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ABSTRACT. In [4] we extended an interesting theorem of Medvedeva [5] pertaining to the em-
bedding relationHω ⊂ ΛBV, whereΛBV denotes the set of functions ofΛ-bounded variation,
which is encountered in the theory of Fourier trigonometric series. Now we give a further gener-
alization of our result. Our new theorem tries to unify the notion ofϕ-variation due to Young [6],
and that of the generalized Wiener classBV (p(n) ↑) due to Kita and Yoneda [3]. For further
references we refer to the paper by Goginava [2].
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1. I NTRODUCTION

Let ω(δ) be a nondecreasing continuous function on the interval[0, 1] having the following
properties:

ω(0) = 0, ω(δ1 + δ2) ≤ ω(δ1) + ω(δ2) for 0 ≤ δ1 ≤ δ2 ≤ δ1 + δ2 ≤ 1.

Such a function is called a modulus of continuity, and it will be denoted byω(δ) ∈ Ω.
The modulus of continuity of a continuous functionf will be denoted byω(f ; δ), that is,

ω(f ; δ) := sup
0≤h≤δ

0≤x≤1−h

|f(x + h)− f(x)|.

As usual, set
Hω := {f ∈ C : ω(f ; δ) = O(ω(δ))}.

If ω(δ) = δα, 0 < α ≤ 1 we writeHα instead ofHδα
.
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Finally we define a new class of real functionsf : [0, 1] → R. For everyk ∈ N let ϕk :
[0,∞) → R be a nondecreasing function withϕk(0) = 0; and letΛ := {λk} be a nondecreasing
sequence of positive numbers such that

∞∑
k=1

1

λk

= ∞.

If a functionf : [0, 1] → R satisfies the condition

(1.1) sup
N∑

k=1

ϕk(|f(bk)− f(ak)|)λ−1
k < ∞,

where the supremum is extended over all systems of nonoverlapping subintervals(ak, bk) of
[0, 1], thenf is said to be ofΛ{ϕk}-bounded variation, and this fact is denoted byf ∈ Λ{ϕk}BV.
In the special cases when allϕk(x) = ϕ(x), we writef ∈ ΛϕBV (see [4]), and ifϕ(x) = xp

we use the notationf ∈ ΛpBV, and whenp = 1, simplyf ∈ ΛBV (see [5]). In the caseλk = 1
andϕk(x) = ϕ(x) for all k, then we get the classVϕ due to Young [6], finally ifλk = 1 and
ϕk(x) = xpk , pk ↑, we get a class similar toBV (p(n) ↑) (see [3]).

Medvedeva [5] proved the following useful theorem, among others.

Theorem 1.1.The embedding relationHω ⊂ ΛBV holds if and only if
∞∑

k=1

ω(tk)λ
−1
k < ∞

for any sequence{tk} satisfying the conditions:

(1.2) tk ≥ 0,
∞∑

k=1

tk ≤ 1.

In the sequel, the fact that a sequencet := {tk} has the properties (1.2) will be denoted by
t ∈ T. K andKi will denote positive constants, not necessarily the same at each occurrence.

Among others, in [4] we showed that if0 < α ≤ 1 andpα ≥ 1 thenHα ⊂ ΛpBV always
holds, furthermore that if0 < p < 1/α, thenHα ⊂ ΛpBV is fulfilled if and only if for any
t ∈ T,

∞∑
k=1

tαp
k λ−1

k < ∞.

If ω(δ) is a general modulus of continuity then for0 < p < 1 we verified thatHω ⊂ ΛpBV
holds if and only if for anyt ∈ T

(1.3)
∞∑

k=1

ω(tk)
pλ−1

k < ∞.

These latter two results are immediate consequences of the following theorem of [4].

Theorem 1.2.Assume thatϕ(x) is a function such thatϕ(ω(δ)) ∈ Ω. ThenHω ⊂ ΛϕBV holds
if and only if for anyt ∈ T

∞∑
k=1

ϕ(ω(tk))λ
−1
k < ∞.

Remark 1.3. It would be of interest to mention that by Theorem 1.2 the restriction0 < p < 1
claimed above, can be replaced by the weaker conditionω(δ)p ∈ Ω, and then the embedding
relationHω ⊂ ΛpBV also holds if and only if (1.3) is true.
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2. RESULTS

Our new theorem tries to unify and generalize all of the former results.

Theorem 2.1.Assume thatω(t) ∈ Ω and for everyk ∈ N, ϕk(ω(δ)) ∈ Ω. Then the embedding
relationHω ⊂ Λ{ϕk}BV holds if and only if for anyt ∈ T

(2.1)
∞∑

k=1

ϕk(ω(tk))λ
−1
k < ∞.

