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Abstract: We use the results of Zhang [15, 16] and Davies [7] on the behavior of
the heat kernelp(t, x, y) on a boundedC1,1 domainD to find again
the result of Grunau-Sweers [9] concerning the estimates of the iterated
Greens functionsGm,n(D). Next, we use these estimates to character-
ize, by means ofp(t, x, y), the Kato classKm,n(D) and we give new
examples of functions belonging to this class.
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1. Introduction

Let D be a boundedC1,1 domain inRn, n ≥ 3 andp (t, x, y) be the density of the
Gauss semigroup onD. Combining the results of Zhang [15], [16] and those of
Davies or Davies-Simon [7], [8] a qualitatively sharp understanding of the boundary
behaviour ofp (t, x, y) is given as follows: There exist positive constantsc1 , c2 and
λ0 depending only onD such that for allt > 0 andx , y ∈ D,

(1.1)

(
δ(x)√
t ∧ 1

∧ 1

)(
δ(y)√
t ∧ 1

∧ 1

)
c1e

−λ0t−c2
|x−y|2

t

t
n
2

≤ p (t, x, y) ≤
(

δ(x)√
t ∧ 1

∧ 1

)(
δ(y)√
t ∧ 1

∧ 1

)
e
−λ0t− |x−y|2

c2t

c1t
n
2

,

whereδ(x) denotes the Euclidean distance fromx to the boundary ofD.
Let G(x, y) be the Green’s function of the laplacien∆ in D with a Dirichlet

condition on∂D. ThenG is given by

(1.2) G(x, y) =

∫ ∞

0

p (t, x, y) dt, for x , y ∈ D.

For a positive integerm, we denote byGm,n the Green’s function of the operator
u 7→ (−∆)mu onD with Navier boundary conditions∆ju = 0 on∂D for 0 ≤ j ≤
m− 1. ThenG1,n = G andGm,n satisfies form ≥ 2

Gm,n(x, y) =

∫
D

∫
D

G(x, z)Gm−1,n(z, y) dz.

Using the Fubini theorem and the Chapman-Kolmogorov identity, we show by in-
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duction that for eachm ≥ 1 andx , y ∈ D we have

(1.3) Gm,n(x, y) =
1

(m− 1)!

∫ ∞

0

tm−1p (t, x, y) dt.

In this paper we will use (1.1) and (1.3) to find again the result of Grunau and Sweers
in [9] concerning the sharp estimates ofGm,n. More precisely we will give another
proof for the casen ≥ 3 of the following theorem.

Theorem 1.1 ( see [9]). OnD2 we have

Gm,n(x, y) ∼ Hm,n(x, y) =



1
|x−y|n−2m min

(
1 , δ(x)δ(y)

|x−y|2

)
if n > 2m,

Log
(
1 + δ(x)δ(y)

|x−y|2

)
if n = 2m,√

δ(x)δ(y) min

(
1 ,

√
δ(x)δ(y)

|x−y|

)
if n = 2m− 1,

δ(x)δ(y) Log
(
2 + 1

|x−y|2+δ(x)δ(y)

)
if n = 2m− 2,

δ(x)δ(y) if n < 2m− 2,

where the symbol∼ is defined in the notations below.

As a second step we will also use (1.1) and (1.3) to give new contributions in the
casen > 2m to the study of the Kato classKm,n(D) defined in [11] for m = 1 and
in [2] for m ≥ 2 as follows.

Definition1.1. A Borel measurable functionq in D belongs to the Kato classKm,n(D)
if q satisfies the following condition

(1.4) lim
α→0

sup
x∈D

∫
D∩(|x−y|≤α)

δ(y)

δ(x)
Gm,n(x, y)|q(y)| dy = 0.
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We note that in the casem = 1, the classK1,n(D) properly contains the classical
Kato classKn(D) introduced in [1] as the natural class of singular functions which
replaces theLp-Lebesgue spaces in order that the weak solutions of the Shrödinger
equation are continuous and satisfy a Harnack principle. More precisely, it is shown
in [11] that the functionρα(y) = 1

δα(y)
belongs toK1,n(D) if and only if α < 2 but

for 1 ≤ α < 2, ρα /∈ Kn(D).
Our second contribution here is to exploit estimates of Theorem1.1 on the one

hand, to give new examples of functions belonging to the classKm,n(D) and to
characterize this class by means of the density of the Gauss semigroup inD on the
other hand. In particular we will prove the following results for the unit ball.

Proposition 1.2. For λ , µ ∈ R andy ∈ B(0, 1) we put

ρλ, µ(y) =
1

(1− |y|)λ
[
Log( 2

1−|y|)
]µ .

For m ≥ 2 we have

ρλ, µ ∈ Km,n(B(0, 1)) if and only if λ < 3 or (λ = 3 andµ > 1).

