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Recently, Chen and Kimbalil], studied a very interesting Qi-type integral
inequality and proved the following result.

Theorem 1. Letn belong toZ*. Supposef(z) has a derivative of the-th
order on the intervala, b] such thatf"(a) = 0 fori = 0,1,2,...,n — 1. If

f0)(x) > Mﬁ and £ (z) is increasing, then

n+1

@ [tz [ [ ]

If 0 < f(x) <
reversed.

M% and f( () is decreasing, then the inequality) is
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In this theorem and in the sequgl? (a) stands forf(a).
In[1], Chen and Kimball conjectured that the additional hypothesis on mono-
tonicity in Theoreml could be dropped:

Theorem 2 (Conjecture). Letn belong toZ*. Supposef (z) has derivative of
then-th order on the intervala, b] such thatf) (a) = 0fori = 0,1,2,...,n—
1.

(i) If f™(z) > W,then the inequalityl() holds.

(i) If0 < fM(z) < W,then the inequalityl( is reversed.

In this article, we prove by mathematical induction that the conjecture is
true. As a matter of fact, Theorethholds under slightly weaker assumptions
(existence off(™ () at the endpoints = a,z = b is not needed). We start
by applying Cauchy’s mean value theorem (CMVT) (that is, the statement that
for f, g differentiable on(a, b) and continuous ofu, b] there exists & € (a, b)
such that

F1(€)(g(b) = gla)) = g'(E)(f(b) = f(a)))
to prove the following lemma, which will in turn be used to prove Theofem

Lemma 3. Letn belong toZ*. Supposg (=) has a derivative of the-th order
on the interval(a, b) and 1) (x) is continuous ora, b] such thatf (a) = 0
fori=0,1,2,...,n—1.

(|) If f(n ( ) W for z € (CL, b), then

(f(x)"™ > (n+1) (/j f(s)ds)n for z € [a,b].
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(ll) If0 < f(n) (Qf) < W forx € (CL, b), then

(f(z)™ < (n+1) </amf(s)ds)n for € [a,b].

Proof. First notice that iff is identically0, then the statement is trivially true.

Suppose that is not identically0 on [a, b]. Then the assumption implies that

f(x) > 0forz € [a,b]. If [T f(s)ds = 0 for somex € (a,b] thenf(s) = 0

for all s € [a,2]. So we can assume thdf f(s)ds > 0 for all z € (a,b).

Otherwise, we can find; € (a,b) such that” f(s)ds = 0 for z € [a,a;] and

[ f(s)ds > 0forz € (a1, b) and hence we only need to consideon [ay, b].

(i) Suppose thaf ™ (z) > UT for z € (a,b).

1. n = 1. By CMVT, for everyx € (a, b], there exists &, € (a,x) such that

(F@)*  _ 2f(by) S (by)

2 ff f(s)ds 2f(b1)

So (i) is true forn = 1.

= f'(b1) > 1

2. Suppose that (i) is true for = £ > 1. We prove that (i) is true for
n = k + 1. It then follows by mathematical induction that (i) is true for

n=12....
By CMVT, for everyz € (a, b], there exists &, € (a, x) such that
k2 \ k+1
(f(w))’“” 1 (@)
(k+2) (7 f(s)ds) (k+2) \ [, f(s)ds
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1 (Bue)Fre) T
(k+2) ey

(k2 (P
(kDM (7 (b0)F

(o) »
o+ 1) (S (52)" Fis)as)

k+1
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for z € (a,b), by the induction assumption that (i) is true foe= k. < 4
So (i) istrue forn = 1,2, .... Go Back
(il) The proof of the second part is similar so we leave out the details. This Close
completes the proof of the lemma. O Quit
Now we are in a position to prove the conjecture (Theom Page 5 of 7
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(i) Suppose thaf ™ (z) > W for z € (a,b). By CMVT and Lemma3,
in case (i), there existsta € (a, z) such that
Ll @)+ de (o)
I s@ae] ™ ) 1 fa]
This proves (i).

(i) Suppose thab < f(z) < W forz € (a,b).
By CMVT and Lemma3, in case (ii), there existsta € (a, x) such that

Ll @)+ de o)
ntl ) = < 1.
[fff(x)dx] (n+1) [fal f(x)dx]
This completes the proof of the conjecture. u

As the proofs show, we actually have the following slightly stronger result
which is a generalization of Proposition 1.1 ifj fnd Theorem 4 and Theorem
5in [1].

Theorem 4. Letn belong toZ*. Supposé (x) has derivative of the-th order
on the interval(a, b) and ") () is continuous ora, b] such thatf®(a) = 0
fori =0,1,2,...,n—1.

(i) If () > m for z € (a,b), then the inequality1) holds.

(i) If 0 < f™(2) < W for x € (a,b), then the inequality1) is
reversed.
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