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Abstract

Considering two given real parameters «, § which satisfy the condition 0 <
a < f3, D.D. Stancu ([11]) constructed and studied the linear positive operators

P ¢([0,1)) — €((0,1]), defined for any f € C([0,1]) and any m € N by

m

(1) )= Lot (2.

k=0

In this paper, we are dealing with the Kantorovich form of the above operators.
We construct the linear positive operators K" : L; ([0, 1]) — ([0, 1]), defined
forany f € L1([0,1]) and any m € N by

m  kta+tl
o ’ ) : miftl
<A7(n “]L) (1) - (I'Il, + 8+ 1) kzpmk(” / bto f(s)ds
—() Y mEB+1

and we study some approximation properties of the sequence {I(},‘f'j)}

meN

2000 Mathematics Subject Classification: 41A36, 41A25

Key words: Linear positive operators, Bernstein operator, Kantorovich operator,
Stancu operator, First order modulus of smoothness, Shisha-Mond the-
orem.
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Starting with two given real parametersg satisfying the condition8 < o <

(£ in 1968, D.D. Stancu (se€ ]) constructed and studied the linear positive
operatorsP\™"” - : C(]0,1]) — C([0, 1)) defined for anyf € C([0,1]) and any
m € N by

k+ «
1.1 (Pleh) f m,
(L.1) Zp (o (m +p) | _
Kantorovich-Stancu Type
. . Operators
wherep,, x(z) = ()2"(1 — z)™~* are the fundamental Bernstein polynomials
([ ]) Dan Barbosu

The operatorsl(.1) are known in mathematical literature as "the operators of
D.D. Stancu” (see 1])). Title Page
Note that fora = 5 = 0, the operatonPé?’O) is the classical Bernstein operator Contents
By, ([5])-

In 1930, L.V. Kantorovich constructed and studied the linear positive op- 4« dd
eratorskK,, : L1(]0,1]) — C([0,1]) defined for anyf € L;(]0,1]) and any < >
non-negative integen by

Go Back
=
(1.2) (K f) (x) = (m+1) me k / f(s)ds. Clezz
m+1 QUIt
The operators1(.2) are known as the Kantorovich operators. These operators Page 3 of 13
are obtained from the classical Bernstein operattr$),(replacing there the
value f(k/m) of the approximated function by the integral pHfn a neighbor- 3.1neq, Pure and Appl. Math. 5(3) ATt 53, 2004
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Following the ideas of L.V. Kantorovich {]), let us consider the operators
K%P . Li([0,1]) — €(]0,1]), defined for anyf € C(]0,1]) and anym € N
by

k+a+1
m+pB+1

f(s)ds

13 (KP
k+a

m+B+1

f) @ =m+8+1)) pmi()

obtained from the Stancu type operatdrsi).

Section2 provides some interesting approximation properties of operators
(1.9, called "Kantorovich-Stancu type operators" because they are obtained
starting from the Stancu type operatotslj following Kantorovich’s ideas (see
also G.G. Lorentz)).

A convergence theorem for the sequer{déﬁ,?’ﬂ)f} Is proved and the

. meN . -
rate of convergence under some assumptions on the approximated fuficgtion
evaluated.
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Lemma 2.1. The Kantorovich-Stancu type operatois3) are linear and posi-
tive.

Proof. The assertion follows from definitiori. (3). O
In what follows we will denote by (s) = s*, k € N, the test functions.

Lemma 2.2. The operatorsX.3) verify

(21)  (E5Pe)(2) =1,
B m N a m+ (8
Tmt B+l m+B+1l 2m+ B+ 12

(22)  (K$9%e) ()

(2.3) (K{e,) (x)

B 1 2am?*  a?(3m + B)
_(m+ﬁ+1)2{m2x2+mx(1_w>+m+6+ m+ 3 }
1 By 1
B R A A TP Ve

foranyzx € [0, 1].
Proof. It is well known (see ] 1]) that the Stancu type operatorks ]) satisfy

(PlPeg) (z) =1
o,B) . m (67
(P 61)(x)—m+ﬁx+m+ﬁ
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2

3a’m

1 am
(0,8) - 2.2 _
(P{™Pey) () CERE {m z°+mx(l —x) +2m+ﬁx
Next we apply the definition(1).
Lemma 2.3. The operators].3) satisfy
(2.4) K57 ((er —a)% )
(B+1)° 2 m _
B RSV TR ER T
m
_|_

foranyx € [0, 1].

(m+ B+ 1)%(m+ )

3a2(3m + B) + (m+ 3)(1 — 3m — 33)

m+ (3

{m+2a(m—-p—-1)}z

|

3(m+B)(m+ B+ 1)2

Proof. From the linearity ofK\? we get

K(O"B)((el — x)Q;x)

m

= (K\*Pey) (z) — 20 K2 (e1;2) + 2® (K& ep) (2)

Next, we apply Lemma&.2.

