semigréuprirthe
other hand. In particular we will prove the following results for the unit ball.

Proposition 1.2. For A, u € Randy € B(0,1) we put
1

(1= Jy))* [Log(25)] "

P uy) =

For m > 2 we have
Pru € Kmn(B(0,1)) ifandonlyif A <3or(A=3andu > 1).

Theorem 1.3.Letn > 2m andq be a Borel measurable function ih. Then the
following assertions are equivalent:

1) ¢ € Kpnn(B(0,1))

2) limg <SpreB fot B % s p(s,z,y)|q(y)| dyds) =0

We also note that in the case= 1, similar characterizations have been obtained
by Aizenman and Simon irl] for the Kato clasd<,, (R") and by Bachar and Maag|i
in [4] for the half spaceR”, where they introduce a new Kato class that properly
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contains the classical one. This was extended/far 2 by Maagli and Zribi [L2]
to the classk’, ,(R™) and by Bachard] to the classi,, (R’ ). The density of the
Gauss semigroup in the caseRf andR’; are explicitly known, but this is not the
case for a bounded@''* domain even ifD is an open ball .

In order to simplify our statements, we define some convenient notations.

Notations.

i) Forz,y € D, we denote by(z) the Euclidean distance fromto the boundary
of D, [x,y)? = |z — y|* + §(2)d(y) andd is the diameter oD.

i) Fora,b € R, we denote by, A b = min(a, b) anda V b = max(a, b).

iii) Let f andg be two nonnegative functions on a sét
We say thatf < g, if there exists: > 0 such that

fz) <cg(x) forallze S.

We say thatf ~ g, if there exists > 0 such that

Eg(;[;) < f(x) < Cg(x) forallz e S.

The following properties will be used several times

iv) Fora,b > 0, we have

ab < min(a,b) < 2 ab

1.5
(1.5) a+b a+b

(1.6) (a+0b)P ~aP+b" forpeR".
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1.7) min(1,a) min(1,b) < min(1,ab) < min(1, a) max(1,b)

a
. — < 1
(1.8) 1+a_Log( +a)

V) Letn,v > 0and0 < v < 1. Then we have

(1.9) Log(1+t) <t7, fort > 0.

(1.10) Log(1 +nt) ~ Log(1+vt), fort > 0.

Finally we note that since for each> b > 0 andc > 0 we have

(a + 1)(b+ 1) e_c(b_a)Z _ (1 + a + b ) e—c(b—a)2

1+ab 1+ab
2a + €& g2
= (14— 9
( 1+wa+o>e
< (248 <C.
Then, using 1.5) we deduce that for each,y € D and0 < ¢ < 1 we have

min (W , 1) < C'min (&\/“? 1) min <&\/‘? 1) oo et

< cmin (22 ) min (20 1) e
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So, using this fact(1.7) and the fact thaD is bounded we deduce that estimates
(1.1 can be written as follows:
There exist positive constantsC' and A such that

1
(1.11) ot z,y) <p(ta,y) < Chealt,z,y),
where
min (5(@5(” 1) e TP
(1.12) he(t, ,y) = b z -
§(x)d(y)e | if ¢t > 1.

Throughout the paper, the lett€rwill denote a generic positive constant which may
vary from line to line.
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2. Proof of Theoreml1l.1

First we need the following lemma.
Lemma 2.1. For eachz,y € D we have

a) Forn > 2m

6(x)d(y) < min (1 5(*"5)5(3/)) Jn—2m+2

Sl —yl2 ) |z -y

§(x)d(y) < d* min (1 M) < 2d* Log <1 + M) :

" r—yl? |z — yl|?

Now we will give the proof of Theorem.l. More precisely, usingl(3) and
(1.11) we will prove that for eacla > 0, we have

/ " T he(t, 2, y)dt ~ Hyn(2,y) .
0

Without loss of generality we will assume that= 1, ¢ = 1 and denote by
hy1(t,z,y) = h(t, z,y). Hence, using a change of variable, we obtain

/ t" A h(t, z,y)dt
0

= C8(2)d(y) + /01 ™! min (&"”)t‘s(y), 1) —— dt

t
=C6(x)o(y) + |z — y|2m_”/ r2 ™ min 2(@)oy) r, 1) e "dr.

|z—y|? |$‘_'y|2

w3
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Since we will sometimes omit™" and we need to integrate the functions» rz ™!
andr — r2~™ near zero or neasko, we will discuss the following cases

