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1. INTRODUCTION

The integral inequalities which furnish explicit bounds on unknown functions has become a
rich source of inspiration in the development of the theory of differential and integral equations.
Over the years a great deal of attention has been given to such inequalities and their applications.
A detailed account related to such inequalities can be found in [1] — [6] and the references given
therein. However, in certain situations the bounds provided by such inequalities available in
the literature are inadequate and we need bounds on some new integral inequalities in order to
achieve a diversity of desired goals. In this paper, we offer some basic integral inequalities in
two independent variables which can be used more conveniently in specific applications. Some
applications are also given to study the behavior of solutions of non-self-adjoint hyperbolic
partial differential equations with several retarded arguments.

2. STATEMENT OF RESULTS

In what followsR denotes the set of real numbeRs, = [0, 00), ) = [zo, X), Is = [yo,Y)
are the subsets & andA = I, x I,. The partial derivatives of a functionz,y), z,y € R
with respect tar, y andxy are denoted by, z (z,y), Dsz (x,y) and Dy Doz (z,y) (O zy)
respectively.
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2 B.G. FACHPATTE

Our main results are established in the following theorems.

Theorem 2.1.Letu,a,b; € C (A, R, ) anda; € C (I, 1), 3; € C* (I, I,) be nondecreasing
with o; (z) <z only, 5 (y) <yonlyfori=1,..,nandk > 0 be a constant.

(A1) If

Bz(y)
(2.1) u(x,y)§k+/ a(s,y)u(s,y d8—|—2/ / u(s,t)dtds,
(zo)

o 7,(y0)

forx € I,y € Iy, then

a;(z)
(2.2) u(z,y) < kq(z,y)exp ( / / (s,t) dtds) )

forx € I,y € I, , where

(23) oo = ( [Catende),
foreel,yels.
(A2) If
n ()
(2.4) u(z,y) §k+/yja(x,t)u(a:,t)dt+;/ai(zo / (s,t)dtds,

forx € I,y € I, , then

a;(z)
(2.5) u(z,y) < kr(z,y)exp ( / / (s,t) dtds) ,

forx € I,y € I, , where

(2.6)  (,9) = exp ( / R dn) |

forz e I,y € L.

Theorem 2.2.Letu, a, b;, o, 5;, k be asin Theore@.l. Letc C' (R,,R,) be nondecreasing
and submultiplicative function wit(«) > 0 for u > 0.

(B1) If
O‘L(w)
@7 wey <kt [ abulsg)dss) / / (u (s, 1)) deds,
xo i yO
forz e I,y € I ;thenforzy <z < xzy,yo <y <wyp;x,21 € I1,y,y1 € Iy,
n o ()
@8  ulw e |Gwm+Y [ / (q (s,1)) dtds| .
i a;i(wo) 7 Bi(yo)
whereg (z,y) is given by[(2.8) and:~! is the inverse function of
" ds
(2.9) G(r :/ —,r >0,
=] 96
ro > 01is arbitrary andz, € I, y1 € I, are chosen so that
O‘L(x)
/ / (q(s,t))dtds € Dom(G™"),
7 yO
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for all x and y lying in[xq, z1] and [y, y1| respectively.

(B>) If
ai(z)
(2.10) wu(z,y) < k+/ a(z,t)u(z,t) dt+ / / (u(s,t))dtds,

Yo

forxell,yelg;thenforx0§x§x2,y0 <y <yyx,x9 € I1,y,ys € I,

+Z / N / " (r (s.1)) dtds| .

7,y0

(2.11) u(z,y) <r(xr,y)G

whereG,G~! are as in part(B;), r(x,y) is given by) and, € I,y, € I, are
chosen so that

)+ Z / / ", (r (s,1)) dtds € Dom(G™Y),

'Ly()

for all x andy lying in [xq, x2] and[yo, y] respectively.

The inequalities in the following theorems can be used in the qualitative analysis of certain
partial integrodifferential equations involving several retarded arguments.