Theorem 1.3. Let n > 2m and q be a Borel measurable function inD. Then the
following assertions are equivalent:

1) q ∈ Km,n(B(0, 1))

2) limt→0

(
supx∈B

∫ t

0

∫
B

δ(y)
δ(x)

sm−1p(s, x, y)|q(y)| dyds
)

= 0

We also note that in the casem = 1, similar characterizations have been obtained
by Aizenman and Simon in [1] for the Kato classKn(Rn) and by Bachar and Mâagli
in [4] for the half spaceRn

+, where they introduce a new Kato class that properly
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contains the classical one. This was extended form ≥ 2 by Mâagli and Zribi [12]
to the classKm,n(Rn) and by Bachar [3] to the classKm,n(Rn

+). The density of the
Gauss semigroup in the case ofRn andRn

+ are explicitly known, but this is not the
case for a boundedC1,1 domain even ifD is an open ball .

In order to simplify our statements, we define some convenient notations.

Notations.

i) Forx, y ∈ D, we denote byδ(x) the Euclidean distance fromx to the boundary
of D, [x, y]2 = |x− y|2 + δ(x)δ(y) andd is the diameter ofD.

ii) Fora, b ∈ R, we denote bya ∧ b = min(a, b) anda ∨ b = max(a, b).

iii) Let f andg be two nonnegative functions on a setS.
We say thatf � g, if there existsc > 0 such that

f(x) ≤ c g(x) for all x ∈ S.

We say thatf ∼ g, if there existsC > 0 such that

1

C
g(x) ≤ f(x) ≤ Cg(x) for all x ∈ S.

The following properties will be used several times

iv) Fora, b ≥ 0, we have

(1.5)
a b

a + b
≤ min(a, b) ≤ 2

a b

a + b

(1.6) (a + b)p ∼ ap + bp for p ∈ R+.
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(1.7) min(1, a) min(1, b) ≤ min(1, a b) ≤ min(1, a) max(1, b)

(1.8)
a

1 + a
≤ Log(1 + a)

v) Let η, ν > 0 and0 < γ ≤ 1. Then we have

(1.9) Log(1 + t) � tγ , for t ≥ 0.

(1.10) Log(1 + η t) ∼ Log(1 + ν t) , for t ≥ 0.

Finally we note that since for eacha ≥ b ≥ 0 andc > 0 we have

(a + 1)(b + 1)

1 + ab
e−c (b−a)2 =

(
1 +

a + b

1 + ab

)
e−c (b−a)2

=

(
1 +

2a + ξ

1 + a(a + ξ)

)
e−c ξ2

≤ (2 + ξ)e−c ξ2 ≤ C.

Then, using(1.5) we deduce that for eachx , y ∈ D and0 < t ≤ 1 we have

min

(
δ(x)δ(y)

t
, 1

)
≤ C min

(
δ(x)√

t
, 1

)
min

(
δ(y)√

t
, 1

)
ec

|δ(x)−δ(y)|2
t

≤ C min

(
δ(x)√

t
, 1

)
min

(
δ(y)√

t
, 1

)
ec

|x−y|2
t .

http://jipam.vu.edu.au
mailto:
mailto:habib.maagli@fst.rnu.tn
mailto:
mailto:noureddine.zeddini@ipein.rnu.tn
http://jipam.vu.edu.au


Iterated Green Functions

Habib Mâagli and Noureddine Zeddini

vol. 8, iss. 1, art. 26, 2007

Title Page

Contents

JJ II

J I

Page 8 of 33

Go Back

Full Screen

Close

So, using this fact,(1.7) and the fact thatD is bounded we deduce that estimates
(1.1) can be written as follows:

There exist positive constantsc, C andλ such that

(1.11)
1

C
h 1

c
, λ(t, x, y) ≤ p (t, x, y) ≤ C hc,λ(t, x, y),

where

(1.12) hc,λ(t, x, y) :=

 min
(

δ(x)δ(y)
t

, 1
)

e−c
|x−y|2

t

t
n
2

, if 0 < t ≤ 1

δ(x)δ(y)e−λt , if t > 1.

Throughout the paper, the letterC will denote a generic positive constant which may
vary from line to line.
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2. Proof of Theorem1.1

First we need the following lemma.

Lemma 2.1. For eachx, y ∈ D we have

a) For n ≥ 2m

δ(x)δ(y) ≤ min

(
1 ,

δ(x)δ(y)

|x− y|2

)
dn−2m+2

|x− y|n−2m
.

b)

δ(x)δ(y) ≤ d2 min

(
1 ,

δ(x)δ(y)

|x− y|2

)
≤ 2d2 Log

(
1 +

δ(x)δ(y)

|x− y|2

)
.

Now we will give the proof of Theorem1.1. More precisely, using (1.3) and
(1.11) we will prove that for eachc > 0, we have∫ ∞

0

tm−1hc,λ(t, x, y)dt ∼ Hm,n(x, y) .