Casel. n > 2m. Using (L.7) we obtain

n(ﬁﬁﬁ@ Qnmmﬂ)gmm<ﬁ@ﬂ@n1>

7 —y[*’ |z —y|?
1 —6(23)5(3/) max(r
S min < |fL' _ y|2 ’ 1) ( ’ 1))

Hence the lower bound follows from the fact that
/ min(1,7)rz "™ e " dr > min(1,7)rz " e " dr = C
|z —y|? d?
and the upper bound follows from Lemrfal.
Case2. n = 2m. In this case

/ Ut y)dt = C8(2)0(y) + / min (M , 1) e dr.
0 |z—y|? ’.1' - y’ r
So using (.5 and the fact that
|z — yl* + (2d% + 1)6(x)d(y)
1+ d(z)d(y)

> |z —y* +0(x)d(y) .

we obtain
00 2d2+1 5(?[7)(5(y)
tmlht,xg/dtz‘/‘ dr
| ey e TP+ (@80

o e o+ Dot
—CL g( 1z — y[2(1 + 6(2)d(y)) )
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> C'Tog <1+ 5@)5@)).

|z —y|?

To prove the upper inequality we usk), (1.11) and (L.10) to obtain

[ i (210 1Y
|z—y|? |I - y| r

S @iy
= C/|z—y|2 @+l

P+l 3()d(y) 0(x)oly) [ vy
=€ ja—yf2 0(2)0(y)r + [z — y/? A /+d2 ’

g (12— VP (@ 4 DI |, 0))
‘CLg( 2= L T >+C[x,y]

(& + 1)3(2)3(y) o(2)é(y)
< C'Log (1 + P—cTl +6(m)5(y))) +C|x,y|2 +9(z)d(y)

< CLog (1 n 5<x)5(y)) .

|z —y|?

Hence the result follows from Lemntal.
Case3. n = 2m — 1. In this case

/ t" T h(t, z,y) dt
0

= C6(x)0(y) + |z — y | N . =3 min (T;xzéﬁg,%) e "dr
§(x)o(y) o1 o—rar ) — 6()d(y)
<ol (on [ rhea) <o
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On the other hand, an integration by parts shows that

|z — y 772 min (—5@)6(?/) 1) e "dr

|lz—y|? LE - Z/|2 '
5(2)5(y) L S
T z)oly
SC—y/ r3dr 4 |z — g roze " dr
[z =yl Jo ’

o |z—y|
& 5w

< OV + e — ol [t ]
3(x)o(y)
< Cv/é(z)d(y).

Hence

/OO t" 1 h(t, 2, y)dt < C min ( §(x)d(y) M) :

Y
0 [z —yl
For the lower inequality we discuss two subcases

o If §(2)d(y) < |z — y|>. Then from (..7) we have

/ t" L h(t, z,y)dt > | — y| min (1, M) / r 2 "dr
0 1

|z —y|?

+d?
_ AW
|z =yl
o If [z —y|? < 6(x)d(y). Then
0o 4d? |z —y|?
[z o [ (S0 1)
0 |lz—y|? |I‘ - y| r

()8 4d?|z—y|?
(6@)5(w)
> CM/ ey
[z — y| |

z—y|?
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42
|z

s ¢ 8@)0w) /Wr—édr
|

|z —y

z—yl?

> C6(z)d(y) [% - 1]

> C/8(2)3(y) |24 — v/5(2)3(y)]
> C/6(x)d(y).
Cased. n = 2m — 2. In this case, we usé€.(5) to deduce that

/OOO t" h(t, z, y)dt
— Co)oy) + |u —y|2/°° <M A 12) e"dr.

lo—yl2 rle—yl?

~ 5(2)8(y) + 6(2)5(y) / h G _ @)y ) " dr.

jr—y2 6(x)o(y)r + |z —y|?
To prove the upper estimates we remark first that
1
5(2)0(y) < C 6(2)6(y) Log (2 ¥ —)
[z, 9]
and we discuss the following subcases

o If L < 5(2)d(y) (1 +oin ) Thenl + sk <4+ 23. So

oy) —

[ G e s egr)
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= /|:y|2 (% " 5(x)e 5()?1735 - y|2) dr

<
:L%(“+&J&w)

1
< Log2 + Log <2+ 2)
[z, 9]

