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Chebyshev's integral inequality, also known as the covariance inequality,
is an important problem in economics, finance, and decision making. In
this paper we derive some covariance inequalities for monotonic and non-
monotonic functions. The results developed in our paper could be useful
in many applications in economics, finance, and decision making.
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1. Introduction

Chebyshev’s integral inequality is widely used in applied mathematics in areas such
as: economics, finance, and decision making under risk, see, for example, Wagener
[8] and Athey [L]. It can also be used to study the covariance sign of two monotonic
functions, see Mitrinovic, Raaric and Fink p] and Wagener§].

However, monotonicity is a very strong assumption that can only sometimes be
satisfied. Cuadras ir2] gave a general identity for the covariance between functions
of two random variables in terms of their cumulative distribution functions. In this
paper, using the Cuadras identity, we derive some integral inequalities for monotonic
functions and some for non-monotonic functions.
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2. Theory

We first present Chebyshev’'s algebraic inequality, see, for example, Mitrinovic,
Petaric and Fink ], as follows:

Proposition 2.1. Leta, 5 : [a,b] — Rand f(z) :
real numbers. We have

[a,b] — R,, whereR is the set of

1. if « and 3 are both increasing or both decreasing, then

(2.1) /abf(ﬂf) /aba(ﬂf)ﬁ(x)f(x) dxz/aba(ﬂf)f(ﬂf) de/abﬁ(l“)f(x) dx;

2. if one is increasing and the other is decreasing, then the inequality is reversed.

We note that in Propositiofi.1, if f(z) is a probability density function, then
Chebyshev’s algebraic inequality iA.() becomes

Cov[a(X),B(X)] > 0.

Cuadras?] extended the work of Hoeffding], Mardia [4], Sen [7], and Lehmann
[5] by proving that for any two real functions of bounded variatioi:) and 5(x)
defined ona, b] and[c, d], respectively, and for any two random variablésandY
such thate' [ [(X)B(Y)|], E[|a(X)|], andE[|3(Y)|] are finite,

(22)  Covla(X), 5(Y)] = / / H(z,y) — F()G(y)] da(y) di(z).

whereH (z, y) is the joint cumulative distribution function foX andY’, andF" and
G are the corresponding cumulative distribution functionXadndY’, respectively.
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As we noted before, the monotonicity of both functier{s{') andg(X) in Propo-
sition 2.1 is a very strong assumption, and thus, this condition may be satisfied
in some situations but it could be violated in others. Thus, it is our objective in
this paper to derive covariance inequalities for both monotonic functions and non-
monotonic functions. We first apply the Cuadras identity to relax the monotonicity
assumption of(x) for a single random variable in the Chebyshev inequality, as
shown in the following theorem:

Theorem 2.2. Let X be a random variable symmetric about zero with support on
[—b,b]. Consider two real functiong(z) and 3(x). Assume thati(z) is an odd
function of bounded variation with(x) > (<)0 for all x > 0. We have

1. if () is increasing, thelCov [a(X), 3(X)]
2. if a(z) is decreasing, theflov [a(X), 8(X)] < (>)0.

> (<)0; and

Proof. We only prove Part (a) of Theoreth2 with g(x) > 0 for all z > 0. Using
Cuadras’ P] identity, we obtain

whereH (z,y), F, andG are defined in{.2). SinceX =Y in the theorem, we have
H(z,y) = F(min{z,y}). Therefore, we can write:

X), B(X)]
// Flmin(z, y)] da(y) d3( //

(2.3) C’ov[

F(z)G(y)]daly) d3(x),

(2.4) Cov

) da(y) df(z) .
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The second term on the right hand side o] can be expressed as

/Z / ZF (x)F(y) da(y) df(x)

— /_Z F(y) U_Z F(x) dﬁ(:r)} do(y)

:i/ilWy){— j/%xyuxx)+¢xwfxm-—ﬁc—wfw—@}da@o
= /_ b F(y)B(b) da(y) = 5 (b) [— / b a(y)dF(y) +a(b)}

(2.5) = 3(b) [ (D) = pta] _

where

uaz/_ a(y)dF(y) .

b
On the other hand, the first term on the right side2of){ becomes

/ U Flmin(z, y)] dﬁ<x>] dor (y)

In addition, we have
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and hence,

/_ F)[50) - )]da(y

b b
- / F()30) day) - / )3 ) da(y
= BO)[ ~ pta +a ()] - / ()3 ) day).