Without loss of generality we will assume thatλ = 1 , c = 1 and denote by
h1,1(t, x, y) = h(t, x, y). Hence, using a change of variable, we obtain∫ ∞

0

tm−1h(t, x, y)dt

= C δ(x)δ(y) +

∫ 1

0

tm−1 min

(
δ(x)δ(y)

t
, 1

)
e−

|x−y|2
t

t
n
2

dt

= C δ(x)δ(y) + |x− y|2m−n

∫ ∞

|x−y|2
r

n
2
−m−1 min

(
δ(x)δ(y)

|x− y|2
r, 1

)
e− r dr.
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Since we will sometimes omite−r and we need to integrate the functionsr → r
n
2
−m−1

andr → r
n
2
−m near zero or near∞, we will discuss the following cases

Case1. n > 2m. Using (1.7) we obtain

min

(
δ(x)δ(y)

|x− y|2
, 1

)
min(r, 1) ≤ min

(
δ(x)δ(y)

|x− y|2
r, 1

)
≤ min

(
δ(x)δ(y)

|x− y|2
, 1

)
max(r , 1)).

Hence the lower bound follows from the fact that∫ ∞

|x−y|2
min(1, r)r

n
2
−m−1e− r dr ≥

∫ ∞

d2

min(1, r)r
n
2
−m−1e− r dr = C

and the upper bound follows from Lemma2.1.

Case2. n = 2m. In this case∫ ∞

0

tm−1h(t, x, y)dt = C δ(x)δ(y) +

∫ ∞

|x−y|2
min

(
δ(x)δ(y)

|x− y|2
,
1

r

)
e− r dr.

So using (1.5) and the fact that

|x− y|2 + (2d2 + 1)δ(x)δ(y)

1 + δ(x)δ(y)
≥ |x− y|2 + δ(x)δ(y) ,

we obtain∫ ∞

0

tm−1h(t, x, y)dt ≥
∫ 2d2+1

|x−y|2

δ(x)δ(y)

|x− y|2 + rδ(x)δ(y)
dr

= C Log

(
|x− y|2 + (2d2 + 1)δ(x)δ(y)

|x− y|2(1 + δ(x)δ(y))

)
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≥ C Log

(
1 +

δ(x)δ(y)

|x− y|2

)
.

To prove the upper inequality we use (1.5), (1.11) and (1.10) to obtain∫ ∞

|x−y|2
min

(
δ(x)δ(y)

|x− y|2
,

1

r

)
e− rdr

≤ C

∫ ∞

|x−y|2

δ(x)δ(y)

δ(x)δ(y)r + |x− y|2
e− rdr

≤ C

∫ d2+1

|x−y|2

δ(x)δ(y)

δ(x)δ(y)r + |x− y|2
dr + C

δ(x)δ(y)

[x, y]2

∫ ∞

1+d2

e− rdr

= C Log

(
|x− y|2 + (d2 + 1)δ(x)δ(y)

|x− y|2(1 + δ(x)δ(y))

)
+ C

δ(x)δ(y)

[x, y]2

≤ C Log

(
1 +

(d2 + 1)δ(x)δ(y)

|x− y|2(1 + δ(x)δ(y))

)
+ C

δ(x)δ(y)

|x, y|2 + δ(x)δ(y)

≤ C Log

(
1 +

δ(x)δ(y)

|x− y|2

)
.

Hence the result follows from Lemma2.1.
Case3. n = 2m− 1. In this case∫ ∞

0

tm−1h(t, x, y) dt

= Cδ(x)δ(y) + |x− y|
∫ ∞

|x−y|2
r−

1
2 min

(
δ(x)δ(y)

|x− y|2
,
1

r

)
e− r dr

≤ C
δ(x)δ(y)

|x− y|

(
d +

∫ ∞

0

r−
1
2 e− rdr

)
= C

δ(x)δ(y)

|x− y|
.
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On the other hand, an integration by parts shows that

|x− y|
∫ ∞

|x−y|2
r−

1
2 min

(
δ(x)δ(y)

|x− y|2
,

1

r

)
e− r dr

≤ C
δ(x)δ(y)

|x− y|

∫ d2 |x−y|2
δ(x)δ(y)

0

r−
1
2 dr + |x− y|

∫ ∞

d2 |x−y|2
δ(x)δ(y)

r−
3
2 e− r dr

≤ C
√

δ(x)δ(y) + |x− y|
[
−2r−

1
2 e− r

]∞
d2 |x−y|2

δ(x)δ(y)

≤ C
√

δ(x)δ(y).

Hence ∫ ∞

0

tm−1h(t, x, y)dt ≤ C min

(√
δ(x)δ(y) ,

δ(x)δ(y)

|x− y|

)
.

For the lower inequality we discuss two subcases

• If δ(x)δ(y) ≤ |x− y|2. Then from (1.7) we have∫ ∞

0

tm−1h(t, x, y)dt ≥ |x− y|min

(
1,

δ(x)δ(y)

|x− y|2

)∫ ∞

1+d2

r−
3
2 e− rdr

= C
δ(x)δ(y)

|x− y|
.

• If |x− y|2 ≤ δ(x)δ(y). Then∫ ∞

0

tm−1h(t, x, y)dt ≥ |x− y|
∫ 4d2|x−y|2

(δ(x)δ(y))

|x−y|2

(
δ(x)δ(y)

|x− y|2
∧ 1

r

)
r−

1
2 e− rdr

≥ C
δ(x)δ(y)

|x− y|

∫ 4d2|x−y|2
(δ(x)δ(y))

|x−y|2
r−

1
2 e− rdr
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≥ C
δ(x)δ(y)

|x− y|

∫ 4d2|x−y|2
(δ(x)δ(y))

|x−y|2
r−

1
2 dr

≥ C δ(x)δ(y)

[
2d√

δ(x)δ(y)
− 1

]
≥ C

√
δ(x)δ(y)

[
2d−

√
δ(x)δ(y)

]
≥ C

√
δ(x)δ(y).