[z, 9]

o If §(z) (1+ @2) L. Thend(2)d(y) [z, yl? + 1) < ! [z, ]2, which

|mpI|es thaté( )0(y) < |z — y|? and consequently, y]> < 2|x —

/jw(%‘amwgﬁfﬁ—yw>g“”

2 o r
< C'Log (14 6(z)d(y)) e l=vl +C/ Log( )e‘rdr
(1+3(2)3(y) v s e

< C'Log(1 + d* e~ 17—yl + C’/ Lo < ! ) e "dr
( ) le—yl? S\ 5@ (y)r + o — yP?

e (1+d®*)r .
SC/;WL%(&w&wwﬂx—mﬁe u

o0 (1+d)r .
=¢ mﬂﬂmg(m—yﬁu+6@ww»>e o

1+ d? o0 1
< (O - 1, B — -r
=¢ %(m—yw>+cww %(1+amawr>e‘”

y|?. Hence
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2 00
< C'Log (i) + C/ Log(r)e™"dr
\

[z — yl? z—y|?

2
<CL0g(1+d) C/ Log(r)e™"dr

2
< C+ CLog (%) < C'Log (2—1— [xly]Z)’

Hence

/OO t"h(t, z,y)dt < C6(x)d(y) Log (2 + ! ) .

0 [517, y]2
Next we prove the lower estimates.

/ t" L h(t, z,y)dt

0

~ 8(@5(0) + 3030 [ (3 s ) e

lz—y2 \T 5(33)(5(3/)7” + |$ - y|2
e Y,
> csta)st) + 050 [ (3 s e=yE) ¢

= C8(x)0(y) + Co(x)d(y) Log (|:c Q_dy(é 1 ;Séfﬁfg?%y)) ‘

Leta > 1 such that:ym?;l+1 > 2[z,y]? + 1; Va,y € D. Then we have

200d?(1+ 0(x)d(y)) 2a0 d? R
T~y 1 2d20(2)(y) ~ L+ 2Byl ~ - [yl
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Hence

/ t" h(t, z, y)dt

0

2d*(1 + 6(x)0(y))
> CH(x)0(y) {LOgOé + Log (‘x —y|2 + 2d26(z)d(y ))]

20 d*(1 + 6(2)d(y))
> Cé(z)d(y) Log (‘x —yP 2d26(a:)6(y))

> O5(2)d(y) Log (2 + ﬁ) .

Caseb. n < 2m — 2. In this case we need only to prove the upper inequality.

|z — gy 72 7™ min O)oy) ; ! e "dr
2
le—yl? lz —y> " r

2 |z—y|?

oy [T 3@WD N S
< 6(x)d(y)|lx —y™ " re e + |z —y[" , r2 " dr
lo—yl? ® 35
2 O(x)d(y)\" 'R 2 (d@)sy)\"*
< = _ | AT
T 2m—n-—2 o@)oy) [1 ( d? * 2m —n d?

<o _2n — 8(2)0(y) + (273 — (6(:”;;5(”) )ty
< C o)),

This completes the proof of the theorem. O

Now using estimates of Theoreinl and similar arguments as in the proof of
Corollary 2.5 in p], we obtain the following.
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Corollary 2.2. Letrg > 0. For eachz,y € D such thatz — y| > ro, we have

(2.1) G, y) < 20W)
Ty

Moreover, onD? the following estimates hold

|$i(;|)n/\+61(2m ) forn 2 2m Iterated Green Functions
5(I)5(y) = Gm7” (I’ y) = Habib Maagli and Noureddine Zeddini
0z)Nd(y), forn<2m—1.
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3. The Kato Class K, ,(D)

To give new examples of functions belonging to this class we need the following
lemma

Lemma3.1.For A, u € Randz € D, letp, ,(z) = L

— = . Then
5 () [Log(524;)]"

px., € L'(D) ifandonlyif A <1lor(A=1andu>1).

Proof. Since forA < 0 the functionp, , is continuous and bounded i we need
only to prove the result fok > 0.

SinceD is a bounded’!! domain and the functioh— L rn is decreasing

A [Log(T ]
near0 for A > 0, then the proof of the lemma on page 7261@][can be adapteds

Proposition 3.2. Letm > 2 andp € [1,00]. Thenp, ,(-)LP(D) C K. (D),
provided that:

(m 1

i) Forn >2m — 1, we have) < 2 + ——and2(m 7 <D

i) Forn =2m —2, we have\ <2+ %4 — Land 2y <p.
iii) Forn<2m—2,wehave)\<3—ll).