Similarly, one can easily show that

/ " Fe) dB(z) = — / Zﬁ(m)dF(w) T F)B(y).

b

Thus, we have

/ U ZF@”) dﬁ(w)} da(y)

_ / [_ /Zﬁ(x)dF(x) + F(y)ﬂ(y)] da(y)

_ _7 /_ Z { /_ Z ﬁ(a:)dF(a:)} da(y) + / F(y)B(y) da(y),

b
—b
and hence,

/ l; { / l; Flmin(z, y)] dﬁ(x)] da (z)

b

= B)[ ~ pa+a ()] - / F(y)B (y) daly)

—b
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[ B(x)dF (z)| da(y) + bF(y)ﬁ(y) do(y)
/b |:/b } /b

b Yy
@o)  =wl-mta®)]- [ |[ sware)|da).
Thereafter, substituting?(5) and @.6) into (2.4), we get:
Cov [a(X), ﬂ(X)}

— BO)[— o+ a ()] - / [/ybmmdm)] day) — BO)[ — o+ (b)]

_ _/b {/y ﬁ(x)dF(x)] da(y).

In addition, one could easily show thaty) = — [*, 3(x)dF(z) is an even function.
Thus, we get

Cov[a(X), B(X)] :/_ T(y) da(y)

b

0 b
= [ 1w o) + [ 7) doty)

—b

:_/0 T(y) da(—y)+/0 T(y) da(y)
b
- / T(y) [d(a(y) — al—y))] = 0.

The above inequality holds because:

1. It can easily be shown thdt(y) = — [ yb B(z)dF(z) is decreasing and positive
fory > 0, and
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2. (a(y) — a(—y)) is increasing.
We note that (2) holds becausér) is an increasing function. Thus, the assertion

in Part (a) of Theorem.2 holds with3(z) > 0 for all z > 0. The results for other
situations can similarly be proved. ]

One may wonder whether the monotonicity assumption for bath) and3(x)
in Theorem2.2 could be relaxed. We do this for the Chebyshev inequality as shown
in the following theorem:

Theorem 2.3. Let X be a random variable symmetric about zero with support on
[—b, b]. Consider two real functions(z) and3(x). Let3(z) be an odd function of
bounded variation withi(z) > (<)0 for all z > 0. We have

1. if a(z) > a(—z) forall x > 0, thenCov[a(X), 3(X)] > (<£)0; and
2. if a(z) < a(—z) forall z > 0 thenCov[a(X), B(X)] < (>)0.

Proof. We only prove Part (a) of Theorem3with g(x) > 0 for all z > 0. We note
that since3(x) is an odd function and is a random variable symmetric about zero
with support on—b, b], then E[3(X)] = 0. Applying the same steps as shown in
the proof of Theoren2.2, we obtain

Cov [a(X),ﬁ(X)] = /b {— /Zﬁ(x)dF(x)} da(y) > 0.
DefiningT'(y) = — [, B(x)dF (x), we have
b
Coo[a(X),50)] = [ T(w) da(y)

b

== [ al)aT(s) + T)a) = T(ba(-b).
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As one can easily show th@l(y) is an even function, thefi(b) = —E[3(X)] = 0,
T(—b) = 0, and we get:

Cov[a(X), B(X)] = —/ a(y)dT (y)

—b

0 b
— dT'(y) — dTl’
/ @ (y) <y) /0 « <y) <y) Covariance Inequalities
Martin Egozcue, Luis Fuentes Garcia

=b b and Wing-Keung Wong
= /0 a(y)dT(y) - /0 O‘/(y)dT(y) vol. 10, iss. 3, art. 75, 2009
b b
~ [(at-yarw) - [ atar -
0 0 itle Page
b
_ / [oz(—y) . oz(y)}dT(y) >0. Contents
0 «“ 8

