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Abstract

In this paper explicit bounds on certain retarded integral inequalities involving
functions of two independent variables are established. Some applications are
also given to illustrate the usefulness of one of our results.
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The integral inequalities which furnish explicit bounds on unknown functions
has become a rich source of inspiration in the development of the theory of dif-
ferential and integral equations. Over the years a great deal of attention has been
given to such inequalities and their applications. A detailed account related to
such inequalities can be found in][—- [6] and the references given therein.
However, in certain situations the bounds provided by such inequalities avail-
able in the literature are inadequate and we need bounds on some new integral
inequalities in order to achieve a diversity of desired goals. In this paper, we
offer some basic integral inequalities in two independent variables which can
be used more conveniently in specific applications. Some applications are also
given to study the behavior of solutions of non-self-adjoint hyperbolic partial
differential equations with several retarded arguments.
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In what followsR denotes the set of real numbeRs, = [0, c0), I} = [z9, X),
I, = [y0,Y) are the subsets & and A = I; x I,. The partial derivatives
of a functionz(z,y), =,y € R with respect tor,y and zy are denoted by
Dyz(z,y), Doz (z,y) andDyDsz (z,y) (Or 2,,) respectively.

Our main results are established in the following theorems.

Theorem 2.1.Letu,a,b; € C(A,R,)anda; € C' (I}, 1), 5; € C' (I, I)
be nondecreasing with; (z) < zonIy, (3 (y) < yonl,fori =1,..,n and
k > 0 be a constant.

(Ay) If

(2.2) u(m)sm/gﬁa(s,y)u(s,y)ds

zo
/O;z(x(l /1 yO
forx € I,y € Iy, then

(2.2) u(z,y) < kq(z,y)exp (Z/m(xo / (v0)

forx € I,y € I, , where

(2.3) q(7,y) = exp (/xa(é,y) df) ,

fOI’I’EIl,yG[Q.

(s,t)dtds,

(s,t) dtds) :
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(Ag) If

(2.4) u(x,y) < k+/ya(x,t)u(x,t)dt

Yo
/ / (s,t)dtds,
a;(zo) 7 Bi(yo)
Inequalities Applicable To

Certain Partial Diff tial
(2 5) U(x y) < k?’ Q; y exp <Z/ ( / 8 t) dtds) ’ ertain EagJZtior:seren ial
g '7:0 i yo

B.G. Pachpatte

forz € I,y € I, then

forxz € I,y € I, , where

Yy .
(2.6) r(z,y) = exp < / a(z,n) d77> : Tide Page
Yo Contents
forz e I,y € .
rEAYE R «“« S
Theorem 2.2. Letw, a, b;, o;, ;, k be as in Theorerd. 1. Letg € C' (R, R,) < >
be nondecreasing and submultiplicative function withy) > 0 for v > 0.
Go Back
(By) If 0 Bac
Close
2.7) u(z,y) <k —I—/ a(s,y)u(s,y)ds Quit
w Page 5 of 27
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forz e I,y € Iy ;thenforzg < x < x1,yo <y < wy1;z,21 € I1,y,y1 €

I,

(2.8) u(r,y) < q(x,y)

x G~1

/Ozb(l‘) /
% yO

whereq (x,y) is given by .3) andG~! is the inverse function of

(q(s,1)) dtds] ,

" ds
(2.9) G(r)= / —r >0,
ro 9(5)
ro > 0is arbitrary andx; € I, vy, € I, are chosen so that
/Gz(y)
)+ Z/ / g(q(s,t))dtds € Dom(G™),
(wo) Y Bi(yo)

for all x and y lying in[xg, 21] and [y, y1| respectively.

(By) If

(2.10) u(z,y) < k+/ya(a7,t)u(:):,t) dt

" i/a / o) (u (s, 1)) dtds,
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forz e I,y € Iy ;thenforzg < x < x9,yg <y < yo; 2,22 € I1,y,1ys €
I,

(2.11) u(z,y) < r(z,y)

x G~1

/ . / (r (s,1)) dtds] ,

whereG,G! are as in part(Bl), r(z,y) is given by 2.6) and z, €
I, ys € I, are chosen so that

k) + Z:;/a / N (r (s,1)) dtds € Dom(G™Y),

for all x andy lying in [xg, z2] and [y, y2] respectively.