Proof. Leth € LP(D)andg € [1, o] such that}l)+% = 1. Forz € Danda € (0,1),
we put
6(y)

I=I(z,0) = / S Gl ()

Taking account of Theorem 1, we will discuss the following cases:
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Casel. n > 2m — 1. In this case we have

h(y) d
"= /B<m,a>mD o — y\"y2(m1) 3(y)* [Loyg (ﬂ””

a(y)

It follows from the Hdlder inequality that

Q=

1 dy

1<) /
et b=yl s om0 [ o (209]"
Y

Since A < 2 4 27D 5

4 < 5=t
and\ —2)g<1— L =1,
We apply the Ho(ider inequality again and Lemfato deduce that

qr

dy

I= Hth /D(S(y)(,\—mqr [Log <%>]qw

n—(n—2m+2)qq’

«

Hencesup I (z,a) — 0 asa — 0.
zeD

3

Case2. n = 2m—2. Assume thah < 2+ "% — - and. ™5 < p, thenA -2 < . — =
andq < n.

— land " < p, then) — 2 < 1 - 222n7l) gpq
P (m q

Hence we can choogé > max (1, ﬁ) sothaty ¢ < %
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Using(1.9), (1.6) and the Holder inequality we obtain

= /B(x,am (1 ! [w,ly]) 5(5) [Ii(oyg) (2_;>]“dy

5(y)

1 h(y)
oo B s e ()

5(v)

=< |h L L
= Hp |z — y|? (A-2)q 2d \ ]
B(z,0)ND Y 5(y) [Ix)g ( ” )]

Let us choosg’ > 1 andr = qu such thayq < n and(A—2)gr < 1. Then, using

the Holder inequality again and Lemrfial we obtain

I= ”th /D(g(y)(/\Z)qr [fig <2—d>]qw

a(y)

Hencesup /(z,a) — 0 asa — 0.
€D

Case3. n < 2m — 2. Using Theorem..1and the Hoélder inequality we obtain

h(y)
1= /B(;c,a)ﬂD 5(3/))\_2 [Log (ﬁ)]“dy

a(y)

1
=< |lnl, /B(M)QD 3(5)° " [Log <2_d>}qu

3(y)

dy

Q=

Q=
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As in the preceding cases we chogse- 1 so that(\ — 2)¢q¢’ < 1 to deduce from
the Holder inequality and Lemntalthatsup I(x, «) — 0 asa — 0.

zeD
This completes the proof of the propositian.
Next, we will prove Propositiori.2. So we need the following results
Lemma 3.3 (seed)]). Letz,y € D. Then the following properties are satisfied:

1) If §(x)d(y) < |z — y|? then

max(d(z), 4(y)) <

2) If |z — y|*> < d(x)d(y) then

(3-V5)
2

5(w) < ) < BV,

Lemma 3.4. Letq € K,,,(D). Then the function » — 6*(z)q(x) is in L*(D).

Proof. Letq € K,, (D). Then by (..4), there existsy > 0 such that for al: € D
we have
d(y)

__———(;nun r,Y)q\y (jy < 1.
Ax—y@)mp d(z) (z,y)la(y)l

Letwy,22,...,2, € DsuchthatD C (J_, B(z;, «). Then by Corollary?.2, there
existsC' > 0 such that'y € B(z;,«) N D we have

52 (y) < O%Gm,n(:pi’y)'
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Hence
/ Plawldy <0 / OW) . () law)] dy
D = Js@aanp O(@) T
< Cp<oo.
[ |

Proof of PropositionlL.2. It follows from Lemmas3.1and3.4 that a necessary con-
dition for p, , to belong toK,, ,(B) is thatA < 3 or (A = 3andu > 1). Let us
prove that this condition is sufficient.

For A < 2 the results follow from PropositioR.2 by takingp = co. Hence we
need only to prove the results for< A < 3 or (A =3 andu > 1).

Forz € D anda € (0,4e7%), we put

ey W
I=1(z,a): /B@,a)ma (m)Gm,n( Y)Px,u(y) dy

= G (2, Y) |
/B“”W ()0 [Log ()] N

Taking account of Theorem 1 we distinguish the following cases.
Casel. n > 2m — 1. Then we have

1 1
I= /B ey |2 =Y 5 [Log (75)]

a(y)

dy

1 1
* |z — y|n—2m=1) 1 \]" W
B(z,a)ND2 Y (6<y)))\_2 [Log (Wﬂ
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— ]1 + -[2 )
where

Di={zeD:|lv—y]* <§x)5y)} and D, ={x € D:6(x)i(y) < |r—y|*}.
e If y € Dy, then from Lemma.3 we haved(x) ~ §(y) and soz — y| = d(y).