Case4. n = 2m− 2. In this case, we use (1.5) to deduce that∫ ∞

0

tm−1h(t, x, y)dt

= Cδ(x)δ(y) + |x− y|2
∫ ∞

|x−y|2

(
δ(x)δ(y)

r|x− y|2
∧ 1

r2

)
e− rdr.

∼ δ(x)δ(y) + δ(x)δ(y)

∫ ∞

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
e− rdr.

To prove the upper estimates we remark first that

δ(x)δ(y) ≤ C δ(x)δ(y) Log

(
2 +

1

[x, y]2

)
and we discuss the following subcases

• If 1
2
≤ δ(x)δ(y)

(
1 + 1

[x,y]2

)
. Then1 + 1

δ(x)δ(y)
≤ 4 + 2

[x,y]2
. So∫ ∞

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
e− rdr
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≤
∫ ∞

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
dr

= Log

(
1 +

1

δ(x)δ(y)

)
≤ Log 2 + Log

(
2 +

1

[x, y]2

)
≤ C Log

(
2 +

1

[x, y]2

)
.

• If δ(x)δ(y)
(
1 + 1

[x,y]2

)
≤ 1

2
. Thenδ(x)δ(y) ([x, y]2 + 1) ≤ 1

2
[x, y]2, which

implies thatδ(x)δ(y) ≤ |x− y|2 and consequently[x, y]2 ≤ 2|x− y|2. Hence∫ ∞

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
e− rdr

≤ C Log (1 + δ(x)δ(y)) e− |x−y|2 + C

∫ ∞

|x−y|2
Log

(
r

δ(x)δ(y)r + |x− y|2

)
e− rdr

≤ C Log(1 + d2) e−|x−y|2 + C

∫ ∞

|x−y|2
Log

(
r

δ(x)δ(y)r + |x− y|2

)
e− rdr

≤ C

∫ ∞

|x−y|2
Log

(
(1 + d2)r

δ(x)δ(y)r + |x− y|2

)
e− rdr

≤ C

∫ ∞

|x−y|2
Log

(
(1 + d2)r

|x− y|2(1 + δ(x)δ(y))

)
e− rdr

≤ C Log

(
1 + d2

|x− y|2

)
+ C

∫ ∞

|x−y|2
Log

(
1

1 + δ(x)δ(y)
r

)
e− rdr
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≤ C Log

(
1 + d2

|x− y|2

)
+ C

∫ ∞

|x−y|2
Log(r)e− rdr

≤ C Log

(
1 + d2

|x− y|2

)
+ C

∫ ∞

1

Log(r)e− rdr

≤ C + C Log

(
1 + d2

|x− y|2

)
≤ C Log

(
2 +

1

[x, y]2

)
.

Hence ∫ ∞

0

tm−1h(t, x, y)dt ≤ C δ(x)δ(y) Log

(
2 +

1

[x, y]2

)
.

Next we prove the lower estimates.∫ ∞

0

tm−1h(t, x, y)dt

∼ δ(x)δ(y) + δ(x)δ(y)

∫ ∞

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
e− rdr

≥ Cδ(x)δ(y) + Cδ(x)δ(y)

∫ 2d2

|x−y|2

(
1

r
− δ(x)δ(y)

δ(x)δ(y)r + |x− y|2

)
dr

= Cδ(x)δ(y) + Cδ(x)δ(y) Log

(
2d2(1 + δ(x)δ(y))

|x− y|2 + 2d2δ(x)δ(y)

)
.

Let α > 1 such thatα 2d2

2d2+1
> 2[x, y]2 + 1; ∀x, y ∈ D. Then we have

2α d2(1 + δ(x)δ(y))

|x− y|2 + 2d2δ(x)δ(y)
≥ 2α d2

(1 + 2d2)[x, y]2
≥ 2 +

1

[x, y]2
.
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Hence ∫ ∞

0

tm−1h(t, x, y)dt

≥ Cδ(x)δ(y)

[
Log α + Log

(
2d2(1 + δ(x)δ(y))

|x− y|2 + 2d2δ(x)δ(y)

)]
≥ Cδ(x)δ(y) Log

(
2α d2(1 + δ(x)δ(y))

|x− y|2 + 2d2δ(x)δ(y)

)
≥ Cδ(x)δ(y) Log

(
2 +

1

[x, y]2

)
.