The inequalities in the following theorems can be used in the qualitative anal-
ysis of certain partial integrodifferential equations involving several retarded
arguments.

Theorem 2.3.Letu, a, b;, oy, 5;, k be as in Theorer. 1.
(Cy) Ifce C(AR,)and

@12) we.n) <k [ ats ) (s y>+/s (0.) <ay>da)ds

n

+) / / (s, ) dtds,
i=1 Y ai(zo) Y Bi(yo)
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forxz € I,y € I, , then

(2.13) u(z,y) < kp(2,y)

X exp / / (s,t)dtds |,
xO) z(yO)

forx € I,y € I, , where

z € Inequalities Applicable To
(2.14) p (3;7 y) =1+ / a (f’ y) exp (/ [CL (07 y) +c (0" y)] do‘) dg, Certain Partial Differential
o o Equations
forr Il y € [2' B.G. Pachpatte
(Cy) Ifce C(A,Ry)and Title Page
Y Contents
@19) w(ry) < b+ [ aten) (ue, >+/ (o, 7)u (@, 7) dr ) dt
Yo 44 44
+) / / (s,t) dtds, < >
i=1 *eileo) il Go Back
forz e I,y € I, then Close
(216) u(x,y) < kw (z,y) S
Page 8 of 27
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forxz € I,y € I, , where

(217) w(z,y) =1+ /ya(x,n) exp (/n la (2, 7) + ¢ (2, 7)] dT) .

Yo Yo
forx e I,y € Is.

Theorem 2.4.Letu, a, b;, o;, 5;, k be as in Theorerfi.Landg be as in Theorem
2.2

(Dy) f ce C(A,Ry) and

Inequalities Applicable To
> s Certain PartiaI_DifferentiaI
@18) u(w)<k+ | a(&@/)( (s,9) + / (0,9 <a,y>da> ds

B.G. Pachpatte

0
+ / / (u(s,t))dtds,
Z (wo) Y Bi(yo) Title Page

forx e I,y € Ir;thenforzy <z < a3,y <y < wys;x,x3 € I1,y,y3 € Contents
Iy,
2 «“ 33
(2.19) u(x,y) <p(x,y) < >
x G! / / (p(s,t)) dtds] , Go Back
(@0) /Bi(yo) Close
wherep (z,y) is given by 2.14), G,G~! are as in part(B;) in Theorem Quit
2.2andzs € Il, y3 € I are chosen so that
Page 9 of 27
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(D2

for all x and y lying in[xg, 23] and [y, y3] respectively.

) Ifce C(AR,)and

(2.20) u(x,y)§k+/yy a (1) ( +/

DM I BRI

forx € I,y € Ir;thenforzg <o <y, <y <wya;x, w4 € 11,y,ys €
I,

(x,7) dT) dt

,1)) dtds,

(2.21) u(z,y) <w(z,y)

+Z/a2(x /Zyo w (s,

wherew (z,y) is given by 2.17), G,G~! are as in part(B;) in Theorem
2.2andzxy4 € I ,y4 € I, are chosen so that

t))dtds|

o ()
/ / (5,t) g (w (s,t)) dtds € Dom(G™),
i yO

for all x andy lying in [xg, z4] and [y, y4] respectively.
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2.1-2.4

We give the details of the proofs @f,) , (B;) and(C}) only. The proofs of the
remaining inequalities can be completed by closely looking at the proofs of the
above mentioned inequalities with suitable modifications.

(A;) Define a functior: (z,y) by

(3.1) 2 (z,y) = k+i/ /( (s,t)dtds.

Then @.1) can be restated as

(3.2 wwy) <2+ [ alsy)ulsy)ds

Zo
It is easy to observe that(z, y) is a nonnegative, continuous and nonde-
creasing function for € I,y € I,. Treatingy,y € I, fixed in (3.2 and
using Lemma 2.1 in/] (see also§, Theorem 1.3.1]) to3.2), we get

(3.3) u(z,y) < q(z,y)z(z,y),
forz € I,y € I, , whereg (x, y) is defined by 2.3). From 3.1) and 3.3
we have
n ()
(3.4) z(x,y) <k+ Z/ / (s,t) z (s,t)dtds.
i=1 7 ai(zo) 7 Bi(yo)
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Let £ > 0 and define a functiom (z,y) by the right hand side of3(4).
Then it is easy to observe that
v(z,y) >0,

v(zo,y) = v (2, 90) =k, 2(z,y) <v(z,y)

vx n ﬁz(y
(3.5) D1 y Z(/

Bi yo)

ai (z),t) q (e () 1) dt) a; (z).