Hence
1

L j/ n
B(z,0) |z — y|n—2m+A [Log ( Q )]

lz—y|
a  p2m—(A+1) p
< T /N b
—/0 Log (9"

which tends to zero ag — 0.

e If y € Dy, then using Lemm&.3, we havemax(d(z),6(y)) < L8|z — y.

2
Hence,

1 -1
t" do(w) )
Iy < dt |
o /l—a( 1+\/§) (1 - t))\72 [Log (li—t)}lu </Sn1 ‘.’17 - tw‘an(mfl)

whereo is the normalized measure on the unit sphefte! of R™.
Now by elementary calculus, we have

/ do(w) - 1 < p2m=1)-n_
s

- ’Qf _ tw’an(mfl) — (‘ilf| vt)an(mfl) —

So

1 t2m*3
-[2 j / dt?
1—a(145) (1= 1)*2 [Log (13)]"
which tends to zero as tends to zero.
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Case2. n = 2m — 2. In this case we have

1 1
I= / Log (2 + ) dy
B(z,a)NDy LT’ y]2 5(y)>\_2 |:L0g <$>j| ’

a(y)

" /B<w7a>ﬂDz o8 (2 i [f,lyP) Sy [Lcl)g (i>]u !

= [1 +IQ

e If y € Dy, it follows from the fact that.og(2 + t) < v/t fort > 2 that
1

I, < / s \ 1"
B(z,0)NDy ]x — y’(5(y)>)\72 |:L0g (W)]
</ :
B B(z,0)NDy |{L‘ — y|)\_1 |:L0g <|riy|>:|u
o 7nn*)\ J
—< e — )
< Los ()]

which tends to zero as tends to zero.

dy

dy

e If y € Dy, then

1 1
]25/ Log <2+ 2) udy
B(z,a0)ND> |ZL' o y| 5(y)/\_2 [LOg <5é¥)>]

dy

1

: /BWDQ v =y [Log (5%)]

3(y)
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| A
T
S

ioz( ) (1— t)”ﬂE;g ()]" (/S"l ‘Zﬁdi%)ﬁ) o

2

A

2
1 tn_3

PN

dt,

/
/1—06(1”5 (1- t)A‘; [Log (:£)]" (|| lv t)2 di
/

a5y (1 =122 [Log (1%)]"

2

which tends to zero as tends to zero.

Case3. n < 2m — 2. In this case
1

I = /B(z,a)ﬂD (8(y) )2 [Log <$>}u dy.

Hence the result follows from Lemnia3, using similar arguments as in the above
cases.

In the sequel we aim at proving Theoréni. Below we present some preliminary
results which we will need later.

Proposition 3.5.

a) Foreacht > 0and allz,y € D, we have

t
/ s p(s, x,y) ds 2 Gpp(z,y).
0
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b) Let0 <t <landz,y € D. Then

t
Gon(,y) =< / (s, 2, ) ds
0

provided that
) n>2mand|z —y| <Vt or
. _ 2~ ¢- Iterated Green Functions
") n = 2mand|z, y” < t'20r Habib Maagli and Noureddine Zeddini
iif) n=2m—1and|z —y[* +2(x)d(y) < t. vol. 8, iss. 1, art. 26, 2007
Proof.
a) Follows from (L.3). Title Page
b) We deduce from1(.11) and (L.12) that
Contents
! o 5(x)d n
/ s" (s, x,y) ds ~ |o — y|2m_”/ min —(x) ) r, 1) r2 ™ e "dr. <« >
0 la—y2 |z —y|?
.. . . < »
Next, we distinguish the following cases
. . Page 26 of 33
1) n > 2m. In this case the result follows from (/) and Theorem..1. age =0
i) n = 2m. Using (L.5) we have Go Back
t 2 Full Screen
/ s (s, x,y) ds > C/ 2(@)(y) dr
0 Sz §(2)6(y)r + |z -yl Close
2
> (' Log <[$’ yI” +0(2)o(y) . ¢ ) ) journal of inequalities
o(z)o(y) +t |z —y|? in pure and applied
Now since [z, y]*> < t and the functiort — 6(1);@)“ IS nondecreasing, then mqth?mﬂzi
the result follows from Theorerh. 1. '
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i) n =2m — 1. As in the proof of Theorem.1we distinguish two cases

o If §(2)d(y) < |r — y|?. In this case the result follows from (7).

o If §(x)d(y) > |r — y|>. Then

y|?

