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ABSTRACT. LetH be a partitioned tridiagonal Hermitian matrix. We characterized the possible
inertias ofH by a system of linear inequalities involving the orders of the blocks, the inertia of
the diagonal blocks and the ranks the lower and upper subdiagonal blocks. From the main result
can be derived some propositions on inertia sets of some symmetric sign pattern matrices.
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1. PRELIMINARIES

Define theinertia of ann × n Hermitian matrixH as the tripleIn(H) = (π, ν, δ), whereπ,
ν andδ = n − π − ν are respectively the number of positive, negative, and zero eigenvalues.
Whenn is given, we can specifyIn(H), by giving justπ andν, as(π, ν, ∗).

In the last decades the characterization of the inertias of Hermitian matrices with prescribed
2× 2 and3× 3 block decompositions has been extensively investigated. In the first case, after
the papers [18] and [2] in 1981, Cain and Marques de Sá established the following result.

Theorem 1.1([3]). Let us consider nonnegative integersni, πi, νi such thatπi + νi ≤ ni, for
i = 1, 2, and let0 ≤ r ≤ R ≤ min {n1, n2}. Then the following conditions are equivalent:

(I) For i = 1, 2, there existni × ni Hermitian matricesHi and ann1 × n2 matrix X such
that In(Hi) = (πi, νi, ∗), r ≤ rankX ≤ R and

(1.1) H =

[
H1 X
X∗ H2

]
has inertia(π, ν, ∗).
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2 C.M. DA FONSECA

(II) Letk ∈ {1, 2}. LetWk be any fixed Hermitian matrix of ordernk and inertia(πk, νk, ∗).
(I) holds withHk = Wkk.

(III) LetW be any fixedn1 × n2 matrix withr ≤ rankW ≤ R. (I) holds withX = W .
(IV) For k = 1, 2, let Wkk be any fixednk × nk Hermitian matrix with inertia(πk, νk, ∗). (I)

holds withH1 = W11 andH2 = W22.
(V) The following inequalities hold:

π ≥ max {π1, π2, r − ν1, r − ν2, π1 + π2 −R} ,

ν ≥ max {ν1, ν2, r − π1, r − π2, ν1 + ν2 −R} ,

π ≤ min {n1 + π2, π1 + n2, π1 + π2 + R} ,

ν ≤ min {n1 + ν2, ν1 + n2, ν1 + ν2 + R} ,

π − ν ≤ π1 + π2,

ν − π ≤ ν1 + ν2,

π + ν ≥ π1 + ν1 + π2 + ν2 −R ,

π + ν ≤ min {n1 + n2, π1 + ν1 + n2 + R, n1 + π2 + ν2 + R} .

In this important theorem we can see how much influence the pairH1, H2 of complementary
submatrices and the off-diagonal blockX have on the inertia ofH. In particular, ifH1 = H2 =
0 in (1.1), then the inertias ofH are characterized by the set{(k, k, n− 2k) | k = rankX}.

Haynsworth, [15], established several links connecting the inertia triple ofH with the inertia
triples of certain principal submatrices ofH. In 1992, Cain and Marques de Sá ([3]) extended
the methods given by Haynsworth and Ostrowski in [16], for estimating and computing the
inertia of certain skew-triangular block matrices. Later this result was improved in [11], which
can have the following block tridiagonal version.

Theorem 1.2. Let us consider nonnegative integersni, πi, νi such thatπi + νi ≤ ni, for i =
1, 2, 3, and let0 ≤ ri,i+1 ≤ Ri,i+1 ≤ min {ni, ni+1}, for i = 1, 2. Then the following conditions
are equivalent:

(I) For i = 1, 2, 3, andj = 1, 2, there existni × ni Hermitian matricesHi andnj × nj+1

matricesXj,j+1 such thatIn(Hi) = (πi, νi, ∗), rj,j+1 ≤ rankXj,j+1 ≤ Rj,j+1 and

H =

 H1 X12 0
X∗

12 H2 X23

0 X∗
23 H3


has inertia(π, ν, ∗).

(II) Letk ∈ {1, 2, 3}. LetWkk be any fixednk×nk Hermitian matrix with inertia(πk, νk, ∗).
(I) holds withHk = Wkk.

(III) Letk ∈ {1, 2}. LetWk,k+1 be any fixednk × nk+1 matrix withrk,k+1 ≤ rankWk,k+1 ≤
Rk,k+1. (I) holds withXk,k+1 = Wk,k+1.

