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ABSTRACT. We refine Jensen’s inequality as

@(/X fdu> S/Yw(/x f(x)w(x,y)du(x)> dA(y) S/X(wf)du,

where (X, A, u) and (Y, B, \) are two probability measure spaces; X x Y — [0,00) is a
weight function onX x Y, I is an interval of the real linef € L' (i), f(z) € I[forallz € X
ande is a real-valued convex function dn

Key words and phrasesProduct measure, Fubini's Theorem, Jensen’s inequality.

2000Mathematics Subject Classificat/oRrimary: 26D15, 28A35.

1. INTRODUCTION

The classical integral form of Jensen’s inequality states that

(L.1) 0 ( / fdu> < [ (o fian

where (X, A, ) is a probability measure spackjs an interval of the real linef € L'(u),
f(z) € I forallz € X andyp is a real-valued convex function dn see e.g.[[2, p. 202] or
[4, p. 62]. Now suppose thafX, A, 1) and(Y, B, \) are two probability measure spaces. By a
(separately) weight function ol x Y we mean a product- measurable mappingX x Y —
[0,00), see e.g.[[4, p. 160], such that

(1.2) / w(z,y)du(x) =1 (foreachy inY),
X

and

(1.3) / w(z,y)d\(y) = 1 (for eachz in X).
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2 J. ROOIN

For example, if we takeX andY as the unit interval0, 1] with Lebesgue measure, then
w(z,y) = 1+ (sin27zx)(sin 27y) is a weight function orf0, 1] x [0, 1].

In this paper, using a weight function we refine Jensen’s inequalify (IL.1) as in the following
section. For some applications in the discrete case, seé e.g. [3].

2. REFINEMENT

In this section, using the terminologies of the introduction, we refine the integral form of
Jensen’s inequality (1].1) via a weight function

Theorem 2.1.Let (X, A, 1) and(Y, B, \) be two probability measure spaces and X xY —
[0, 00) be a weight function oiX x Y. If I is an interval of the real linef € L'(u), f(z) € I
forall z € X, andyp is a real convex function oh, then

/ (/f w(z, y)dp(z ))dk(y)

has meaning and we have

(2.1) w(/deu> S/ (/ fr)w(z, y)du(z )) dA(y) S/X(<p0f)du-

Proof. The functionsv and(z, y) — f(z), and so

(z,y) = f(z)w(z,y)

is product-measurable oXi x Y. Now since

(2.2) L[;t/;|f(w)h0(x7y)dk(y)du(x)
- [ ( [ wtai ) duw
= [ 1r@lduta) = 1l < o

by Fubini’s theorem, the real-valued functién, y) — f(z)w(z,y) on X x Y belongs to
L*(p x X). Therefore forx-almost ally € Y, the functionz — f(z)w(z,y) belongs toL!(u).
Fix an arbitraryoa € I. DefineF' : Y — R, by

/f (i, y)dp()

if the integral exists, and'(y) = « otherwise. By Fubini's theorem, we havee L'()). Itis
easy to show that'(y) € I (y € Y). So,

/ (/ fl@)w (e, y)dpl >) d\(y) = /Y(sooF)(y)dA(y)
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has meaning and is an extended real number belongifigdo, +oc|; see e.g.[[4, p. 62]. Now,
since(z,y) — f(z)w(z,y) belongs taL! (1 x A), by (1.1) and Fubini's theorem, we have

/ (/ Fl)w(z, y)du( )) d\(y) Z/Y(sooF)(y)dA(y)

/ f(x)w(w,y)du(OC)dA(y))

Y JX

10 ([ ctonirm) i)
= (/X fdu) ,

and the left-hand side inequalify (2.1) is obtained.

For the right-hand side inequality i.l), we consider two cases;, (f o f)du = +o0,
the assertion is trivial. Suppose theno f € L'(u). Take an arbitraryy € Y such that
r — f(z)w(z,y) belongs toL!(y), and put

dv? = w¥dp,

where
Hr) =w(zy)  (z€X).
Trivially, (X, A, ") is a probability measure spagege L'(v¥) and

=/Xf<as> (e, y)dp( /f ) (z

Thus, by Jensen’s inequalify (1.1), we have

(2.3) (po F)(y (/f )oY (x ) /( o f)d¥.

Sincep o f € L'(n),
[ [ leo Nt parman
o / pe N@ldu(z) /Y w(, y)dN(y)
/WO z)|dp(z) < oo,

and so forA\-almost ally € Y, the functionz — (p o f)(z)w(x,y) belongs toL'(x) and for
thesey’s, we have

(2.5) /X (0 N @)w(z, y)du(z) = /X (00 f)(@)d(z).
Thus, by [(2.B) and (2]5), fox-almost ally € Y
(2.6) (0o F)(y) < / (00 )(@)w(z, y)du(z).

Denote temporarily the right-hand side pf (2.6)bfy) (puty(y) = 0, if the integral does not
exist). Since by[(2]4)y € L'()), from (p o F)* < ¢* (M-a.e.), we conclude thaf, (¢ o
F)ytdx < [, ¢tdA < oo.
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On the other hand, we know th#f (o o F)~d\ < co. Thusp o F' € L'(X), and so by[(2]6),
(2.4) and Fubini’s theorem,

/Y¢ (/X f(x)w(x,y)du(x)> d\(y) z/y(sooF)(y)dA(y)
< Yw(y)dk(y)
_ /Y /X (00 f)(@)w(z, y)du(z)dA(y)
- /X (p o f)(@)du(x) /Y w(z,y)dA(y)

= /X(cp o f)dp.

This completes the proof. O

Corollary 2.2. If ¢ is a real convex function on a closed interValb|, then we have Hermite-
Hadamard inequalitiefl]:

2.7) o (“;b) < bia/a S(H)dt < M,

Proof. PutX = {0,1} with A = 2* andu{0} = p{1} = 3, andY” = [0, 1] with Lebesgue
measure\. Now, (2.7) follows from[(2.]1) by taking/(0,y) = 2(1 — y), w(l,y) = 2y (0 <
y<1),I=]ab], f(0)=a, f(1) = b, and considering the change of variables (1 — y)a +
yb. O

We conclude this paper by the following open problem:
Open problem. Characterize all weight functions. Actually, df(z, y) is a weight function,
thend(z,y) = w(z,y) — 1 satisfies the following relations:

(2.8) /Xe(m, y)du(z) = 0 (foreachy inY),

(2.9) /Ye(g;, y)d\(y) = 0 (for eachz in X).

So precisely, the weight functions are of the form 6(z, y) with nonnegative values such that
6(z,y) is product-measurable and satisfies|(2.8) (2.9). Therefore, it is sufficient only to
characterize theg#s.
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