¢ Az—y|”
/ s p(s, v, y) ds > CM/5< W
0

[z —y| Ji—w?

Since|z — y|* + 20(z)d(y) < t, then

1N o=yl o=yl _ e—yP
((1 \/§> Jo@ew | Vi ) = 3@)ty)

Hence

Ll oy ds > OE8W) |z —yl
/Os plo, ) s = T L
= Cv/d(z)é(y)

> C Gpnlx,y).
I

Proposition 3.6. Letq € K,,, ,(D). Then for each fixed > 0, we have

SRV (sup A 56, 4,2, la(w) dy) = M(a) < oo

z€D J (|Jz—y|>a)ND 5(1’)
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W
Proof. Let0 <t < 1,q € K, »(D) and0 < a < 1. Then using {.11) and (L.12) I ™

we have

oY) r o 1 . ™~ n
[ Mt <t [ e

<ot [ FWlwldy

Hence the result follows from Lemnia4. g

Iterated Green Functions
Habib Maagli and Noureddine Zeddini
vol. 8, iss. 1, art. 26, 2007

Proof of Theorem..3. 2) = 1) Assume that

Title Page
lim (sup/ / s p(s x,y)|q(y)|dsdy) = 0.
t—0 \ zeD Contents
Then by Propositios.5, there exists > 0 such that forx > 0 we have P Y
o(y) ““5(y) s < >
S Gl lawldy < [ [0 S ps,ny) dsdy,

/(|ac yi<a)np 0(2) pJo 6(z) Page 28 of 33
which shows thay satisfieq(1.4). Go Back
1) = 2) Suppose thag € K,,,(D) and lete > 0. Then there exist8 < a < 1 Full Screen
such that 5(4)

Y
sup | ) Gl )] dy < . Close
z€D J (Jz—y|<a)ND (S(ZL')
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On the other hand, using Propositierb and(3.1), we have fol) < ¢t < 1
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"0(Y) s
= 8" p(s, 7, y)|q(y)| dsdy
/(‘$—y|§a)ﬁD/()‘ (S(.T) ( )‘ ( )‘

tMSm*l S, T s
+/(la:—y|>a)mp/0 5(x) (s, %, y)lq(y)] dsdy
= /( @Gm,n(ﬂ%y)!cxy)l dy

z—y|<a)ND 5( )

/ /u y|>a)nD 53 p(s,z,y)|a(y)| dsdy

This achieves the prooi

Re+tM(a

Next we assume that = 1 and we will give another characterization of the class
K, ,(D).

Corollary 3.7. Letn > 3 andq be a measurable function. Far > 0, put

/ / ~as0) p(s,z,y)|q(y)| dsdy, forz e D

Y
dyds.
gsclelg/ /5$ (s,z,y)|q(y)| dyds

Then there exist§' > 0 such that

and

—a(a) < ||Gaglly, < Cala),

where |G|, = sug |Gaq(z)].
Te
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In particular, we have
4 € K1,(D) <= lim [|Gagll,, =

Proof. Let & > 0. Then using the Fubini theorem, we obtain foe D

) :/ “ U / p(s.z.y)laly >|dyds] it
/ [/ / 5 i;p s,7,9)lq(y )|dyds] dt.

Hence,? a(a) < [|Gagll
On the other hand if we denote by the integer part of, then we have

o k+1
< —t y
Gaq(x) _/0 e E / / 5() p(s,x,y)|q(y)| dyds | dt

<f z/ |5

Now, using the Chapmann-KoImogorov identity and the Fubini theorem we obtain

/Oi/ &y; (8+ i )|CI( )|dyds
:/ (/ /53; -t )|dyds>% (ax2> dz
o [ ()

(s + -, y) lg(y)| dyds | dt.

IN
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Since the first eigenfunctiop, associated te-A satisfiesp, (z) ~ d(x) and

/D p(t, 2, 2)py (2)dz = ey (1) < 0y (2),

then
[Gagll < Cala).
So, the last assertion follows from Theoréms. g
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