Theorem 2.3.Letu, a, b;, oy, 5, k be as in Theorem 2.1.
(Cy) lfce C(A,R;) and

(2.12) u(I,y)§k+/m:a(s,y) (u(s,y)+/x:c(cr,y)u(a,y)da) ds
+Z/a2(x / (s, ) dtds,

(o)

forx € I,y € Iy, then

()
(2.13) u(z,y) < kp(z,y)exp ( / / (s,t) dtds) :

forx € I,y € I, , where

@1 -1+ [ aleyer ( / la(o) + (o) da) e,

zo o

forz e I,y € L.
(Cy) fce C(ARy) and

(2.15) u(x,y)§k+/ya(x,t) <u(a:,t)—I—/yjc(ac,T)u(x,T)dT) dt

Yo
n o ()
+) / / (s, t) dids,
i—1 7 @i(zo)  Bi(yo)
forx € I,y € Iy, then

()
(2.16) u(z,y) < kw(x,y)exp ( / / (s,t) dtds) ,
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forx € I,y € I, , where

(2.17) wizy) =1+ /ya(x,n) exp (/n la (2, 7) + ¢ (2, 7)] dT) .

Yo Yo
forx € I,y € Is.

Theorem 2.4.Letu, a, b;, o, 5;, k be as in Theorei 2.1 andbe as in Theorein 2.2.
(Dy) Ifce C(A,R;) and

(2.18) u(x,y)§k+/xa(s,y) <u(s,y)+/Sc(0,y)u(a,y)da> ds

o o

+2 / N / (5,1 0 (u (5.0 dtds.

i yO)

forz € I,y € I;thenforyy < < 23,90 <y <wys;x,23 € I1,y,y3 € I,

Bi( y)
/ / (p(5.1)) dtds|
mO 1(90

wherep (z, y) is given by[(2.14)¢, G‘1 are as in part(B;) in Theorenj 22 and; €
I1,y3 € I, are chosen so that

+Z/ ) /4 ) (p(s,1)) dtds € Dom(G™Y)

for all x and y lying in[xg, z3] and[yo, y3] respectively.
(D) lf ce C(A,Ry) and

(219)  wu(z,y) <p(z,y) G

(2.20) u(x,y)§k+/ya(x,t) <u(x,t)—|—/tc(x ) u(z, T)dT) dt

Yo
Bi (y)
/ / (u(s,t))dtds,
(zo) Bi(yo)

forl'ell,yélg;thenforl‘o <z < ay, y0§y§y4,$ $4€[1,y y4€[2,

(2.21)  wu(z,y) <w(z,y) G [ +Z/ / (s,t))dtds] :

wherew (z, y) is given by|[(2.17)7, G~* are as in part(B;) in Theorenj 2)2 and, €
I1,y4 € I, are chosen so that

ﬁz(y)
)+ Z / / w (s, 1)) ditds € Dom(G™),
(zo)  Bi(vo)

for all x andy lying in [xg, z4] and[yo, y4] respectively.

3. PROOFS OF THEOREMS 2.1 {2.4

We give the details of the proofs O#., ) , (B,) and(C}) only. The proofs of the remaining in-
equalities can be completed by closely looking at the proofs of the above mentioned inequalities
with suitable modifications.

J. Inequal. Pure and Appl. Mathb(2) Art. 27, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

INEQUALITIES APPLICABLE TO CERTAIN PARTIAL DIFFERENTIAL EQUATIONS 5

(A;) Define a functiore (x,y) by

(3.2) z(z,y) = k:—i— / / (s,t)dtds.
O‘Z(‘TO 7 yo
Then [2.1) can be restated as
(32) w@y) <20+ [ alsy)ulsg)ds

It is easy to observe that(z, y) is a nonnegative, continuous and nondecreasing func-
tionforx € I,y € I,. Treatingy, y € I, fixed in (3.2) and using Lemma 2.1 in [4] (see
also [3, Theorem 1.3.1]) td (3.2), we get