Keepingy fixed in (3.5) , settingx = ¢ and integrating it with respect to
from z, to z, x € I, and making the change of variables we get

ﬂz(y
(36)  v(z,y) < kexp / /
(o) v Bi(yo)

(s,t) dtds) :

Inequalities Applicable To
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forz € I,y € I, . Using 3.6) in z (z,y) < v (x,y) we get

(3.7)  z(z,y) < kexp <Z/ » / "

Using 3.7) in (3.3) we get the required inequality i2 ().

If & > 0 we carry out the above procedure witht ¢ instead ofk, where
e > 0 is an arbitrary small constant, and subsequently pass the:limi0
to obtain ¢.5).

(s,t) dtds) :

Define a functiorx (z, y) by

xy—k:+2/ / (s,t) g (u(s,
(z0) i (Y0)

Then @.7) can be stated as

(3.8) t)) dtds.

(3.9 u(z,y) < z(x,y)+ /xa (s,y)u(s,y)ds.

o

As in the proof of part A,), using Lemma 2.1 inf] to (3.9) we have
(3.10) u(r,y) <qlzy)z(z,y),

forz € I,y € I, , whereq (z,y) andz (z,y) are defined by4.3) and
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(3.8). From 3.8) and 3.10 and the hypotheses gnwe have
(3.11) z (z,y)

gk+§n:/w /Zyo (q(s,t) 2 (s, 1)) dtds

a;(z)
/ / (q(s,t)) g (z(s,t))dtds.
7 y()
. . . . Inequalities Applicable To
Let £ > 0 and define a function (z, y) by the right hand side of3(11). Certain Partial Differential
Then, it is easy to observe thatz,y) > 0, v (zo,y) = v (x,y0) = k, Equations
z(z,y) <v(zr,y)and B.G. Pachpatte
(312) Dlv(xay) .
n Biw) Title Page
:Z (/ b; (i(x),t) g (q(i(x),t)) g (2 (a(x),1)) dt) a;(z) Contents
i Bi(yo)
”1 Bi(y) « dd
SZ(/B( )bi (@i(), 1) g (g (@i(x), 1)) g (v (i(), 1)) dt)@é(ﬂf) < >
i=1 (Yo
n Bi(y) Go Back
<g(v(x,y)) Z(/ﬁ ( )bz' (ai(2),t) g (¢ (ai(), 1)) dt)‘)‘;@) : Close
1= (Y0
Quit

From 2.9 and 3.12 we have
€9 €12 Page 14 of 27

D1U xvy)
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n ﬁz(y
< < /ﬂ 0 (2),1) g (q (@i (x) 1)) dt) o (z)

i (Y0)

Keepingy fixed in (3.13, settingz = o and integrating it with respect to
o from zy to x, x € I; and making the change of variables we get

(3.14) G (v (z,y)) < G (k) + Z/ / (¢ (s,1)) dtds.
= (o) Inequ_alities Appl?cable '_I'o
SinceG™! (v) is increasing, from3.14) we have ceran Zac{f}:li?,ﬁere”t'a'

B.G. Pachpatte

-1 [G(/@Hi / / (q(s,)) dtds | Tile Page

(3.15) v (x,y)

Contents
Using 3.19 in z (z,y) < v (z,y) and then the bound on(z, y) in (3.10 <« Y
we get the required inequality i @). The casé > 0 can be completed > S
as mentioned in the proof o4,).
(C,) Define a functiore (z,y) by (3.1) . Then .12 can be stated as Go Back
Close
(3.16) u(z,y) Quit
<sen+ [Catn (s [conumar)ds Page 15 of 27
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Clearly,z (x, y) is nonnegative, continuous and nondecreasing function for
x € I,y € I, . Treatingy,y € I, fixed in (3.16 and applying Theorem
1.7.4 given in B, p. 39] to @3.16) yields

