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The following problem was posed by F. Qi in his papdr [

Problem 1. Under what conditions does the inequality

(1) / (@)t > ( / bf(x)dw)t_l

hold fort > 1?

This problem has attracted much attention from some mathematicians [
Its meanings of probability and statistics is found i [See also ], 3, 4] and
the references therein.

Similar to Problenil, we propose the following
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Problem 2. Under what conditions does the inequality

@) / @) < ( / bf(sc)d:c)l_t

hold fort < 17?
Before giving an affirmative answer to Problé&ywe establish the following

Proposition 1. Let f andg be nonnegative functions with< m < f(z)/g(x) <
M < oo onfa,bl. Then forp > 1 andq > 1 with % + é = 1 we have

hSA

b 1 1 b 1 1
3) / @) g(@)]ide < MFm ™ / @) lg(@)]bde,

and then

() / (@) o) e < Mmoo ( / i) dm) :

Proof. From Holder’s inequality, we obtain

® @) o)) < (/ bf(x)dx)’l’ (/ bg(x)dw) |

that is,
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Since[f(z)]7 < Mr[g(z)]r and[g(z)]s < m u[f(x)]7, from the above in-
equality it follows that

()] da

hSAl

o | )

that is

1 1

® [ U@Pwia <t ek

Hence, the inequality3] is proved.
The inequality §) follows from substituting the following

©  [Uwkberias (| bf(ar)dx); (/ bg(x)dx);

into (8), which can be obtained by Holder’s inequality. m

Q=

Now we are in a position to give an affirmative answer to Problkeas
follows.

Proposition 2. For a given positive integey > 2,if 0 < m < f(z) < M on
[, b] with M < m(®=? / (b— a), then

(10) / ) hde < ( / bf(x)dx) o
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Proof. Puttingg(z) = 1 into (4) yields

1-1

(11) /b[ﬂ \E dfv<K</f dx) N

whereK — M7 (b—a) %/m 1-3)’

FromM < m(— /(b — a)?, we conclude thak’ < 1. Thus the inequality
(20) is proved. [

Remark 1. Now we discuss a simple case of "equality” in Proposifioif we
make the substitutiori(z) = M = m andb — a = 1 with p = 2, then the
equality in(10) holds.

In order to illustrate a possible practical use of Proposifiopwe shall give
in the following two simple examples in which we can apply inequality)
Example 1. Let f(z) = 8z on[1/2,1] with M = 8 andm = 2. Takingp = 2,
we see that the conditions of Propositidrare fulfilled and straightforward
computation yields

/1/12(8 )de_ V2 < (/1:28932@)%:%.

Example 2. Let f(z) = e®on[1, 2] with M = e? andm = e.
Takingp = 3, all the conditions of Propositiof are satisfied and direct calcu-
lation produces

i s\ ‘
/ (€)' da = 3 (3 — €'/3) ~ 1.65 < </ exd:r) = ()~ 28
1 1
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