(3.3) u(z,y) <q(z,y)z(z,y),
foreel,yel,, Whereq (z,y) is defined by[(2]3). Fronj (3.1) and (B.3) we have

ai(x)
(3.4) z(x,y) <k + / / (s,t) z (s,t) dtds.
7 yO
Let & > 0 and define a function (z, y) by the right hand side of (3.4). Then it is easy

to observe that

U<I7y)>07 U(l’o,y):’(}(ﬂf,yo):k’, Z(I‘,y)SU(ﬁ,y)
and

n Bi(y)
Dy (z,y) = Z (/ﬁ bi (i (x),t) q (a; (), t) 2 (i () , 1) dt) ; (z)

i=1 i(yo)

n ﬂ(y
<X ( /@ a; (x) 1) q (o (2) , 1) v (0 () , 1) dt) o (x)

i (Yo)

n Bi(y)
o)y ( /ﬁ b (0 (@) 1) (0 (2) .1 dt) a (x)

i (Y0)

(3.5) D”’ D (z,y) <Z</ﬂ | <x>,t>q<ai<x>,t>dt> ol ().

Keepingy fixed in (3.5) , setting: = ¢ and integrating it with respect o from z, to
x, x € I, and making the change of variables we get

(3.6) v(x,y) < kexp (Z/ /ﬂ (y (s,t) dtds> ,

forz € I,y € I . Using [3.6) inz (« y)gfu(x y) we get

(3.7) z(z,y) < kexp (Z/( / (s,t) dtds) :

Using (3.7) in[(3.B) we get the required mequahty@Z.S).
If £ > 0 we carry out the above procedure with- ¢ instead oft, wheres > 0 is an

arbitrary small constant, and subsequently pass thedimit0 to obtain [(2.5).
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(B1) Define a functiore (x,y) by

(3.8) 2(@,y) =+ /:Z(x / N (u (s, 1)) dtds.

7,(-730
Then [2.T) can be stated as
(39) u(oy) <)+ [ alsy)uls)ds

o

As in the proof of part 4,), using Lemma 2.1 iri 4] td (3]9) we have

(3.10) u(r,y) < q(v,y)z(z,y),

forz € I,y € I, whereg (z, y) andz (z, y) are defined by (2|3) anfi (3.8). From (3.8)
and [3.1D) and the hypothesesg)we have

ﬁl(y)
(3.12) z(z,y) < k+ / / ) (q(s,t) z(s,t))dtds
ﬁz(y)
< /HE;/Q / " (q(s,1)) g (2 (s,t)) dids.

Letk > 0 and define a function (z, y) by the right hand side of (3.L1). Then, it is easy
to observe that (z,y) > 0, v (zo,y) = v (z,%) =k, z(x,y) < v (z,y) and

n Bi(y)
(3.12) Dw(z,y) =) (/B bi (a; (z) 1) g (q (i () ,1)) g (2 (a; (z) , 1)) dt) a; (z)

i=1 (o)

< Z (/ﬁ ) a; (x),t) g (q(a; (x),t) g(v(a(x),t)) dt) o, ()

n Bi(y)
< g(v(z,y)) Z (/5 bi (i (x) ,t) g (q (i (2) 7t))dt> a; (z) .

i (Yo)

From (2.9) and[(3.12) we have

(3.13) DiG (v (2,y)) = %

" Bz(y
<3 ( [ b oG w) ,t>>dt> ol (2).

Keepingy fixed in @), setting: = ¢ and integrating it with respect @ from x, to
x, x € I; and making the change of variables we get

a; ()
(3.14) G(v(z,y)) < / / (q(s,t))dtds.

7,330

SinceG™! (v) is increasing, fron.4) we have

Bz(y)
/ / (q(s,t))dtds]| .
(673 -'EO) 4 yO)

Using [3.15) inz (z,y) < v (:p,y) and then the bound on(z, y) in (3.10) we get the
required inequality in(2]8). The case> 0 can be completed as mentioned in the proof

of (Ay).