(IV) For k = 1, 2, 3 let Wkk be any fixednk × nk Hermitian matrix with inertia(πk, νk, ∗).
(I) holds withH1 = W11, H2 = W22 andH3 = W33.

(V) Let (i, j, k) = (1, 2, 3) or (2, 3, 1). LetWkk be any fixednk × nk Hermitian matrix with
inertia (πk, νk, ∗) and letWij be any fixedni × nj matrix withrij ≤ rank Wij ≤ Rij.
(I) holds withHk = Wkk andXij = Wij.

(VI) The following inequalities hold:
π ≥ max { π2, r12 − ν2, r23 − ν2,

π1 + r23 − ν2 −R12, π1 + r23 − ν3, π3 + r12 − ν1,

π3 + r12 − ν2 −R23, π1 + π2 −R12, π1 + π3,

π2 + π3 −R23, π1 + π2 + π3 −R12 −R23 }
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THE INERTIA OF HERMITIAN TRIDIAGONAL BLOCK MATRICES 3

ν ≥ max { ν2, r12 − π2, r23 − π2,

ν1 + r23 − π2 −R12, ν1 + r23 − π3,

ν3 + r12 − π1, ν3 + r12 − π2 −R23,

ν1 + ν2 −R12, ν1 + ν3, ν2 + ν3 −R23,

ν1 + ν2 + ν3 −R12 −R23 } ,

π ≤ min { n1 + π2 + n3, π1 + π2 + π3 + R12 + R23,

π1 + π2 + n3 + R12, π1 + n2 + π3, n1 + π2 + π3 + R23 } ,

ν ≤ min { n1 + ν2 + n3, ν1 + ν2 + ν3 + R12 + R23,

ν1 + ν2 + n3 + R12, ν1 + n2 + ν3, n1 + ν2 + ν3 + R23 } ,

π + ν ≥ max { π1 + ν1 + π2 + ν2 −R12, π2 + ν2 + π3 + ν3 −R23,

π1 + ν1 + π2 + ν2 + π3 + ν3 −R12 −R23,

π1 + ν1 + 2r23 − π2 − ν2 −R12,

π3 + ν3 + 2r12 − π2 − ν2 −R23 } ,

π + ν ≤ min { n1 + n2 + n3, π1 + ν1 + n2 + n3 + R12,

n1 + π2 + ν2 + n3 + R12 + R23, n1 + n2 + π3 + ν3 + R23,

π1 + ν1 + π2 + ν2 + n3 + 2R12 + R23,

π1 + ν1 + n2 + π3 + ν3 + R12 + R23,

n1 + π2 + ν2 + π3 + ν3 + R12 + 2R23 }

π − ν ≤ min { π1 + π2 + π3,

π1 + π2 + π3 − ν1 + R12, π1 + π2 + π3 − ν3 + R23 } ,

ν − π ≤ min { ν1 + ν2 + ν3,

ν1 + ν2 + ν3 − π1 + R12, ν1 + ν2 + ν3 − π3 + R23 } .

Recently, Cohen and Dancis [5, 6, 7, 8] studied the classification of the ranks and inertias of
Hermitian completion for some partially specified block band Hermitian matrix, also known as
abordered matrix, in terms of some linear inequalities involving inertias and ranks of specified
submatrices. Several consequences have been also considered.

2. I NERTIA OF A HERMITIAN TRIDIAGONAL BLOCK M ATRIX

With a routine induction argument, based on the partitions developed in the proofs of the
Theorem 2.1 of [4] or Theorem 3.1 of [11], after an analogous elimination process of redundant
inequalities is possible to generalize the Theorem 1.2 to any tridiagonal block decomposition.
Clearly Theorem 1.2 givesn = 3. (The casen = 2 is given by the Theorem 1.1.)

Let us consider the setπ∗ = {πi, ri,i+1 − νi, ri−1,i − νi | i = 1, . . . , p} and, byπν−duality,
ν∗ = {νi, ri,i+1 − πi, ri−1,i − πi | i = 1, . . . , p}. Denote byIC the complementary ofI and by
Inc (or Jnc) a subset of{1, . . . , p} of non-consecutive elements.

Theorem 2.1.Let us assume that

ni ≥ 0 , πi ≥ 0 , νi ≥ 0 , πi + νi ≤ ni , for i = 1, . . . , p ,

and
0 ≤ ri,i+1 ≤ Ri,i+1 ≤ min {ni, ni+1} , for i = 1, . . . , p− 1 .