u(x,y) <p(r,y)z(r,y),

wherep (x,y) andz (z, y) are defined by4.14) and @3.1). Now by follow-
ing the proof of(A;) with suitable changes we get the desired inequality
in (2.13.
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In this section, we present applications of the inequdlity) given in Theorem
2.1 which display the importance of our results to the literature. Consider the

following retarded non-self-adjoint hyperbolic partial differential equation

(4.1) zay (z,y) = Da(a(z,y) 2 (z,y))
—|—f($7y,2(l‘—h1 (x)7y_gl (y)),
2@ =hn (@), 9 =90 (),

with the given initial boundary conditions

(4.2) z (2, y0) = a1 (), 2 (o, y) = a2 (y) , a1 (7o) = a2 (yo) = 0,

where f € C(AxR"R), a; € C'([1,R), az € C'(I,,R), anda €
C (A, R) is differentiable with respectto yi; € C' (I1,R,), ¢; € C (I3, R,)
are nonincreasing, and such that- h; (z) > 0, x — h; (z) € C' (I}, 1),

y—0gi(y) >0,y —gy) € C (I, L), b (x) < 1,4 (y) <1, h(x) =
gi(yo)=0fori=1,...,n;z € I,y € I, and

1 1
4.3 M, = — N, = — .
(4.3) weh1— 1 (z)’ veh 1— g (y)

Our first result gives the bound on the solution of the problém) - (4.2).
Theorem 4.1. Suppose that

(44) |f(x7y7ul>"'a

=1
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(4.5) e (z, y)| <k,

whereb; (z,

(4.6) e(o.9) = o 0) +aa )~ [ alsm)as(s)ds

o

y), k are as in Theorer2.1and

If z (z,y) is any solution of4.1) — (4.2), then

4.7 |z (z,y)| < kq(z,y) exp( / /( (0,7)q(0,7) deO') :

forz € I,y € I, whereg; (v) = x — h; (), v € L1, ¥ (y) =y — 9 (y),
y € Iy,b; (0,7) = MyN;b; (0 + hi (s), 7+ g; (t)) foro,s € I, 7,t € I, and

4.8) 2(2.) = oxp ( / “lae,y)] ds) 7

forxz € I,y € L.

Proof. It is easy to see that, the solutiafiz, y) of the problem 4.1) — (4.2)
satisfies the equivalent integral equation

(4.9) z(z,y) =e(z,y)+ /xa(s,y) z(s,y)ds

o

+/$ yf(s,t,z(s—h1(8),t—91(t)>>

2(s—=hy(s),t—gn(1)))dtds,
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wheree(z, y) is given by @.6). From @.9), (4.4), (4.5, (4.3) and making the
change of variables we have

(4.10) |z (x.y)] < k+/ 0 (s,9)] |2 (s, )| ds

Yo ;=1
<k +/ la (s,y)| |z (s,y)|ds Inequalities Applicable To
Certain Partial Differential
Equations
+ Z/ / (0,7) |z (0, 7)|drdo. B.G. Pachpatte
7 rO z(yO
Now a suitable application of the inequality;) given in Theoren2.1to (4.10 Title Page
yields @.7). ] Fe—
The next theorem deals with the uniqueness of solutions$.af € (4.2). pp NS
Theorem 4.2.. Suppose that the functighin (4.1) satisfies the condition < S
" Go Back
(411) |f (xﬂyaulv s 7U7L) - f (x7yavla s 7UTL)| S Zbl (xvy) |ul - Ui| )
— Close
. - ) Quit
whereb; (x,y) are as in Theoren2.1 Let M;, N;, ¢;,1;,b; be as in Theorem
4.1. Then the problem4(1) — (4.2) has at most one solution ak . Page 19 of 27
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Proof. Letu (z,y) andv (x, y) be two solutions of4.1) — (4.2) on A , then

maazwaw—v@y»—/x<sw&usw—va»w

/ /thus—mmt—mm>

su(s — ha(s), t = gn(t)))
—f(S,t,U(S—hl( )7t_gl(t)>7

L 0(s — hp(s),t — gn(t))) }dtds.