(3.15) v(z,y) <G
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(Cy) Define a functior: (z,y) by (3.1) . Then[(2.12) can be stated as
(3.16) u(z,y) < z(z,y) +/ a(s,y) (u (5,9) +/ c(o,y)u(o,y) da) ds.

ly) o
Clearly, z (z,y) is nonnegative, continuous and nondecreasing function for/;,y €
I, . Treatingy, y € I fixed in (3.16) and applying Theorem 1.7.4 givenlih [3, p. 39] to

(3.18) yields
u(z,y) <plz,y)z(z,y),

wherep (z,y) andz (z,y) are defined by (2.14) anf (8.1). Now by following the proof
of (A4;) with suitable changes we get the desired inequality in {2.13).

4. SOME APPLICATIONS

In this section, we present applications of the inequdlity) given in Theoren 2]1 which
display the importance of our results to the literature. Consider the following retarded non-self-
adjoint hyperbolic partial differential equation

(4.1) zy (z,y) = Do (a(2,y) 2 (2,9))
‘l—f(flf,y,Z(Qf—hl (x)ay_gl (y))’7Z($_hn(x)ay_gn(y)))a
with the given initial boundary conditions

(4.2) z(z,90) = a1 (x) , 2 (w0,y) = a2 (y) , a1 (w0) = a2 (yo) = 0,
wheref € C(AxR"R), a; € C'(I,R), az € C' (I5,R), anda € C (A, R) is differ-
entiable with respectto vi; € C (I;,R,), g; € C (I3, R,) are nonincreasing, and such that
x—hi(x)>0,z—hi(x)c C'(I1, 1), y—g:(y) >0,y —g; (y) € C' (I, ), bj (x) < 1,
gi(y) <1,h;(xg) =gi(yo) =0fori=1,...,n;x €,y € I,and

1
(43) M= ey VT T gy
Our first result gives the bound on the solution of the problenj (4.1) } (4.2).

Theorem 4.1. Suppose that

(4.4) f (g, )| <0 (2,y) il
=1

(4.5) le (z,y)] <k,

whereb, (z,y) , k are as in Theoreth 2.1 and

. (g =an () +ax )~ [ als.m)a (5)ds

If z (2, y) is any solution of[(4]1) { (4]2), then

¢z(x
4.7) |z (z,y)] < kq(z,y)exp ( / / (0,7)q (0, ) deU) ,
i (o) i(Y0)

forz € I,y € I,, whereg; (v) =z — h; (), x € [}, ¥; (y) =y — 9 (y),y € I, b; (0,7) =
M;N;b; (o + h; (s), 7+ g: () foro,s € I, 7,t € I, and

4.8) 7(z,9) = exp ( / a6y d&) ,

forx € I,y € L.
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Proof. It is easy to see that, the solutiefi, y) of the problem[(4]1) -{ (4]2) satisfies the equiv-
alent integral equation

@9) (o) = (o) + [ als.g)z(s.0)ds
—|—/x/yf(s,t,z(s—h1(s),t—g1(t)),...,z(s—hn(s),t—gn(t)))dtds,

wheree(z, y) is given by [4.6). Frond (4]9)] (4.4}, (4.5), (4.3) and making the change of variables
we have

(4.10) I@yﬂ<k+/!astdsts

/ / Zb‘ (s:1) |z (s — hi(s) .t — gi (t))| dtds

=1

<k+/raswua5wws

¢i(z)
/ (o,7) |2 (0,7)| drdo.
i yO

'LmO

Now a suitable application of the inequali(tyﬁl) given in Theorem 2]1 td (4.10) yields (#.7).
O

The next theorem deals with the uniqueness of solutiorjs df (4[I)]- (4.2).