Then the following conditions are equivalent:
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4 C.M. DA FONSECA

(I) For i ∈ {1, . . . , p}, andj ∈ {1, . . . , p−1}, there existni×ni Hermitian matricesHi and
nj × nj+1 matricesXj,j+1 such thatIn(Hi) = (πi, νi, ∗), rj,j+1 ≤ rankXj,j+1 ≤ Rj,j+1

and

(2.1) Tp =


H1 X12

X∗
12 H2 X23

X∗
23

. .. ...

... ... Xp−1,p

X∗
p−1,p Hp

 .

has inertia(π, ν, ∗).
(II) Let I be any subset of{1, . . . , p} andJ be any subset of non-consecutive elements of

{1, . . . , p − 1}, such thatj, j + 1 6∈ I, for anyj ∈ J . Let Wkk be any fixednk × nk

Hermitian matrix with inertia(πk, νk, ∗), for k ∈ I, and letWj,j+1 be any fixednj×nj+1

matrix with rj,j+1 ≤ rank Wj,j+1 ≤ Rj,j+1, for j ∈ J . (I) holds withHk = Wkk and
Xj,j+1 = Wj,j+1.

(III) The following inequalities hold:

π ≥ max

{∑
I

π∗ −
∑
I×I

Rij | I ⊂ {1, . . . , p}

}
,(2.2)

ν ≥ max

{∑
I

ν∗ −
∑
I×I

Rij | I ⊂ {1, . . . , p}

}
,(2.3)

π ≤ min

 ∑
Inc

ni +
∑
IC
nc

πi +
∑

IC
nc×IC

nc

Rij | Inc ⊂ {1, . . . , p}

 ,(2.4)

ν ≤ min

 ∑
Inc

ni +
∑
IC
nc

νi +
∑

IC
nc×IC

nc

Rij | Inc ⊂ {1, . . . , p}

 ,(2.5)

π + ν ≥ max

{
p−1∑
i=1

ri,i+1 ,

{∑
I

(π + ν)∗ −
∑
I×I

Rij | I ⊂ {1, . . . , p}

}}
,(2.6)

π + ν ≤ min

{∑
I

ni +
∑
IC

(πi + νi + Ri,i+1 + Ri−1,i) | I ⊂ {1, . . . , p}

}
,(2.7)

π − ν ≤ min


p∑

i=1

πi +
∑

IC
nc×IC

nc

Rij +
∑
Inc

νi −
∑
Jnc

νi | Inc ∩ Jnc 6= ∅

 ,(2.8)

ν − π ≤ min


p∑

i=1

νi +
∑

IC
nc×IC

nc

Rij +
∑
Inc

πi −
∑
Jnc

πi | Inc ∩ Jnc 6= ∅

 .(2.9)

In fact, suppose the result is true forTp defined in (2.1). ForTp+1 we may set

Hp+1 =

[
H̃p+1 0

0 0

]
where H̃p+1 =

[
Iπp+1 0

0 Iνp+1

]
.

This allows us to partitionTp+1 as
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Tp+1 =



H1 X12

X∗
12 H2 X23

X∗
23

... ...

... ... Xp−1,p

X∗
p−1,p Hp Y Z

Y ∗ H̃p+1 0
Z∗ 0 0


,

whereXp,p+1 =
[

Y Z
]
. Consider now the nonsingular matricesU andV such that

UZV =

[
0 Is

0 0

]
.

ThenTp+1 is conjunctive to

H1 X12

X∗
12 H2 X23

X∗
23

. .. ...

. .. ... 0 X̃p−1,p

0

X̃∗
p−1,p

0 0

0 H̃p

0

X̃p,p+1

0 Is

0 0

0 X̃∗
p,p+1 H̃p+1 0

0 0
Is 0

0 0


,

and, therefore, is conjunctive to the direct sum

T̄p ⊕ H̃p+1 ⊕
[

0 Is

Is 0

]
,

where

T̄p =


H1 X12

X∗
12 H2 X23

X∗
23

. .. ...

. .. ... X̃p−1,p

X̃∗
p−1,p H̃p − X̃p,p+1H̃

−1
p+1X̃

∗
p,p+1

 .

