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Abstract

We refine Jensen’s inequality as

’ ( / ./‘dw) <[y ( / ./'(Jf)w(.z'-.uﬁ>n’w<!r)> D)< [ (oo i,
JX JY JX JX

where (X, A, 1) and (Y,,)) are two probability measure spaces, w : X x
Y — [0,00) is & weight function on X x Y, I is an interval of the real line,
feLY(u), f(x) e Iforallz € X and g is a real-valued convex function on I
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The classical integral form of Jensen’s inequality states that

(L.1) 90( / fdu) < [ oo pyin

where(X, A, 1) is a probability measure spadeis an interval of the real line,
f € LY(n), f(z) € ['forallz € X andy is a real-valued convex function dn
see e.g. 4, p. 202] or I}, p. 62]. Now suppose thai, A, u) and(Y, B, \) are

A Refinement of Jensen’s

two probability measure spaces. By a (separately) weight functioki ony’ inequality
we mean a product- measurable mappingX x Y — [0,0), see e.g.4, p. J. Rooin
160], such that
Title Page
(1.2) / w(z,y)du(x) =1 (foreachyinY), PE—
X
and < »
< 4
1.3 d\(y) =1 for eachr in X).
(13) [ etaninm =1 ) S
For example, if we také{ andY” as the unit interval0, 1] with Lebesgue mea- Clazz
sure, thew(z, y) = 14 (sin 27z)(sin 27y ) is a weight function oif0, 1] x [0, 1]. Quit
In this paper, using a weight function we refine Jensen’s inequality.() Page 3 of 9

as in the following section. For some applications in the discrete case, see e.g.

[5].
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In this section, using the terminologies of the introduction, we refine the integral
form of Jensen’s inequalityl(1) via a weight functiono.

Theorem 2.1.Let (X, A, p) and (Y, B, \) be two probability measure spaces
andw : X xY — [0,00) be a weight function oX’ x Y. If I is an interval
of the real line,f € L'(u), f(z) € I forall z € X, andy is a real convex

function on/, then
/ (/f w(z,y)dp(z ))dk(y)

has meaning and we have

(2.1) w(/x fdu) S/ (/ f@)w(z, y)du(z )) dA(y) S/X(soOf)du-

Proof. The functionsv and(z,y) — f(z), and so

(z,y) = f(z)w(z,y)

is product-measurable 0¥ x Y. Now since

(2.2) L/;(/;\f(x)kU(x,y)dA(y)du(x)

= [ 11 ([ wte.ire) ) duto

:Ammwm:wmm<w
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by Fubini's theorem, the real-valued functign y) — f(z)w(z,y) on X x Y
belongs toL!(x x ). Therefore forA-almost ally € Y, the functionz —
f(x)w(z,y) belongs tal.!(11). Fix an arbitraryn € I. DefineF’ : Y — R, by

/f w(z,y)dp(r)

if the integral exists, and’'(y) = « otherwise. By Fubini’s theorem, we have
F e LY(\). Itis easy to show that'(y) € I (y € Y). So,

/ (/ F@)w (@, y)dp( )) dA(y) = /Y(sooF)(y)dA(y)

has meaning and is an extended real number belongifigdo, +oc|; see e.g.
[4, p. 62]. Now, sincdz,y) — f(z)w(x,y) belongs tal!(u x A), by (1.1) and
Fubini's theorem, we have

/ (/ f@)w(z, y)du(z )) dA(y) :/Y(SOOF)(y)d)\(y)

[ [ ot nauwinm)

Y JX

[ 1) ([ wtonirm) aue)
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and the left-hand side inequalit®.() is obtained.

For the right-hand side inequality i2.(1), we consider two cases: [t (¢ o
f)du = +oo, the assertion is trivial. Suppose thenp f € L'(u). Take an
arbitraryy € Y such thatr — f(x)w(z,y) belongs to! (1), and put

dv¥ = w¥dp,

where

w’(x) = w(z,y) (x € X).

A Refinement of Jensen’s

Trivially, (X, A, 1) is a probability measure spacee L'(»¥) and Inequality
J. Rooin
:/f(x) (x,y)du(x /f YdvY (z
X Title Page
Thus, by Jensen’s inequality.(), we have AT
(2.3) (po F)( (/ Fx)dv¥ (x ) /( o fdvV. « dd
< 4
Sincep o f € L(p), Go Back
Close
| [ e n@leta.nirmant .
Quit
(2.4) / (po N@ldn(e) [ wla,y)dry) Page 6 of
Y

/ | gp O ’du ) < OO, J. Ineq. Pure and Appl. Math. 6(2) Art. 38, 2005
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and so forx-almost ally € Y, the functionz — (¢ o f)(x)w(z,y) belongs to
L' (1) and for these’s, we have

@s) [ on@sanine = [ (co N,
Thus, by £.3) and @.5), for A-almost ally € Y

2.6) (o)) < [ (o Nhwla)dunto).
. i i . A Refinement of Jensen’s
Denote temporarily the right-hand side @) by «(y) (puty(y) = 0, if the Inequality
integral does not exist). Since bg.4), v € L'()\), from (p o F)™ < ¢ (\- 3 Rooin
a.e.), we conclude thdi, (p o F)*dA < [, ¥ TdA < oo. '
On the other hand, we know thft (¢ o F')~d\ < co. Thusp o F' € L'()), _
and so by 2.6), (2.4) and Fubini’s theorem, Tide Page
Contents
Ydp( d\(y) = F)(y)dA
Lo ([ st ) axo = [ o) —
< / D(y)dA(y) S %
Go Back
/ / pof (2, y)dp(x)dA(y) Close
~ [ (e N@n(z) / (o)) o
X Y
Page 7 of 9

= / (o fldpu.
X J. Ineq. Pure and Appl. Math. 6(2) Art. 38, 2005

This completes the proof. O http:/fipam.vul.edu.au



http://jipam.vu.edu.au/
mailto:rooin@iasbs.ac.ir
http://jipam.vu.edu.au/

Corollary 2.2. If ¢ is a real convex function on a closed intery@lb], then we
have Hermite-Hadamard inequalities]|

2.7) o (“‘2”7> < bia/ o(t)dt < M_

Proof. PutX = {0,1} with A = 2% andp{0} = {1} = i, andY" = [0, 1]
with Lebesgue measure Now, (2.7) follows from (2.1) by takingw(0,y) =
21 -y), wly) =2y (0 <y < 1), 1 =lab], f(0) =a, f(1) =0b and
considering the change of variables (1 — y)a + yb. O

We conclude this paper by the following open problem:
Open problem. Characterize all weight functions. Actually, df(z,y) is a

weight function, therd(z,y) = w(x,y) — 1 satisfies the following relations:

(2.8) /X O(z,y)du(z) =0  (foreachyiny),

2.9) /Y 0(z,y)d\(y) =0 (for eachs in X).

So precisely, the weight functions are of the fotra 6(z, y) with nonnega-
tive values such that(z, y) is product-measurable and satisfigs3( and .9).
Therefore, it is sufficient only to characterize thése
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