In addition, one can easily show th&ty) is a decreasing function fgr> 0. More-

over, by assumptiony(—y) — a(y) < 0. Thus, we hav&ov [a(X), 8(X)] > 0, < >
and hence, the assertion in Part (a) of Theoteffollows with 5(z) > 0 for all Page 11 of 16
x > 0. The results for other situations can similarly be proved. O o Back
In the above results, bothand 5 are functions of the same variable We next
extend the results such thatand 3 are functions of two different variables, say Full Screen
X andY, respectively. However, in order to do this, additional assumptions have Close
to be imposed. In this paper, we assume that both variables have positive quadrant
dependency; that is7 (z, y) — F'(z)G(y) > 0. journal of inequalities
. . o in pure and applied
Theorem 2.4.Let X andY” be two random variables with positive quadrant depen- mathematics
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1. if a(x) is increasing (decreasing) ané x) is increasing (decreasing), then

Cov[a(X),B(Y)] >0,
2. if one of the functions is increasing and the other is decreasing, then
Cov[a(X),B(Y)] <0.

Proof. We only prove the second part of Theorémd. The first part of the theorem
can be proved similarly. Letting (z,y) = H(z,y) — F(z)G(y), we have

Covfa(X //nyda 2) dB(y)

For the situation in whichu(x) is an increasing function, sinc&(xz,y) > 0 is
continuous, we have

:/ K(z,y) da(z) > 0.

In addition, as( — ﬁ(:p)) is an increasing function, we can easily show that

Cov[a(X) /ny — B) <0,

and thus the assertion follows. ]

We note that reverse results can easily be obtained if one assumes negative quad-
rant dependency. Therefore, we skip the discussion of properties of the covariance

inequality for negative quadrant dependency.

We first developed Theorem.2 to relax the monotonicity assumption on the

function () for Proposition2.1. We also developed Theorem3 to relax the
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monotonicity assumption on both(z) and3(x). Thereafter, we developed results
for the Chebyshev inequality for two random variabksandY as shown in The-
orem?2.4. We then considered relaxing the monotonicity assumption for Theorem
2.4. To relax the monotonicity assumption on the function(s) for Proposiiibmas
shown in Theorem&.2 and 2.3, is easier than for Theoret4 as these theorems
deal with only one variable, whereas Theor2nideals with two random variables

X andY'. In this paper, we managed to relax the monotonicity assumptigi{:on

for Theorem2.4 as shown in below. We leave the relaxation of the monotonicity
assumption on both(z) and(z) for further study.

Theorem 2.5.Let X andY be two dependent random variables with support on
[—b,b]. AssumeX (x,y) = H(z,y) — F(x)G(y) is increasing iny. Consider two
functionsa(z) and 3(x), whereg(x) is an even function of bounded variation in-
creasing (decreasing) for at > 0. We have

1. if () is increasing, thetCov [a(X), 3(Y)] > (<) 0; and
2. if a(z) is decreasing, theflov [a(X), B(Y)] < (=) 0.
Proof. We only prove the first part. Let

//ny ) da(z) dB(y) .

Since%—’y( >0, K(x,y) — K(x,—y) > 0 forall y > 0. Using the assumption that
B(x) is an even function and increasing foe> 0, we obtain

Cov[
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—b b
- K(z,y) dﬁ(y)+/0 K(z,y) dB(y)
b

:/ K (z,y) — K(z,—y)]d3(y) >0

0

Finally, asa(z) is an increasing function, we get

b Covariance Inequalities
Martin Egozcue, Luis Fuentes Garcia
COU [O./(X), ﬁ(Y)} = / T(l’) dOz(IL‘) 2 0 9 and Wing-Keung Wong
b vol. 10, iss. 3, art. 75, 2009
and the assertion follows. O
We note that, in this case, we have relaxed the monotonicity assumption of one Title Page
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3. Conclusion

We derived some covariance inequalities for monotonic and non-monotonic func-
tions. Although we relaxed the monotonicity assumptions in some of our results, we
imposed a symmetry assumption on the random variables and restricted our analysis
only to even or odd functions. The analysis of new covariance inequalities without
these assumptions remains a task for future research.
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