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Abstract

In this paper, we obtain a subordination result for a class of meromorphic func-
tions.
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Let X be the class of functions of the form
(B
Z)=— anz",

< n=0

which areanalyticin the punctured unit dis& = {z : 0 < |z| < 1}. Let A
be the class of all functiongz) = 1 + p;z + p»2% + - - - which are analytic in
A = {z:|z] < 1}. The clas$ of Caratheodory functionsonsists of functions
p(z) € A having positive real part. A functiorf(z) € X is meromorphic
starlike of ordera if f(z) # 0 and

2f'(2)
f(2)

Similarly the functionf(z) is meromorphic convex of order if f'(z) # 0 and

—R

>, (a<1l;z€eA).

(14 LD o0 wesen)

The classes of these functions are denotedits§/ (o) andM C(«) respectively.
The classZ? («) of y-meromorphic convex of orderconsists of functiong (z)

with f(z)f'(z) # 0 satisfying

a0 (0 5)

Nunokawa and Ahuja“] have proved the following:

>a, (a<l;zeA).
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Theorem 1.1.Leta < 0. If

feMC<a(3—2a))7

2(1 — )
thenf € MS*(«).
Theorem 1.2.Leta < 0 and~ > 0. If

200 — 202 + ya
Z*
rex (B Esy).

thenf € MS*(«).

Our main result is the following generalization of Theorém and Theo-
reml.z

Theorem 1.3. Letq(z) be univalent and(z) # 0 in A and

1. 2¢'(2)/q(z) is starlike univalent inA, and

2q"(z) _ z¢'(2) _ a(z)
2.8%[1+ e e 7]>OforzeA,fy;«r£O.

If f(2) € ¥ and
R PERIC) V] L)
[(1 V) ”(“ ) )]”” l

()
O

then

q(2)

andg(z) is the best dominant.
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1.3

To prove our Theorer.3 we need the following result of Miller and Mocanu:

Lemma 2.1.[1, p. 132, Theorem 3.4h] Let =) be univalent in the unit disk
and# and ¢ be analytic in a domairD containingg(A) with ¢(w) # 0 when
w € q(A). Set

Q(z) = 2¢'(2)0(q(2)), h(z) :=0(q(2)) + Q(2).

Suppose that eithér(z) is convex, oi)(z) is starlike univalent inA. In addi-

tion, assume that
zh (2)

Q(z)
If p(z2) is analytic inA, with p(0) = ¢(0), p(A) € D and
(2.1) 0(p(2)) + 2p'(2)0(p(2)) < 6(a(2)) + 24/ (2)d(a(2)),

thenp(z) < ¢(z) andq(z) is the best dominant.

R

>0 (ze€d).

By applying Lemma&2.1, we first prove the following:

Lemma 2.2. Let¢(z) € A satisfyq(z) # 0 and the conditions (1) and (2) in
Theoreml.3,

If p(z) € A satisfiep(z) # 0 and

_2(?)
(2.2) p(2) 00 <

thenp(z) < ¢(z) andq(z) is a best dominant.
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Proof. Define the functiong and¢ by

f(w) :=w and ¢(w):= 7

w

Thend and¢ are analytic inC \ {0} and¢(w) # 0. Define the functiong)(z)

andh(z) by
2):=z2q(z 2 :_Zq’(z)
Qe) = 20 (0lal) = 2
and
¢ ()

h(z) = 0(q(2)) + Q(2) = q(z) =~

q(z)
In view of our assumptions, the functiof¥z) andh(z) satisfy the conditions
of Lemma2.1. Since the subordinatior2 (2) can be written as the subordination

(2.1, the result now follows by an application of Lemra.

Proof of Theoreni.3. Define the functiorn(z) by

_ e
Pe) ==y (FEd).
Then a computation shows that
G [ e
p0) -2 Ja- s (14

The result of Theorenh.3 now follows from Lemma2.2.

zf”(z)
f'(z)

)|

]
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By setting L+ (- 2)
+ (1 —2a)z
) =—T

in TheoremLl.3, we have the following:

Corollary 3.1. Leta < 0,7 # 0. If f(2) € ¥ and

- 14+2[1 =5+ (a—1)y]z + (1 — 2a)%22
1—2az — (1 —2a)2? ’

_inzf(2)
then §R—f(z) > a.

Remark 3.1. Fairly straightforward calculation shows that the image df < 1
under

12l =y 4 (@ = 1)y]z 4 (1 — 2a)%2?

B 1 —2az —(1—2a)2?

w(z) :

contains the half plan®&w(z) > % Therefore we see that Theorén
now follows from Corollary3.1. Theoreml.1lis indeed a special case of Theo-
reml.2wheny = 1.
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