From @.12), (4.11), making the change of variables and in view 4f3 we
have

(413)  Ju(z.y) — v (.y)|
/|aswuwsw—v@ynm

/uLEjbstms— ().t — g: (1)

v(s—hi(s),t—g;(t))|dtds

/|aswuwsw—v@ynw

/l (z0) /w(yo) (0.7) Ju(o,7) — v (o,7)|drdo.
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A suitable application of the inequalityl;) in Theorem2.1to (4.13 yields

]u(x,y) _U<I7y)| < 0.

Thereforeu(z,y) = v(x,y) i.e. there is at most one solution of the problem

(4.1 - (4.2). u

The following theorem shows the dependency of solutions of equatiah (
on given initial boundary data.

Theorem 4.3.Letu (x,y) andv (z,y) be the solutions of4(1) with the given
initial boundary data

(4.14) u(z,y0) = c1 () ,u (0, y) = ca (y), 1 (x0) = 2 (o) =0,
and
(4.15) v (z,y0) = di (z),v (0,y) = da (y) , d1 (7o) = da (y0) = 0,

respectively, where,, d; € C' (I},R),cy,dy € C* (I5,R) . Suppose that the
function f satisfies the conditior?(11) in Theorem?.2. Let

@10) ) -a@rab - | " (s,y0) 1 (5) ds,

o

@1) el -d@+de) - [ " (s,90) da () ds,

Z0
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forz € I,y € I, and

(418) |€1 (l’,y) — €2 (.I’,y)| < k?,

wherek is as in Theoren®.1. Let M;, N;, &;, 1, b;,§ be as in Theorerd. 1.

Then
(419) ‘u (33', y) -0 ($, y)’
n di(z)  r(y)
<tegen (> [ [ h@naends).
i=1 Y ¢i(zo) J¥(yo)

forxz e I,y € .

Proof. Sinceu(z,y) andv(z,y) are the solutions of4(1) — (4.14 and @.1) —

(4.19 respectively, we have

(420) U(ﬁ,y)—?)(l‘,y)
— e () — e (2,y) + / a (s,) {u(s,y) — v (s,9)} ds

Zo

+/x:/y:{f(s,t,u(s—h1(s),t—91(t)),...,u(s—hn(s),t_gn(t)))
—f(s,t,o(s—hi(s),t—ag1(t),...,v(s—h,(s),t—gn(t)))}dtds,

forz € I,y € I,. From @.20), (4.19), (4.11), making the change of variables
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and in view of ¢.3) we have

(4.21) fu(z,y) —v(z,y)| <k+/ la (s, y)] |u(s,y) —v (s, y)|ds

/ (z0) /w(ym (0,7) [u(o,7) — v (o,7)|drdo,

forx € I,y € I, . Now a suitable application of the inequalityl;) in Theo-
rem2.1to (4.21]) yields the required estimate i4.(L9, which shows the depen-
dency of solutions of4.1) on given initial boundary data. O

We next consider the following retarded non-self-adjoint hyperbolic partial
differential equations

(422) Ry (l’,’y) = D2 (CL (SL’,y)Z(l’,y))
+f(as,y,z(x—h1 (x)ay_gl (y))>
sz (= ha (2) Y = g0 (¥)) , 1),

(4.23) zoy (2,y) = Da (a(z,y) 2 (z,y))
+ f(@y, 2 (@ —hi(z),y =01 (y),
2@ = ha (2),y = 90 (¥)) , 10),
with the given initial boundary conditiond @), wheref € C' (A x R" x R,R),
h;, g; are as in4.1) andu, uo are real parameters.

The following theorem shows the dependency of solutions of problérag) (
—(4.2) and @.23 — (4.2) on parameters.
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Theorem 4.4. Suppose that

(424) |f(37>?/,U17--~7UmM) _f(xvyavla---vvnau)|
Szbz(xay) ’ui_vi )
=1
(425) |f(w,y,u1,...,un,,u)—f(x,y,ul,...,un,ﬂﬂ Sm(m,y) |N_#O|>

whereb; (z,y) are as in Theoren2.1andm : A — R is a continuous function

such that
z oy
/ / m(s,t)dtds < M,
zo Yo

whereM > 0 is a real constant . Leb/;, N;, ¢;,;,b; be as in Theorerd. L
If 21 (x,y) and z; (z,y) are the solutions of4.22) — (4.2) and 4.23 =- (4.2),
then

(4.26)

(4.27) |21 (7, y) — 22 (7, y)]

_ #i(@) ¢(y
< kq(z,y)exp /
7 330

forz € I,y € I,,wherek = |p — po| M andq (z, y) is defined by4.8).