Our theorem plainly yields the following assertion.

Corollary 2.2. If for all k ∈ N, pk > 0 and ω(δ)pk ∈ Ω, that is, if ϕk(x) = xpk , then
Hω ⊂ Λ{xpk}BV holds if and only if for anyt ∈ T

(2.2)
∞∑

k=1

ω(tk)
pkλ−1

k < ∞.

It is also obvious that ifω(δ) = δα, 0 < α ≤ 1, then (2.1) and (2.2) reduce to
∞∑

k=1

ϕk(t
α
k )λ−1

k < ∞ and
∞∑

k=1

tαpk

k λ−1
k < ∞,

respectively.

3. L EMMAS

In the proof we shall use the following three lemmas.

Lemma 3.1([1, p. 78]). If ω(δ) ∈ Ω then there exists a concave functionω∗(δ) such that

ω(δ) ≤ ω∗(δ) ≤ 2ω(δ).

Lemma 3.2. If ω(δ) ∈ Ω andt = {tk} ∈ T, then there exists a functionf ∈ Hω such that if

x0 = 0, x1 =
t1
2

,

x2n =
n∑

i=1

ti andx2n+1 = x2n +
tn+1

2
, n ≥ 1,

then
f(x2n) = 0 andf(x2n+1) = ω(tn+1) for all n ≥ 0.

A concrete function with these properties is given in [5].

Lemma 3.3. If ω(t) ∈ Ω and for all k ∈ N, ϕk(ω(t)) ∈ Ω also holds, furthermore for any
t ∈ T the condition (2.1) stays, then there exists a positive numberM such that for anyt ∈ T

(3.1)
∞∑

k=1

ϕk(ω(tk))λ
−1
k ≤ M

holds.

Proof of Lemma 3.3.The proof follows the lines given in the proof of Theorem 2 emerging in
[5]. Without loss of generality, due to Lemma 3.1, we can assume that, for everyk, the functions
ϕk(ω(δ)) are concave moduli of continuity.
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Indirectly, let us suppose that there is no numberM with property (3.1). Then for anyi ∈ N
there exists a sequencet(i) := {tk,i} ∈ T such that

(3.2) 2i <
∞∑

k=1

ϕk(ω(tk,i))λ
−1
k < ∞.

Now define

tk :=
∞∑
i=1

tk,i

2i
.

It is easy to see thatt := {tk} ∈ T, and thus (2.1) also holds.
Since everyϕk(ω(ω)) is concave, thus by Jensen’s inequality, we get that

(3.3) ϕk(ω(tk)) = ϕk

(
ω

(
∞∑
i=1

tk,i

2i

))
≥

∞∑
i=1

ϕk(ω(tk,i))

2i
.

Employing (3.2) and (3.3) we obtain that
∞∑

k=1

ϕk(ω(tk))λ
−1
k ≥

∞∑
k=1

λ−1
k

∞∑
i=1

ϕk(ω(tk,i))2
−i

=
∞∑
i=1

2−i

∞∑
k=1

ϕk(ω(tk,i))λ
−1
k = ∞,

and this contradicts (2.1).
This contradiction proves (3.1). �

4. PROOF OF THEOREM 2.1

Necessity.Suppose thatHω ⊂ Λ{ϕk}BV, but there exists a sequencet = {tk} ∈ T such that

(4.1)
∞∑

k=1

ϕk(ω(tk))λ
−1
k = ∞.

Then, applying Lemma 3.2 with this sequencet = {tk} ∈ T andω(δ), we obtain that there
exists a functionf ∈ Hω such that

|f(x2k−1)− f(x2k−2)| = ω(tk) for all k ∈ N.

Hence, by (4.1), we get that
N∑

k=1

ϕk(|f(x2k−1)− f(x2k−2)|)λ−1
k =

N∑
k=1

ϕk(ω(tk))λ
−1
k →∞,

that is, (1.1) does not hold ifbk = x2k−1 andak = x2k−2, thusf does not belong to the set
Λ{ϕk}BV.

This and the assumptionHω ⊂ Λ{ϕk}BV contradict, whence the necessity of (2.1) follows.
Sufficiency. The condition (2.1), by Lemma 3.3, implies (3.1). If we consider a system of
nonoverlapping subintervals(ak, bk) of [0, 1] and taketk := (bk − ak), then t := {tk} ∈ T,
consequently for thist (3.1) holds. Thus, iff ∈ Hω, we always have that

N∑
k=1

ϕk(|f(bk)− f(ak)|)λ−1
k ≤ K

N∑
k=1

ϕk(ω(bk − ak))λ
−1
k ≤ KM,

and this shows thatf ∈ Λ{ϕk}BV.
The proof is complete.
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