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ABSTRACT. In [4] we extended an interesting theorem of Medvedgva [5] pertaining to the em-
bedding relatiorH“ C ABV, whereABV denotes the set of functions Afbounded variation,
which is encountered in the theory of Fourier trigonometric series. Now we give a further gener-
alization of our result. Our new theorem tries to unify the notiop-efariation due to Yound [6],

and that of the generalized Wiener cld3¥ (p(n) 1) due to Kita and Yoneda[3]. For further
references we refer to the paper by Goginava [2].
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1. INTRODUCTION

Let w(d) be a nondecreasing continuous function on the intgdfval having the following
properties:

W(O) = O, w(51 + (52) < w(51) +W(52) for 0 < 51 < 52 < 51 + (52 <1.

Such a function is called a modulus of continuity, and it will be denoted @y < €.
The modulus of continuity of a continuous functigrwill be denoted byv(f;4), that is,

w(f;9) = sup [f(z +h)— f(z)].
0<z<1—h
As usual, set
H* = {f € C: w(f;8) = Ow(o)}.
If w(d) =02, 0 < a <1we write H* instead of//*".
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2 LASZLO LEINDLER

Finally we define a new class of real functiofis [0,1] — R. For everyk € N let ¢ :
[0,00) — R be a nondecreasing function with (0) = 0; and letA := {);} be a nondecreasing
sequence of positive numbers such that

Sl
il
If a function f : [0, 1] — R satisfies the condition

N
(1.1) sup > @i(|f(br) = flax) DA < o0,

k=1
where the supremum is extended over all systems of nonoverlapping subintefvalg of
0, 1], thenf is said to be of\{ . } -bounded variation, and this fact is denotedfby A{y:}BV.
In the special cases when all(z) = ¢(z), we write f € A,BV (seel4]), and ifp(z) = 2
we use the notatiofi € A,BV, and wherp = 1, simply f € ABV (seel[5]). Inthe casg;, = 1
andyy(z) = p(x) for all k, then we get the clasig, due to Young!([6], finally if\, = 1 and
or(z) = aPx pr T, we get a class similar tBV (p(n) T) (seel3]).

Medvedeval[b] proved the following useful theorem, among others.

Theorem 1.1. The embedding relatio“ C ABV holds if and only if

Zw(tk))\gl < 00
k=1
for any sequencét, } satisfying the conditions:

(1.2) ty >0, d t <l
k=1

In the sequel, the fact that a sequence- {¢,} has the propertie$ (1.2) will be denoted by
t € T. K andK; will denote positive constants, not necessarily the same at each occurrence.

Among others, in[[4] we showed that(f< o < 1 andpa > 1thenH* C A,BV always
holds, furthermore that it < p < 1/«, thenH* C A,BV is fulfilled if and only if for any
tefT,

o0
Z tPA < oo
k=1

If w(d) is a general modulus of continuity then fo p < 1 we verified thatd* C A,BV
holds if and only if for anyt € T’

[e.9]

(1.3) D wt)P A < oo

k=1
These latter two results are immediate consequences of the following theorem of [4].

Theorem 1.2. Assume thap(z) is a function such thap(w(9)) € Q. ThenH* C A,BV holds
if and only if foranyt € T

D plwtr)A ' < .
k=1
Remark 1.3. It would be of interest to mention that by Theorpm| 1.2 the restridlienp < 1

claimed above, can be replaced by the weaker conditigl? < (2, and then the embedding
relation H* C A, BV also holds if and only iff (1]3) is true.
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2. RESULTS
Our new theorem tries to unify and generalize all of the former results.

Theorem 2.1. Assume that(t) € © and for everyk € N, ¢ (w(d)) € 2. Then the embedding
relation H C A{y} BV holds if and only if forany € T

(2.1) ngk DAL < o0.

Our theorem plainly yields the following assertion.

Corollary 2.2. If for all £k € N, p, > 0 andw(0)?* € Q, that is, if x(z) = 2P+, then
H* c A{«P+} BV holds if and only if for any € T

e}

(2.2) > w(te)P At < oo,

k=1

Itis also obvious that if2(§) = 6%, 0 < a < 1, then [2.1) and[(2]2) reduce to

oo oo
Z or(tHN ! < oo and thpk/\lzl < 00,
k=1 k=1

respectively.

3. LEMMAS
In the proof we shall use the following three lemmas.
Lemma 3.1([1, p. 78]) If w(d) € Q2 then there exists a concave functiof(d) such that
w(d) < w*(9) < 2w(9).
Lemma 3.2. If w(d) € Q andt = {t;} € T, then there exists a functiohe H“ such that if

t

zo=0, 1 = o

12
Zt andxgnH Top + 2+1 n>1,
then
f(z2,) = 0and f(z2,11) = w(tny1) forall n > 0.
A concrete function with these properties is given.in [5].

Lemma 3.3.If w(t) € Qand for allk € N, ¢ (w(t)) € Q also holds, furthermore for any
t € T the condition[(2.]1) stays, then there exists a positive numbsuch that for any € T’

(3.1) Z% DA< M

holds.

Proof of Lemma 3]3The proof follows the lines given in the proof of Theorem 2 emerging in
[5]. Without loss of generality, due to Lemtna3.1, we can assume that, for evéry functions
vr(w(9)) are concave moduli of continuity.
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Indirectly, let us suppose that there is no numhkewith property [(3.1). Then for anyc N
there exists a sequent® := {t,;} € T such that

3.2 2 < (tri)) Ayt < oo.
( ) ngk kz

Now define

=1
Itis easy to see that:= {t,} € T, and thus|(2]1) also holds.
Since everyp,(w(w)) is concave, thus by Jensen’s inequality, we get that

(3.3) or(w(ty) = o <w <Z tm)) Z o (w tm

i=1

Employing [3.2) ano[@S) we obtain that

Z@k w(te)) Ay >Z>\ ZS% w(t,q))
—22 Z@k W(tri)) Ay = o0,
1=1

and this contradict$ (2.1).
This contradiction prove$ (3.1). O

4. PROOF OF THEOREM [2.1

NecessitySuppose that/“ C A{y} BV, but there exists a sequence: {t;} € T such that
(4.1) > r(w(te)) A\ = 0.

k=1
Then, applying Lemmp 3.2 with this sequerice- {t,} € T andw(4), we obtain that there

exists a functiory’ € H* such that

|f($2k_1) — f(xgk_g)’ = W(tk) forall £ € N.
Hence, by[(4.]1), we get that

N
Z@kﬂf(f@k—l)— Tok—2) 22301.C L= oo,
k=1

that is, (1.1) does not hold i, = z2;,—1 anda, = 9,2, thus f does not belong to the set
M} BV.

This and the assumptiai C A{¢,} BV contradict, whence the necessity [of {2.1) follows.
Sufficiency. The condition [(2.]1), by Lemmia 3.3, impligs (8.1). If we consider a system of
nonoverlapping subintervals,, b;) of [0, 1] and taket, := (b, — ax), thent := {t;,} € T,
consequently for this (3.1) holds. Thus, iff € H¥, we always have that

Do el () = flan) DA < KDY prlwlbe — ar) A < KM,

and this shows that € A{y.} BV.
The proof is complete.
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