]
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Theorem 2.4.The sequenc%K,S?’B)f} converges tg, uniformly on|0, 1],
meN

forany f € L(]0,1]).
Proof. Using Lemma2.3, we get
lim K@% ((e; —z)%:2) =0

m—00

uniformly on[0, 1]. We can then apply the well known Bohman-Korovkin The-

orem (seef] and [3]) to obtain the desired result. ]
Kantorovich-Stancu Type
Next, we deal with the rate of convergence for the sequ{n}éé*’ﬁ ) f } , Operators
under some assumptions on the approximated fungtion this sense, tﬁglﬁrst Dan Bérbosu
order modulus of smoothness will be used.
Let us recall that if C R is an interval of the real axis anfdis a real valued Title Page

function defined ol and bounded on this interval, the first order modulus of

smoothness fof is the functionw; : [0, +00) — R, defined for any > 0 by Contents
(25)  wi(f30) =sw{lf() - [ 00" €T, o' —a"] < 6}, e
. < | 2
For more details, see for exampig.|
Theorem 2.5. For any f € L([0,1]), anya, 3 > 0 satisfying the condition Go Back
a < @ and eache € [0, 1] the Kantorovich-Stancu type operatofis3) satisfy Close
uit
@o) | @ - )] < 2 (£ V0070, 2
Page 7 of 13

where

J. Ineq. Pure and Appl. Math. 5(3) Art. 53, 2004

(2.7) 5(a”8) (,r) = K(a’ﬁ)((el — x)2; l’) http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:danbarbosu@yahoo.com
http://jipam.vu.edu.au/

Proof. From Lemma2.2 follows

m+p k+a+1

@8) [(KeDf) (@)= f@] < tm+B8+1) 3 [ £() = fl)lds
k=0 ¥ m+B+1

On the other hand
1f(s) = f(@)] S wi(f; (1407%(s — 2)*)wr(f;9)-

For|s — z| < §, the lost increase is clear. Fiar— x| > §, we use the following
properties

|s —2]) <

wi(f;A0) < (14 Nwi(f;6) < (14 A)wn(f;0),

where we choosg = 6! - |s — z|.
This way, after some elementary transformati@ng)(implies

(2.9) | (K f) (x) - f<:c>|
< {(K\+Pep) (@

foranyé > 0 and eachr € [0, 1].
Using next Lemma&.2and Lemma2.3, from (2.9) one obtains

| (KD f) () — flo)| < (1407269 () wi(f;0)

foranyd > 0 and eachr: € [0, 1].

Taking into account Lemma.1, it follows that 5ﬁ’ﬂ)(x) > 0 for eachx €
[0, 1]. Consequently, we can take= o 0‘5)( ) in (2.9), arriving at the desired
result. O

)+ 02K )22} wi(f;0)

((61 -

(2.10)
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Theorem 2.6.For any f € L,([0,1]) and anyz € [0, 1] the following

1) |(KE) @) - )] < 2 £:1/0071)
holds, where

_ (B+1)? m?(2a+ 1) N m
(m+6+1)2 (m+B)(m+8+1)2  4(m+3+1)?
3a2(3m + B) + (m+ 3)(1 — 3m — 3)
3(m + B)(m+ 3+ 1)2 ‘

(2.12) 5\

Proof. For anyz € [0, 1], the inequality

K ((er = o) 2) < o)

holds. Consequently, applying Theorénbwe get ¢.11). H

Remark 2.1. Theorem2.5 gives us the order of local approximation (in each
pointz € [0, 1]), while Theoren2.6 contains an evaluation for the global order
of approximation (in any point € [0, 1]).

Because the maxmumﬁf ) x) from (2.6) depends on the relations between
« and g, it follows that it can be refined further.

Taking into account the inclusio@'([0, 1]) C L,([0, 1]), as consequences of
Theoren?.5and Theoren2.6, follows the following two results.

Corollary 2.7. For any f € C([0,1]), anya, 8 > 0 satisfying the condition
a < # and eache € [0, 1], the inequality 2.6) holds.
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Corollary 2.8. Forany f € C([0,1]), anya, 3 > 0 satisfying the condition
a < B and anyz € [0, 1], the inequality 2.11) holds.

Further, we estimate the rate of convergence for smooth functions.

Theorem 2.9. For any f € C*(]0,1]) and eachr € [0, 1] the operators 1.3
verify

(2.13) | (KD f) (2) — f()]
m+ (8 0+1

= ‘f/<x)"’2(m+ﬁ+1)2 RGN ESE

+21/ 2057 (2)wy ( f 5£;;“ﬁ>(x)) ,

Kantorovich-Stancu Type
Operators

Dan Barbosu

Title Page
Whereé,(,?’ﬁ)(a:) IS given in @.7). Contents
Proof. Applying a well known result due to O. Shisha and B. Mond (se#)[ 44 >»
it follows that < >
(2.18) | (K30 f) (@) = f(2)] < |f(@)] - | (K Peo) (x) — 1 Go Back
Close

I @) | (KeDe )<x>—x(K<aﬁ ) ()] + VELD (e — )2 ) B

{\/( z) +0° \/Kaﬁ) —x)z;x)}wl(f’;é). Page 10 of 13
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From @2.14), using Lemma&.2and Lemma2.3, we get

(2.15) | (K2 f) (2) — f()]

, m+ 3 B+1
< . _
< /(@) ‘(m+ﬁ+1)2 CEVESVET:
+ /05 () {1 +67 5,‘,?@(9@)} wi(f';9).
Choosing = 5,‘5’6)(@ in (2.15, we arrive at the desired result. O

Theorem 2.10.For any f € C'([0,1]) and anyz € [0, 1] the operators 1.3
verify

@16) | (KGO f) ()~ f)] < 20y 2B (F:V3).

(m+ B+ 1)2
where
M = max |f'(z)], &= max 49 ().
Proof. The assertion follows from Theoremo. O

Remark 2.2. Because) depends on the relation betwearand 3, (2.16) can
be further refined, following the ideas of D.D. Stancui,[17].
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