We only have to apply now the induction hypotheses toT̄p, taking in account the variation of the
rankX̃p−1,p which is estimated in the Claim of [3]. The set of inertias ofH̃p−X̃p−1,pH̃

−1
p+1X̃

∗
p−1,p

is characterized by the Corollary 2.2 of [11].

Remark 2.2. We point out that in the first two inequalities of the Theorem 2.1, the indices of
rij ’s in the summation are always disjoint. By convention,Rp,p+1, R0,1, rp,p+1 − νp, r0,1 − ν1,
rp,p+1−πp andr0,1−π1 are zero. Also, the productI×I is defined as the set{(i, j) | i < j ∈ I}.
Notice that some of the inequalities will be redundant. For example, in the casep = 2 or 3 the
first summation in (2.6) is redundant. Also, we may takeJnc in (2.8) and (2.9) as a maximal set
of non-consecutive elements in{1, . . . , p}.
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6 C.M. DA FONSECA

If we make all the main diagonal blocks equal to zero in the last theorem, then we have the
following proposition:

Corollary 2.3. Let us assume thatni ≥ 0, for i = 1, . . . , p and

0 ≤ ri,i+1 ≤ Ri,i+1 ≤ min {ni, ni+1} , i = 1, . . . , p− 1 .

Then the following conditions are equivalent:

(I) For j = 1, . . . , p−1, there existnj×nj+1 matricesXj,j+1 such thatrj,j+1 ≤ rankXj,j+1 ≤
Rj,j+1 and

T =


0 X12

X∗
12 0 X23

X∗
23

... ...

... ... Xp−1,p

X∗
p−1,p 0

 .

has inertia(π, ν, ∗).
(II) Let J be any subset of non-consecutive elements of{1, . . . , p − 1}. Let Wj,j+1 be any

fixednj × nj+1 matrix with rj,j+1 ≤ rank Wj,j+1 ≤ Rj,j+1, for j ∈ J . (I) holds with
Xj,j+1 = Wj,j+1.

(III) The following inequalities hold:

π = ν ≥ max

{∑
i∈Inc

ri,i+1 | Inc ⊂ {1, . . . , p− 1}

}
and

π = ν ≤ min

∑
i∈Inc

ni +
∑

(i,j)∈IC
nc×IC

nc

Rij | Inc ⊂ {1, . . . , p}

 .

We can find a general characterization of the set of inertias of a Hermitian matrix in [1]. In
fact, given anni × ni Hermitian matrixHi with inertia In(Hi) = (πi, νi, δi), for i = 1, · · · , m,
Cain characterized in terms of theπi, νi, δi the range of In(H), whereH varies over all
Hermitian matrices which have a block decompositionH = (Xij)i,j=1,··· ,m in which Xij is
ni × nj andXii = Hi.

3. AN APPLICATION TO SYMMETRIC SIGN PATTERN M ATRICES

Several authors have been studied properties of matrices based on combinatorial and quali-
tative information such as the signs of the entries (cf. [9, 10, 13, 14]). A matrix whose entries
are from the set{+,−, 0} is called asign pattern matrix(or simply, apattern). For eachn× n
patternA, there is a natural class of real matrices whose entries have the signs indicated byA,
i.e., thesign pattern classof a patternA is defined by

Q(A) = {B | sign B = A} .

We say the patternA requires unique inertiaand issign nonsingularif every real matrix in
Q(A) has the same inertia and is nonsingular, respectively. We shall be interested on symmetric
matrices.
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Example 3.1([14]). Let us consider the pattern

A =


+ 0 + +
0 + + +
+ + − 0
+ + 0 −

 .

Since the inertia of the diagonal blocks are always(2, 0, 0) and(0, 2, 0), respectively, and the
rank of the off-diagonal block varies between1 and2, according to the Theorem 1.2 (also [3,
cf. Theorem 2.1]),π = ν = 2 and, therefore,A requires a unique inertia and is nonsingular.

As an immediate consequence of the Corollary 2.3, we have the following result:

Proposition 3.1([13]). For then× n symmetric tridiagonal pattern

A0 =


0 +
+ 0 +

+
... ...
... ... +

+ 0

 ,

(a) if n is even, thenA0 is sign nonsingular andIn(A0) =
(

n
2
, n

2
, 0

)
,

(b) if n is odd, thenA0 is sign singular andIn(A0) =
(

n−1
2

, n−1
2

, 1
)
.

