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Triangle inequality, Quasi-Banach spaces.

In this paper, we show the triangle inequality and its reverse inequality in quasi-
Banach spaces.
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1. Introduction

The triangle inequality is one of the most fundamental inequalities in analysis. The
following sharp triangle inequality was given earlier in H. Hudzik and T. R. Landes
[2] and also found in a recent paper of L. Maligran8h [

Theorem 1.1.For all nonzero elements, y in a normed linear spac& with ||z|| >
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called a quasi-Banach space.

In the present paper we will present the triangle inequality in quasi-normed spaces. jpue ehelclzalize
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2. Main Results

Theorem 2.1. For all nonzero elements, y in a quasi-Banach spac¥ with ||z|| >
Iyl
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T. Aoki [1] and S. Rolewicz§] characterized quasi-Banach spaces as follows:

Theorem 2.2 (Aoki-Rolewicz Theorem).Let X be a quasi-Banach space. Then
there existd) < p < 1 and an equivalent quasi-nortfj - ||| on X that satisfies for
everyr,y € X

Il +yllP < Al [l + [lTyll*-

|dea of the proofLet || - || be the original quasi-norm ok, denote byt = inf{ K >
1: foranyz,y € X, ||z +y|| < K(||=|| + |lyl|)} andp is such tha!/? = 2k. Itis
shown B] that the function|| - ||| defined onX by:

1

n P n
el = inf (zw) P o
=1 =1

is an equivalent quasi-norm ox that satisfies the required inequality. O
Next, we will prove thep-triangle inequality in quasi-Banach spaces.

Theorem 2.3. For all nonzero elements, y in a quasi-Banach spac¥ with ||z|| >

Iyl
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where) < p < 1.
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Proof. We have
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Hence
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This completes the proof. O
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