(o,7) deU) ,
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Proof. Letz (z,y) = 2z (x,y) — 22 (x,y) forx € 11,y € I,. As in the proof of
Theorem4.2, from the hypotheses we have

(4.28) z(z,y) = /wa (s,y)z(s,y)ds

+/x y{f(svtvzl(3_h1<3)7t_gl(t))>"'vzl(S_hn(s)7t_g71(t))>ﬂ)
_f(satazZ(S_h1<3)7t_91<t))7' . ( hn(S), gn(t»mu)
+f(57t722(3_h1(S)7t_gl(t))a' : ( hn(s)v gn(t))’u)

—f(S,t,Zz(S—hl(S),t—gl(t))waa( hi (8) 6 = gn (1)) pt0) } dids.

From @.29), (4.24) — (4.26), making the change of variables and in view of
(4.3) we have

(429) |z (r.y)| < / “la (s, |z (5. 9)] ds

S DT AR

—z5 (s —hi (s),t —g; (1))| dtds

Ty
+/ m(s,t) |u— pol dtds
Yo

§k+/ la (s, )] 2 (5,)| ds
)
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#i(w)

A suitable application of the inequality4;) in Theorem2.1to (4.29 yields
(4.27), which shows the dependency of solutions of problefn3d — (4.2) and
(4.23 — (4.2) on parameters and . O

P(y)
/ b; (0,7) |z (o,7)|dTdo.
i(yo)

i(zo0)

We note that the inequality given in Theoréri part (A4,) can be used to
study the similar properties as in Theoremsl — 4.4 by replacing

Dy (a(z,y)z(x,y)) by Dy (a(z,y) z (z,y)) inthe equationsA 1), (4.22), (4.23

with the corresponding given initial-boundary conditions, under some suitable
conditions on the functions involved therein. We also note that the inequalities
given in Theoren2.3can be used to establish similar results as in Theorefins

—4.4by replacingD; (a (x,y) z (x,y)) by

D2 (@i (w2 [ bz yan )
D, (Qz (xyz (x,y),/yj ko (2,7, 2 (x,T))dT))

inthe equationsA.1), (4.22), (4.23 with the corresponding given initial-boundary

or

conditions and under some suitable conditions on the functions involved therein.

Further it is to be noted that the inequalities and their applications given here

can be extended very easily to functions involving many independent variables.

Inequalities Applicable To
Certain Partial Differential
Equations

B.G. Pachpatte

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 26 of 27

J. Ineq. Pure and Appl. Math. 5(2) Art. 27, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

[1] D. BAINOV AND P. SIMENOV, Integral Inequalities and Applications
Kluwer Academic Publishers, Dordrecht, 1992 .

[2] O. LIPOVAN, A retarded Gronwall-like inequality and its applicatiods,
Math. Anal. Appl, 252(2000), 389—-401.

[3] B.G. PACHPATTE, Inequalities for Differential and Integral Equations
Academic Press, New York, 1998.

[4] B.G. PACHPATTE, On some fundamental integral inequalities and their
discrete analogues, Inequal. Pure and Appl. Math2(2) (2001), Art.15.
[ONLINE http://jipam.vu.edu.au ]

[5] B.G. PACHPATTE, Explicit bounds on certain integral inequalitiedjath.
Anal. Appl, 267(2002), 48-61.

[6] B.G. PACHPATTE, On some retarded integral inequalities and applications,
J. Inequal. Pure and Appl. Math3(2) (2002), Art. 18. [ONLINEhttp:
/ljipam.vu.edu.au ]

Inequalities Applicable To
Certain Partial Differential
Equations

B.G. Pachpatte

Title Page

Contents
44
<
Go Back
Close
Quit
Page 27 of 27

J. Ineq. Pure and Appl. Math. 5(2) Art. 27, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/
http://jipam.vu.edu.au
http://jipam.vu.edu.au
http://jipam.vu.edu.au

	Introduction
	Statement of Results
	Proofs of Theorems 2.1 -- 2.4
	Some Applications