Case5. n < 2m− 2. In this case we need only to prove the upper inequality.

|x− y|2m−n

∫ ∞

|x−y|2
r

n
2
−m min

(
δ(x)δ(y)

|x− y|2
,
1

r

)
e− r dr

≤ δ(x)δ(y)|x− y|2m−n−2

∫ d2 |x−y|2
δ(x)δ(y)

|x−y|2
r

n
2
−mdr + |x− y|2m−n

∫ ∞

d2 |x−y|2
δ(x)δ(y)

r
n
2
−m−1dr

≤ 2

2m− n− 2
δ(x)δ(y)

[
1−

(
δ(x)δ(y)

d2

)m−1−n
2

]
+

2

2m− n

(
δ(x)δ(y)

d2

)m−n
2

≤ 2

2m− n− 2
δ(x)δ(y) +

2

d2(2m− n)

(
δ(x)δ(y)

d2

)m−1−n
2

δ(x)δ(y)

≤ C δ(x)δ(y).

This completes the proof of the theorem. �
Now using estimates of Theorem1.1 and similar arguments as in the proof of

Corollary 2.5 in [5], we obtain the following.
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Corollary 2.2. Let r0 > 0. For eachx, y ∈ D such that|x− y| ≥ r0, we have

(2.1) Gm,n(x, y) � δ(x)δ(y)

rn+2−2m
0

.

Moreover, onD2 the following estimates hold

δ(x)δ(y) � Gm,n(x, y) �

{ δ(x)∧δ(y)
|x−y|n+1−2m , for n ≥ 2m

δ(x) ∧ δ(y) , for n ≤ 2m− 1.
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3. The Kato ClassKm,n(D)

To give new examples of functions belonging to this class we need the following
lemma

Lemma 3.1. For λ, µ ∈ R andx ∈ D, let ρλ, µ(x) = 1

δλ(x)[Log( 2d
δ(x)

)]
µ . Then

ρλ, µ ∈ L1(D) if and only if λ < 1 or (λ = 1 andµ > 1).

Proof. Since forλ < 0 the functionρλ, µ is continuous and bounded inD we need
only to prove the result forλ ≥ 0.

SinceD is a boundedC1,1 domain and the functiont 7→ 1

tλ[Log( 2d
t

)]
µ is decreasing

near0 for λ > 0, then the proof of the lemma on page 726 in [10] can be adapted.

Proposition 3.2. Let m ≥ 2 and p ∈ [1,∞]. Thenρλ , µ(·)Lp(D) ⊂ Km,n(D),
provided that:

i) For n ≥ 2m− 1, we haveλ < 2 + 2(m−1)
n

− 1
p

and n
2(m−1)

< p.

ii) For n = 2m− 2, we haveλ < 2 + n−1
n
− 1

p
and n

n−1
< p.

iii) For n < 2m− 2, we haveλ < 3− 1
p

.

Proof. Leth ∈ Lp(D) andq ∈ [1,∞] such that1
p
+ 1

q
= 1. Forx ∈ D andα ∈ (0, 1),

we put

I = I(x, α) :=

∫
B(x,α)∩D

δ(y)

δ(x)
Gm,n(x, y)ρλ , µ(y)h(y) dy.

Taking account of Theorem1.1, we will discuss the following cases:
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Case1. n ≥ 2m− 1. In this case we have

I �
∫

B(x,α)∩D

h(y)

|x− y|n−2(m−1)

dy

δ(y)λ−2
[
Log

(
2d

δ(y)

)]µ .

It follows from the Hölder inequality that

I � ‖h‖p

∫
B(x,α)∩D

1

|x− y|(n−2(m−1))q

dy

δ(y)(λ−2)q
[
Log

(
2d

δ(y)

)]qµ

 1
q

.

Sinceλ < 2 + 2(m−1)
n

− 1
p

and n
2(m−1)

< p, thenλ − 2 < 1
q
− n−2(m−1)

n
and

q < n
n−2(m−1)

. Hence we can chooseq′ > max
(
1, 1

1−(λ−2)q

)
so thatq q′ < n

n−2(m−1)

and(λ− 2)q < 1− 1
q′

:= 1
r
.

We apply the Hölder inequality again and Lemma3.1to deduce that

I � ‖h‖p

∫
D

dy

δ(y)(λ−2)qr
[
Log

(
2d

δ(y)

)]qrµ

 1
qr

αn−(n−2m+2)qq′ .

Hencesup
x∈D

I(x, α) → 0 asα → 0.

Case2. n = 2m−2. Assume thatλ < 2+ n−1
n
− 1

p
and n

n−1
< p, thenλ−2 < 1

q
− 1

n
andq < n.
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Using(1.9) , (1.6) and the Hölder inequality we obtain

I �
∫

B(x,α)∩D

(
1 +

1

[x, y]

)
h(y)

δ(y)λ−2
[
Log

(
2d

δ(y)

)]µ dy

�
∫

B(x,α)∩D

1

|x− y|
h(y)

δ(y)λ−2
[
Log

(
2d

δ(y)

)]µ dy

� ‖h‖p

∫
B(x,α)∩D

1

|x− y|q
1

δ(y)(λ−2)q
[
Log

(
2d

δ(y)

)]qµ dy

 1
q

.

Let us chooseq′ > 1 andr = q′

q′−1
such thatqq′ < n and(λ− 2)qr < 1. Then, using

the Hölder inequality again and Lemma3.1we obtain

I � ‖h‖p

∫
D

dy

δ(y)(λ−2)qr
[
Log

(
2d

δ(y)

)]qrµ

 1
qr

αn−qq′ .