Theorem 4.2.. Suppose that the functighin (4.])) satisfies the condition
(411) ’f <I7y7u17 s ,Un) - f (‘7;73/71)17 s 7Un)| < Zbl (.T,y) |u1 o Ui‘ )

whereb; (z,y) are as in Theorer 2/1. Lél/;, N;, ¢;, v, b; be as in Theorern 4.1. Then the
problem [(4.1) —[(4]2) has at most one solution/on

Proof. Letu (z,y) andv (z, y) be two solutions of (4]1) - (4.2) oir , then

MiaQM%M—v@w%Z/iM&w&M&w—vwwﬂ%

zo

4—/9C y{f(s,t,u(s—hl(s),t—gl(t)),...,u(s—hn(s),t—gn(t)))

—f(s,t,v(s—hi(s),t—q1 (1),...,v(s—h,(s),t—gn(t)))}dtds .
From (4.12),[(4.11), making the change of variables and in viey of (4.3) we have

(4.13) fu(z,y) —v(z,y)|

/!as@HMs@—v@yﬂ%

//Zb (s,t) [uls —hi(s),t —gi(t)) —v(s—hi(s),t—g: (1)) dtds
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/ a (s,9)] Ju (5, 9) — v (5, )] ds

/ / i (o,7) |u(o,7) —v (o, 1) drdo.
i(zo) Y ¥(yo)
A suitable application of the inequalify!; ) in Theorenj 2.1 td (4.13) yields

u@,y) —v(z,y)] <0.
Thereforeu(z, y) = v(z,y) i.e. there is at most one solution of the problém|(4.1) 4 (4.2)]

The following theorem shows the dependency of solutions of equétion (4.1) on given initial
boundary data.

Theorem 4.3. Letu (z,y) andv (z,y) be the solutions of (4.1) with the given initial boundary
data

(4.14) u(z,y0) = c1 () ,u(20,y) = 2 (y), 1 (20) = 2 (y0) = 0,
and
(4.15) (w ZJO) =d; ( ), v (o, ) = dy (y) ,dy (530) =dy (y()) =0,

respectively, where,,d; € C' (I}, R), cy,dy € C* (15, R) . Suppose that the functighsatis-
fies the conditior (4.11) in Theorgm4.2. Let

(4.16) e1(z,y) =c (x) + e (y) — /:v a(s,yo) 1 (s)ds,

zo

(4.17) ca () = i () + s () — [ (o) i (5) s,

x0

forz € I,y € I, and
(418) |61 ($,y) — €3 (:l?,y)\ é k?
wherek is as in Theorern 2} 1. Létl;, N;, ¢;, ¢, b;,  be as in Theorefn 4.1. Then

(4.19)  Ju(x,y) —v(x,y)| < kq(x,y)exp ( / )/ (0,7)q(0,7) de0'> :

forxz € I,y € L.

Proof. Sinceu(z,y) andwv(z,y) are the solutions of (4.1) + (4]14) ajd (4.1) — (4.15) respec-
tively, we have

(420) U(I,y) - U({L‘,y) =€ (‘Tay) — €2 (ZL‘,y) + /xa(svy) {U(S,y) -v (Say)}ds

Zo

+/x y{f(s,t,u(s—hl(s),t—gl(t)),...,u(s—hn(s),t—gn(t)))
—f(s,t,v(s—hi(s),t—q1 (1)),...,v(s—h,(s),t—gn(t)))}dtds,
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forxz € I,y € I,. From [4.20),[(4.18)] (4.11), making the change of variables and in view of
(4.3) we have

@21) [u(z,y) v ()| <k+/ 0 (s,9) Ju (5, ) — v (5 )]| ds

w(y)
/ / i (0,7) |u(o,7) —v (o, 7)| drdo,
z(x() yO)

forz € I,y € I, . Now a suitable application of the inequalityl;) in Theorenj 2.1 tq (4.21)
yields the required estimate in (4]19), which shows the dependency of solutidns]of (4.1) on
given initial boundary data. O

We next consider the following retarded non-self-adjoint hyperbolic partial differential equa-
tions

(422) Ry (ﬂf,y) =Dy (CL (x,y)z(a:,y))
+f(xyz(@—hi(x),y=—g1(¥), -, 2@ = ha(T),y =90 (¥)), 1),

(4.23) zyy (7,y) = Dy (a(z,y) 2 (7,y))
+f(@y,z(@—hi(2),y—g1(y), 2 (@ —ha(2),y —gn(y)), ko),

with the given initial boundary conditionis (4.2), whefes C' (A x R” x R, R), h;, g; are as in
(4.7) andw, p, are real parameters.
The following theorem shows the dependency of solutions of problems| (4.22)]— (4.2) and

(@.23) - [4.2) on parameters.