We observe that the result above is still true when the sign of any nonzero entry is “−”. The
same observation can be made for the off-diagonals of the patterns in the propositions below.
Notice also that Proposition 3.1 is true if the even diagonal entries are possibly nonzero.

Let bxc denotes the greater integer less or equal to the real numberx.

Proposition 3.2. If

A+ =


+ ±
± + ±

± ... ...
... ... ±

± +


is ann× n symmetric tridiagonal pattern, thenIn(A+) has the form

(n− k, k, 0), 0 ≤ k ≤
⌊n

2

⌋
, or (n− k, k − 1, 1), 1 ≤ k ≤

⌊n

2

⌋
.

Proof. From the Theorem 2.1, ifIn(A+) = (π, ν, ∗), thenn − 1 ≤ π + ν ≤ n and0 ≤ ν ≤⌊
n
2

⌋
. �

The diagonal entriesaii andajj are said inascending positionswheni < j.
We may state now a generalization which includes some results of [13, 14].

Proposition 3.3. For the symmetric tridiagonal pattern

A∗ =


∗ ±
± ∗ ±

± ... ...
... ... ±

± ∗

 ,

where each diagonal entry is0, + or −,
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8 C.M. DA FONSECA

(a) if n is even, thenA∗ is sign nonsingular if and only if neither two+ nor two− diagonal
entries inA∗ are in odd-even ascending positions, respectively. In this caseIn(A∗) =(

n
2
, n

2
, 0

)
,

(b) if n is odd, thenA∗ is sign nonsingular if and only if there is at least one+ or one−
diagonal entry is in an odd position, but not+ and− in odd positions at same time, and
neither three+ nor three− diagonal entries are in odd-even-odd ascending positions,
respectively. In this caseIn(A∗) =

(
n+1

2
, n−1

2
, 0

)
or In(A∗) =

(
n−1

2
, n+1

2
, 0

)
,

(c) if n is odd and neither+ nor− diagonal entries are in odd positions, thenA∗ requires
the unique inertia

(
n−1

2
, n−1

2
, 1

)
.

Proof. Remind that ifA is in the sign pattern class ofA∗ andIn(A) = (π, ν, δ), then0 ≤ δ ≤ 1.
Also, according to (2.2) and (2.3), sinceRi,i+1 = ri,i+1 = 1, for i = 1, . . . , n − 1, the minima
values ofπ andν are obtained in maximal sets of nonconsecutive elements ofIn.

Suppose thatn is even. If there are two+ in odd-even ascending positions, thenν ≥ m such
thatm < n/2 andν ≥ n/2, i.e.,A∗ does not require unique inertia and is not sign nonsingular.
Otherwise, without loss of generality, suppose that the first nonzero main diagonal element in
an odd(2i+1)−position is a+ (if the main diagonal is zero, the result follows from Proposition
3.1). Then

π ≥ r12 − ν1 + · · ·+ r2i−1,2i − ν2i−1 + π2i+1 = i + 1 ,(3.1)

ν ≥ r12 − π1 + · · ·+ r2i−1,2i − π2i−1 + r2i+1,2i+2 − π2i+2 = i + 1 .(3.2)

If the element in(2i + 3)−position is a+, − or 0, then we add to the right side of (3.1)
π2i+3 = 1, r2i+3,2i+4 − ν2i+4 = 1 andr2i+3,2i+4 − ν2i+3 = 1, respectively, and to right side of
(3.2)r2i+3,2i+4 − π2i+4 = 1, ν2i+3 = 1 andr2i+3,2i+4 − π2i+3 = 1, respectively. Following this
procedure we getπ, ν ≥ n/2, i.e.,In(A∗) = (n

2
, n

2
, 0).

If n is odd, suppose the first diagonal entry is+. Then, by (2.2),

π ≥ π1 + r23 − ν3 + · · ·+ rn−1,n − νn ,

i.e., π ≥ (n + 1)/2. On the other hand, by (2.3),ν ≥ (n − 1)/2. ThereforeIn(A∗) =
(n+1

2
, n−1

2
, 0).

Suppose nown is odd and neither+ nor− diagonal entries are in odd positions. From the
Theorem 2.1, makingI = {1, 3, 5, . . . , n − 2} in (2.4) and in (2.5) we getπ, ν ≤ n−1

2
, and

Inc = {2, 4, . . . , n − 1} in (2.2) and in (2.3) we getπ, ν ≥ n−1
2

. ThenA∗ requires the unique
inertia(n−1

2
, n−1

2
, 1). �
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