Hencesup
x∈D

I(x, α) → 0 asα → 0.

Case3. n < 2m− 2. Using Theorem1.1and the Hölder inequality we obtain

I �
∫

B(x,α)∩D

h(y)

δ(y)λ−2
[
Log

(
2d

δ(y)

)]µ dy

� ‖h‖p

∫
B(x,α)∩D

1

δ(y)(λ−2)q
[
Log

(
2d

δ(y)

)]qµ dy

 1
q

.

http://jipam.vu.edu.au
mailto:
mailto:habib.maagli@fst.rnu.tn
mailto:
mailto:noureddine.zeddini@ipein.rnu.tn
http://jipam.vu.edu.au


Iterated Green Functions

Habib Mâagli and Noureddine Zeddini

vol. 8, iss. 1, art. 26, 2007

Title Page

Contents

JJ II

J I

Page 21 of 33

Go Back

Full Screen

Close

As in the preceding cases we chooseq′ > 1 so that(λ − 2)qq′ < 1 to deduce from
the Hölder inequality and Lemma3.1thatsup

x∈D
I(x, α) → 0 asα → 0.

This completes the proof of the proposition.

Next, we will prove Proposition1.2. So we need the following results

Lemma 3.3 (see [5]). Letx, y ∈ D. Then the following properties are satisfied:

1) If δ(x)δ(y) ≤ |x− y|2 then

max(δ(x) , δ(y)) ≤ 1 +
√

5

2
|x− y|.

2) If |x− y|2 ≤ δ(x)δ(y) then

(3−
√

5)

2
δ(x) ≤ δ(y) ≤ (3 +

√
5)

2
δ(x).

Lemma 3.4. Let q ∈ Km,n(D). Then the function :x → δ2(x)q(x) is in L1(D).

Proof. Let q ∈ Km,n(D). Then by (1.4), there existsα > 0 such that for allx ∈ D
we have ∫

(|x−y|≤α)∩D

δ(y)

δ(x)
Gm,n(x, y)|q(y)| dy ≤ 1.

Let x1 , x2 , . . . , xp ∈ D such thatD ⊂
⋃p

i=1 B(xi, α). Then by Corollary2.2, there
existsC > 0 such that∀ y ∈ B(xi, α) ∩D we have

δ2(y) ≤ C
δ(y)

δ(x)
Gm,n(xi, y).
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Hence ∫
D

δ2(y)|q(y)|dy ≤ C

p∑
i=1

∫
B(xi,α)∩D

δ(y)

δ(xi)
Gm,n(xi, y)|q(y)| dy

≤ C p < ∞.

Proof of Proposition1.2. It follows from Lemmas3.1and3.4 that a necessary con-
dition for ρλ , µ to belong toKm,n(B) is thatλ < 3 or (λ = 3 andµ > 1). Let us
prove that this condition is sufficient.

For λ ≤ 2 the results follow from Proposition3.2 by takingp = ∞. Hence we
need only to prove the results for2 < λ < 3 or (λ = 3 andµ > 1).

Forx ∈ D andα ∈
(
0, 4e−

µ
λ

)
, we put

I = I(x, α) :=

∫
B(x,α)∩D

δ(y)

δ(x)
Gm,n(x, y)ρλ , µ(y) dy

=

∫
B(x,α)∩D

Gm,n(x, y)

δ(x)δ(y)λ−1
[
Log

(
4

δ(y)

)]µ dy .

Taking account of Theorem1.1we distinguish the following cases.

Case1. n ≥ 2m− 1. Then we have

I �
∫

B(x,α)∩D1

1

|x− y|n−2(m−1)

1

(δ(y))λ−2
[
Log

(
4

δ(y)

)]µ dy

+

∫
B(x,α)∩D2

1

|x− y|n−2(m−1)

1

(δ(y))λ−2
[
Log

(
4

δ(y)

)]µ dy
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= I1 + I2 ,

where

D1 = {x ∈ D : |x−y|2 ≤ δ(x)δ(y)} and D2 = {x ∈ D : δ(x)δ(y) ≤ |x−y|2}.
• If y ∈ D1, then from Lemma3.3, we haveδ(x) ∼ δ(y) and so|x− y| � δ(y).

Hence

I1 �
∫

B(x,α)

1

|x− y|n−2m+λ
[
Log

(
C

|x−y|

)]µ dy

�
∫ α

0

r2m−(λ+1)[
Log

(
C
r

)]µ dr,

which tends to zero asα → 0.

• If y ∈ D2, then using Lemma3.3, we havemax(δ(x), δ(y)) ≤ 1+
√

5
2
|x − y|.

Hence,

I2 �
∫ 1

1−α( 1+
√

5
2

)

tn−1

(1− t)λ−2
[
Log

(
4

1−t

)]µ (∫
Sn−1

dσ(ω)

|x− tω|n−2(m−1)

)
dt ,

whereσ is the normalized measure on the unit sphereSn−1 of Rn.

Now by elementary calculus, we have∫
Sn−1

dσ(ω)

|x− tω|n−2(m−1)
� 1

(|x| ∨ t)n−2(m−1)
� t2(m−1)−n.