Theorem 4.4. Suppose that

(424) ’f(Ihy?ul?"'?unvu) _f(x7y7vlv"'7vnalu’)‘ S Zbl (Ihy) |ul — Vi,

=1

(425) |f(x7y7u17"'7un7u) - f<x7y7u17"'7un7:u)| < m(x,y) |M_M0|7

whereb; (2, y) are as in Theorern 2.1 and : A — R is a continuous function such that
Ty
(4.26) / / m(s,t)dtds < M,
o “Yo

whereM > 0 is a real constant . Leb/;, N;, &;, 1, b; be as in Theorerin__4].1. K (x,y) and
2 (z,y) are the solutions of (4.22) { (4.2) ar{d (4.23) E- (4.2), then

_ w(y)
4.27) |21 (2,y) — 2 (2,9)] < Fq (2, exp< / / 1) q(o,7) dnza> |
i(zo) JY(yo)

forz € I,y € I,,wherek = |u — uo| M andq (z,y) is defined by| (4]8).
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Proof. Let z (z,y) = 21 (z,y) — 22 (z,y) for x € I,y € I,. As in the proof of Theorern 4.2,
from the hypotheses we have

(4.28) z(z,y) = /xa(s,y)z(s,y) ds

o

+/$ (st ma (s — B ()t — g () 1o 21 (5 — B (3) o — g (1)) o 10)

—fsitza(s =M(s),t =gi(t)),... 20 (s = (5),t = gn (1)), 1)
+ f(s,t,20(s—hi(8),t—q1(t)),...,20(s =Dy (s),t—gn(t)), )
—f(s,t,z2(s—hy(s),t—g1(t),...,22(s—hy(8),t—gn(t)),po)} dtds.

From (4.28),((4.24) - (4.26), making the change of variables and in vigw ¢f (4.3) we have

n

(4.29)|z (z,y)|
< [Clatsllz sl as

//Zb (s;t) |21 (s = hi(s),t —gi(t) — 22 (s — hi(s) .t — gi (t))|dtds

Ozl

+/ m (s, t) |u— pol| dtds
Yo

<k+ [ la(s,y)|]z(s,y)|ds
x0

"o pdi@) pv(y)
+ Z/ / b (o,7) |z (0,7)| drdo.
i=1 ¢L(900) i(yo)

A suitable application of the inequality4;) in Theoren] 2.1 to[ (4.29) yield$ (4]27), which
shows the dependency of solutions of problegms (4.2P) + (4.2) and (4.23) — (4.2) on parameters
1 and . O

We note that the inequality given in Theorem|2.1 fatt) can be used to study the similar

properties as in Theorerns #.1 —]4.4 by repladinga (z, y) z (z,y)) by D (a (z,y) z (z,y))
in the equationd (4]1)| (4.22), (4]23) with the corresponding given initial-boundary conditions,
under some suitable conditions on the functions involved therein. We also note that the inequal-

ities given in Theorerp 2|3 can be used to establish similar results as in Theorenjs 4.1 — 4.4 by
replacingD; (a (z, ) z (z,y)) by

b (0 (s e [ s o))
D, (Q2 (x,y,z(x,y),/y:/ ks (x,r,z(w,7))d7))

in the equationd (4]1)] (4.R2), (4]123) with the corresponding given initial-boundary conditions
and under some suitable conditions on the functions involved therein.

Further it is to be noted that the inequalities and their applications given here can be extended
very easily to functions involving many independent variables.

or
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