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Abstract

In this paper a theorem on the absolute Norlund summability factors has been
proved under more weaker conditions by using a quasi 5-power increasing se-
quence instead of an almost increasing sequence.
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A positive sequencé,,) is said to be almost increasing if there exist a positive

increasing sequende,,) and two positive constant$ and B such thatdc,, <
b, < Be, (seeV]).

Let > a, be a given infinite series with the sequence of partial s(ps
andw,, = na,. By u& andt® we denote the-th Cesaro means of order with
a > —1, of the sequences,,) and(w,, ), respectively. The seri€s, a,, is said
to be summablg’, o/, if (see [, [7])

o0 o0 1
(1.1) Z}ug—ug_ﬂ :Zg“m < 00.
n=1 n=1

Let (p,,) be a sequence of constants, real or complex, and let us write
(1.2) Po=po+pi+p+-+p.#0, (n>0)

The sequence-to-sequence transformation

1 n
(1.3) o = i ;Opn_vsv

defines the sequence,,) of the Nérlund mean of the sequengs ), generated
by the sequence of coefficients,). The series a,, is said to be summable
[N, pal, if (see P)

(1.4) Z lon — 0n_1| < 0.
n=1
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In the special case when

I'(n+ )
tarm+1) “=Y

the Norlund mean reduces to tfi€, «) mean andN, p,,| summability becomes
|C, «| summability. Forp,, = 1 and P, = n, we get the(C, 1) mean and then
|N, p,| summability becomeg”, 1| summability. For any sequencg,,), we
write AX, = A, — A,y @andA2), = A(AN,) = AN, — ANy

In [6] Kishore has proved the following theorem concerrifigl| and| N, p,,|
summability methods.

Theorem 1.1.Letp, > 0, p, > 0 and(p,) be a non-increasing sequence. If
3" a, is summabléC, 1|, then the serie$” a, P, (n+1)"! is summabléN, p,,|.

Ahmad [!] proved the following theorem for absolute Norlund summability
factors.

Theorem 1.2.Let(p,) be as in Theorerh. 1. If

"1
1.6 - tv =0 Xn - ’
(1.6) >l =0(X,) asn— oo

v=1

where(X,,) is a positive non-decreasing sequence akg) is a sequence such
that

(1.7) XA = O(1),

(1.8) nAX, = 0(X,),
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(1.9) > nX, |A%N,| < oo,

then the seriey_ a, P\, (n + 1)~! is summabléN, p,,|.
Later on Bor |] proved Theoreni.2under weaker conditions in the follow-
ing form.

Theorem 1.3. Let (p,) be as in Theorem.1 and let(X,,) be a positive non-
decreasing sequence. If the conditiohs{ and (1.7) of Theorenil.2 are satis-
fied and the sequenceés, ) and (3, ) are such that

(1.10) |AX,| < B,
(1.11) Bn — 0,
(1.12) > X, |AB] < oo,

then the seried” a, P\, (n + 1)~! is summabléN, p,,|.

Also Bor [4] has proved Theorerfh.3 under the weaker conditions in the
following form.

Theorem 1.4.Let(p,) be as in Theorerh.1and let(X,,) be an almost increas-
ing sequence. If the condition$.@), (1.7), (1.10 and (L.12 of Theoreml.2
and Theoreni.3are satisfied, then the serigs a,, P, \,(n +1)~! is summable
IN, pul.
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The aim of this paper is to prove Theoréml under more weaker conditions.
For this we need the concept of a quagiower increasing sequence. A positive
sequence-,,) is said to be a quagi-power increasing sequence if there exists
a constan¥y’ = K(3,~) > 1 such that

(2.1) KnPr, > mPy,

holds for alln > m > 1. It should be noted that every almost increasing  Absolute NﬁfF";’(‘fof’s“mmab”iW
sequence is a quastpower increasing sequence for any nonnegativeut the

converse need not be true as can be seen by taking an examplg, say " b ey e
for 6 > 0. So we are weakening the hypotheses of the theorem replacing an
almost increasing sequence by a quapiower increasing sequence. Title Page
Now we shall prove the following theorem.
Contents
Theorem 2.1.Let(p,) be as in Theorem.1 and let(X,,) be a quasis-power «“ b

increasing sequence. If the conditioris@), (1.7), (1.10 and (1.12 of Theo-
rem 1.2 and Theoreni.3 are satisfied, then the seriés a,, P, \,(n + 1)7! is < >
summabléN, p,,|.

Go Back
We need the following lemma for the proof of our theorem. Close
Lemma 2.2 ([3]). Under the conditions of\X,,), (A,) and(f,), as taken in the Quit
statement of the theorem, the following conditions hold, whet?(is satisfied: Page 6 of 10
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2.9 3 B.X, < .
n=1

Proof of Theoren2.1. In order to prove the theorem, we need consider only the
special case in whiclV, p,,) is (C, 1), that is, we shall prove that’ a, A, is
summablgC, 1|. Our theorem will then follow by means of Theoreni. Let

T, be then-th (C, 1) mean of the sequenc¢ea,, \,,), that is,
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2.4 T, = v\ Huseyin Bor
(2.4) — ; va
Using Abel’s transformation, we have Title Page
] n Contents
Tn = oy 1 UZ;U(ZU)\U 44 (S
1 n—1 4 | 4
= — D AN(v + Dty + Aty Go Back
v=1
=T,1+T,2, say. Close
L - Quit
To complete the proof of the theorem, it is sufficient to show that
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Now, we have

m—i—l1 m—+1 nlv
— T, AN | |t
SimasS s (S ]

n=2 v=1
m+1 1 n—1
=0(1)> — {Z 00, ]tv]}
n=2 v=1
m—+1
( Z |t | Z Absolute Nérlund Summability
v=1 n= v+1 Factors
_ - | vl Hiseyin Bor
- O(1> ; Uﬁv .
m—1 .
|t | \t | Title Page
— O A v m
( ); (vﬂ ); mp Z Contents
m—1
<44 44
=0(1) Y 1AWB)| X, + O(1)mBn X ) R
v=1
m—1
Go Back
=0(1) Y (v +1)AB, — Bl X, + O(1)mBn X o=ac
v=1 Close
= Quit
= 0(1) Y v[AB| X, +0(1 Z 18] X, + O(1)mfBn X
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Again

Zﬁ Th2] = Z|>‘n| o
n=1 n=1
- [t [ta]
= Z + [ A IZ
n=1 =1
m—1
=0(1) > |AN| X+ O(1) [Ara| Xin
n=1

m—1

1) BuXo+ O(1) [An| X = O(1)  asm — o0,
=1

by (1.6), (1.7), (1.10 and @.3). This completes the proof of the theorem.[]
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