So

I2 �
∫ 1

1−α
(

1+
√

5
2

) t2m−3

(1− t)λ−2
[
Log

(
4

1−t

)]µ dt,

which tends to zero asα tends to zero.
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Case2. n = 2m− 2. In this case we have

I �
∫

B(x,α)∩D1

Log

(
2 +

1

[x, y]2

)
1

δ(y)λ−2
[
Log

(
4

δ(y)

)]µ dy

+

∫
B(x,α)∩D2

Log

(
2 +

1

[x, y]2

)
1

δ(y)λ−2
[
Log

(
4

δ(y)

)]µ dy

= I1 + I2.

• If y ∈ D1, it follows from the fact thatLog(2 + t) ≤
√

t for t ≥ 2 that

I1 �
∫

B(x,α)∩D1

1

|x− y|(δ(y))λ−2
[
Log

(
4

δ(y)

)]µ dy

�
∫

B(x,α)∩D1

1

|x− y|λ−1
[
Log

(
4

|x−y|

)]µ dy

�
∫ α

0

rn−λ[
Log

(
4
r

)]µ dr,

which tends to zero asα tends to zero.

• If y ∈ D2, then

I2 �
∫

B(x,α)∩D2

Log

(
2 +

1

|x− y|2

)
1

δ(y)λ−2
[
Log

(
4

δ(y)

)]µ dy

�
∫

B(x,α)∩D2

1

|x− y|2δ(y)λ−2
[
Log

(
4

δ(y)

)]µ dy
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�
∫ 1

1−α( 1+
√

5
2

)

tn−1

(1− t)λ−2
[
Log

(
4

1−t

)]µ (∫
Sn−1

dσ(ω)

|x− tω|2

)
dt

�
∫ 1

1−α( 1+
√

5
2

)

tn−1

(1− t)λ−2
[
Log

(
4

1−t

)]µ 1

(|x| ∨ t)2
dt

�
∫ 1

1−α( 1+
√

5
2

)

tn−3

(1− t)λ−2
[
Log

(
4

1−t

)]µ dt,

which tends to zero asα tends to zero.

Case3. n < 2m− 2. In this case

I �
∫

B(x,α)∩D

1

(δ(y))λ−2
[
Log

(
4

δ(y)

)]µ dy.

Hence the result follows from Lemma3.3, using similar arguments as in the above
cases.

In the sequel we aim at proving Theorem1.3. Below we present some preliminary
results which we will need later.

Proposition 3.5.

a) For eacht > 0 and allx, y ∈ D, we have∫ t

0

sm−1p(s, x, y) ds � Gm,n(x, y).
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b) Let0 < t ≤ 1 andx, y ∈ D. Then

Gm,n(x, y) �
∫ t

0

sm−1p(s, x, y) ds ,

provided that

i) n > 2m and|x− y| ≤
√

t; or

ii) n = 2m and[x, y]2 ≤ t ; or

iii) n = 2m− 1 and|x− y|2 + 2δ(x)δ(y) ≤ t.

Proof.
a) Follows from (1.3).

b) We deduce from (1.11) and (1.12) that∫ t

0

sm−1p(s, x, y) ds ∼ |x− y|2m−n

∫ ∞

|x−y|2
t

min

(
δ(x)δ(y)

|x− y|2
r, 1

)
r

n
2
−m−1 e− rdr.

Next, we distinguish the following cases

i) n > 2m. In this case the result follows from (1.7) and Theorem1.1.

ii) n = 2m. Using (1.5) we have∫ t

0

sm−1p(s, x, y) ds ≥ C

∫ 2

|x−y|2
t

δ(x)δ(y)

δ(x)δ(y)r + |x− y|2
dr

≥ C Log

(
[x, y]2 + δ(x)δ(y)

δ(x)δ(y) + t
· t

|x− y|2

)
.

Now since [x, y]2 ≤ t and the functiont 7→ t
δ(x)δ(y)+t

is nondecreasing, then
the result follows from Theorem1.1.
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iii) n = 2m− 1. As in the proof of Theorem1.1we distinguish two cases

• If δ(x)δ(y) ≤ |x− y|2. In this case the result follows from (1.7).

• If δ(x)δ(y) > |x− y|2. Then∫ t

0

sm−1p(s, x, y) ds ≥ C
δ(x)δ(y)

|x− y|

∫ |x−y|2
δ(x)δ(y)

|x−y|2
t

r−
1
2 dr.

Since|x− y|2 + 2δ(x)δ(y) ≤ t, then((
1− 1√

2

)
|x− y|√
δ(x)δ(y)

+
|x− y|√

t

)2

≤ |x− y|2

δ(x)δ(y)
.

Hence ∫ t

0

sm−1p(s, x, y) ds ≥ C
δ(x)δ(y)

|x− y|
|x− y|√
δ(x)δ(y)

= C
√

δ(x)δ(y)

≥ C Gm,n(x, y).

Proposition 3.6. Let q ∈ Km,n(D). Then for each fixedα > 0, we have

(3.1) sup
t≤1

(
sup
x∈D

∫
(|x−y|>α)∩D

δ(y)

δ(x)
p (t, x, y)|q(y)| dy

)
:= M(α) < ∞.
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Proof. Let 0 < t < 1, q ∈ Km,n(D) and0 < α < 1. Then using (1.11) and (1.12)
we have∫

(|x−y|>α)∩D

δ(y)

δ(x)
p (t, x, y)|q(y)| dy � 1

t
n
2
+1

∫
(|x−y|>α)∩D

δ2(y)e−
|x−y|2

t |q(y)| dy

� e−
α2

t

t
n
2
+1

∫
D

δ2(y)|q(y)| dy.

Hence the result follows from Lemma3.4.

Proof of Theorem1.3. 2) ⇒ 1) Assume that

lim
t→0

(
sup
x∈D

∫
D

∫ t

0

δ(y)

δ(x)
sm−1p(s, x, y)|q(y)| ds dy

)
= 0.

Then by Proposition3.5, there existsC > 0 such that forα > 0 we have∫
(|x−y|≤α)∩D

δ(y)

δ(x)
Gm,n(x, y)|q(y)| dy ≤ C

∫
D

∫ α2

0

δ(y)

δ(x)
sm−1p(s, x, y) dsdy,

which shows thatq satisfies(1.4).

1) ⇒ 2) Suppose thatq ∈ Km,n(D) and letε > 0. Then there exists0 < α < 1
such that

sup
x∈D

∫
(|x−y|≤α)∩D

δ(y)

δ(x)
Gm,n(x, y)|q(y)| dy ≤ ε.

On the other hand, using Proposition3.5and(3.1), we have for0 < t < 1∫
D

∫ t

0

δ(y)

δ(x)
sm−1p(s, x, y)|q(y)| dsdy
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�
∫

(|x−y|≤α)∩D

∫ t

0

δ(y)

δ(x)
sm−1p(s, x, y)|q(y)| dsdy

+

∫
(|x−y|>α)∩D

∫ t

0

δ(y)

δ(x)
sm−1p(s, x, y)|q(y)| dsdy

�
∫

(|x−y|≤α)∩D

δ(y)

δ(x)
Gm,n(x, y)|q(y)| dy

+

∫ t

0

∫
(|x−y|>α)∩D

δ(y)

δ(x)
p(s, x, y)|q(y)| dsdy

� ε + tM(α).

This achieves the proof.

Next we assume thatm = 1 and we will give another characterization of the class
K1,n(D).

Corollary 3.7. Letn ≥ 3 andq be a measurable function. Forα > 0, put

Gαq(x) =

∫
D

∫ ∞

0

e−α s δ(y)

δ(x)
p(s, x, y)|q(y)| dsdy, for x ∈ D

and

a(α) = sup
x∈D

∫ 1
α

0

∫
D

δ(y)

δ(x)
p(s, x, y)|q(y)| dyds.

Then there existsC > 0 such that

1

e
a(α) ≤ ‖Gαq‖∞ ≤ C a(α) ,

where ‖Gαq‖∞ = sup
x∈D

|Gαq(x)|.
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In particular, we have

q ∈ K1,n(D) ⇐⇒ lim
α→∞

‖Gαq‖∞ = 0.

Proof. Let α > 0. Then using the Fubini theorem, we obtain forx ∈ D

Gαq(x) =

∫ ∞

0

αe−α t

[∫ t

0

∫
D

δ(y)

δ(x)
p(s, x, y)|q(y)| dyds

]
dt

=

∫ ∞

0

e−t

[∫ t
α

0

∫
D

δ(y)

δ(x)
p(s, x, y)|q(y)| dyds

]
dt.

Hence,1
e
a(α) ≤ ‖Gαq‖∞.

On the other hand if we denote by[t] the integer part oft, then we have

Gαq(x) ≤
∫ ∞

0

e−t

 [t]∑
k=0

∫ k+1
α

k
α

∫
D

δ(y)

δ(x)
p(s, x, y)|q(y)| dyds

 dt

≤
∫ ∞

0

e−t

 [t]∑
k=0

∫ 1
α

0

∫
D

δ(y)

δ(x)
p

(
s +

k

α
, x, y

)
|q(y)| dyds

 dt.

Now, using the Chapmann-Kolmogorov identity and the Fubini theorem we obtain∫ 1
α

0

∫
D

δ(y)

δ(x)
p

(
s +

k

α
, x, y

)
|q(y)|dyds

=

∫
D

(∫ 1
α

0

∫
D

δ(y)

δ(z)
p(s, z, y)|q(y)|dyds

)
δ(z)

δ(x)
p

(
k

α
, x, z

)
dz

≤ a(α)

∫
D

δ(z)

δ(x)
p

(
k

α
, x, z

)
dz.
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Since the first eigenfunctionϕ1 associated to−∆ satisfiesϕ1(x) ∼ δ(x) and∫
D

p(t, x, z)ϕ1(z)dz = e−λ1 tϕ1(x) ≤ ϕ1(x),

then
‖Gαq‖∞ ≤ Ca(α).

So, the last assertion follows from Theorem1.3.
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