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ABSTRACT. The main purpose of this paper is to use a Gruss type inequality for Riemann-
Stieltjes integrals to obtain a sharp integral inequality of Ostrowski-Griuss type for functions
whose first derivative are functions of Lipschitizian type and precisely characterize the functions
for which equality holds.
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1. INTRODUCTION

In 1935, G. Gruss (seel[4, p. 296]) proved the following integral inequality which gives an
approximation for the integral of a product of two functions in terms of the product of integrals
of the two functions.

Theorem A. Leth, g : [a,b] — R be two integrable functions such that< i(z) < ¢ and
v < g(z) <Tforall x € [a,b], wherep, ®,~, I are real numbers. Then we have

(1.1) T(h,g)| := ﬁ/ h(z)g(x)dx — bia/ h(z)dx - bia/ g(x)dx

1

< 1@ -6 - ),

and the inequality is sharp, in the sense that the cons}arannot be replaced by a smaller
one.
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Itis clear that the constaétis achieved for

h(z) = g(x) = sen (x _ a;b) .

From then on,[(1]1) has been known in the literature as the Gruss inequality.
In 1998, S.S. Dragomir and I. Fedotov [2] established the following Gruss type inequality for
Riemann-Stieltjes integrals:

Theorem B. Leth, u : [a,b] — R be so that is L-Lipschitzian ona, ], i.e.,

lu(z) —u(y)| < Lz -y
forall =,y € [a,b], his Riemann integrable ofa, b] and there exists the real numbers M so
thatm < h(x) < M for all = € [a,b]. Then we have the inequality

/ h(z)du(z) — W/ h(t)dt’ < %L(M —m)(b—a)

and the constany is sharp.

(1.2)

In a recent papel [3], the inequalify (IL.2) has been improved and refined as follows:

Theorem C. Let h,u : [a,b] — R be so thatu is L-Lipschitzian on[a,b], h is Riemann
integrable on|a, b] and there exist the real numbers, M so thatm < h(x) < M for all
x € |a,b]. Then we have

(1.3)

< L(b— a)\/T(h, )

1
< Z

L(M —m)(b—a).

\)

All the inequalities in) are sharp and the constér’nﬂ; the best possible one.

Theorem D. Leth, u : [a,b] — R be so that is (I, L)-Lipschitzian orfa, b], i.e., it satisfies the
condition

l(xg —x1) < u(wg) —ul(zy) < Lz — 1)
fora < z; <y < bwithl < L, his Riemann integral ofu, b] and there exist the real numbers
m, M so thatm < h(z) < M for all z € [a,b]. Then we have the inequality

(1.4) / h(x)du(:v)—w / h(t)dt

L—1 I
< — h(z) — h(t)dt|d
<55 [ == [ noatfas
L—1
< “ - )T
1

< (L= —m)(b - a).
All the inequalities in) are sharp and the constér’nﬂ; the best possible one.

In [1], L.J. Dedt et al. have proved the following Ostrowski type inequality as

J. Inequal. Pure and Appl. Math?(5) Art. 192, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

A SHARP INEQUALITY OF OSTROWSKFGRUSSTYPE 3

Theorem E. If v’ is L-Lipschitzian ona, b], then for every: € [a, b] we have

/abu(t)dt ! ; ¢ [u(x) + wa) +uld) ; u(b)+ (x S ; b) u'(x)] ‘

1 o (b—a)?
§L<§ + R )

In this paper, we will use Theoregnj C and Theofem D to obtain some sharp integral inequal-
ities of Ostrowski-Gruss type for functions whose first derivative are functions of Lipschitzian
type. Thus a further generalization of the Ostrowski type inequality and a perturbed version of
the inequality[(1.p) is obtained.

(1.5)

a+b
2

€xr —

2. THE RESuULTS

Theorem 2.1.Letu : [a, b] — R be a differentiable function so that s (I, L)-Lipschitzian on
la, b], i.e., satisfies the condition

(2.1) l(zy — 21) </ (22) — v/ (11) < L(wg — 21)
fora <z <y < bwithl < L.Then for allz € [a, b] we have

b —
(2.2) /a u(t)dt — b > a4 [(u(x) n MJF <x B a—gb) ulm}
' (b) —v'(a) a+b (b — a)? L—1
B 4 |:<x_ 2 )2_ 12 :| S 4 I(a7b7x)a
where
( % (a;rb .1') (azf’)b . il') [3(1_ N a) + (b o 33')}
i [L(amng)? 4 g]?, OSTSES
é(a;—b_x)(x_Sa:b)[(x—a)—l—?)(b—x)} v
Falh (emgt) o O] |
23)  Ilaba)={ £[}(a-22) 2+ G525 (<<,
L(z—d2) (&3 — 2) [3(x —a) + (b— qi)] )
I A
L (o) (i — 3ab0) () 4 3(h— :ng)] o
| e
with
_atb V3(b-q) Catb V3(b—a)
{= 9 6 ) n= 5 + G ,
I X VB —a)
Q_G+T7 e—b—T

3a+b +b +3b
anda < { <P < (< <<= <n<bh.
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Proof. Integrating by parts produces the identity
b
(2.4) / K(z, t)du' (1)
b
- / u(t)dt — %(b —a) {u(m) CORLIOM (x—“ i b) u’(x)] :

2 2

where

%(t— a) (t— “TH’) , t€la,z,
(2.5) K(x,t) = {

Me-n(-), re @)
Moreover,

1 b 1 a+b\> (b—a)?

(2.6) b—a/a K(m,t)dt—z [(x— 5 ) D ]

Applying the Gruss type inequality (1.4) gives

/a Kyl (1) — W / b K(x,t)dt‘
L—1 [°

1 b
< _ .
< i K(x,t) b_a/QK(m,s)dsdt
Then for any fixed: € [a, b] we can derive fron{ (2]4) (2.5) and (P.6) that
b J——
(2.7) / u(t)dt — b 5 ¢ [u(m) + M + (x—a ; b) u’(x)}
u'(b) — u'(a) a+b\> (b—a)? L—1
_ _ _ < - -
1 T || < g Habo),
where

I(a,b,x) = /: (t—a) (t—a;b> _% Kx_“Ter> 2 _ %]
+/: (t—b) (t—a;b) _% Kx_a;b) , (b IQa)Q}

The last two integrals can be calculated as follows:
For brevity, we put

dt.

pi(t) == (t —a) (t—a+b) —% (x—a+b)2— (b= ap| t € [a,z],

9 9 12 |’
() = (t—b) 2f_a—i—b _1_ _a+tb 2_(b—a)2_ —_—
p2t) = 2 2 [\" 7 2 | Sihek
Then we have
B 1| (b—a)? a+b\’|
p1<a>—p2<b>—§[ G B

= () (57)

J. Inequal. Pure and Appl. Math?(5) Art. 192, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

A SHARP INEQUALITY OF OSTROWSKFGRUSSTYPE 5

=g () ()

Set
_a+b V3(b—a) Ca+b  V3(b—a)
s s
g:m@, ezb_@_

It is easy to find thap, (a) = p2(b) < 0for x € [a,&] U [n,b], p1(a) = pa(b) > 0forx € (&, 1)
andp,(z) < 0forzx € [a, (], pi(x) > 0forz € ((,b], p2(xz) > 0forz € [a,0), po(x)<O0for
x € [0,b]. Notice that

3a+b a+b a+ 3b

a<é< <C<T<9<

<n<b,

we see that there are five possible cases to be determined.

(i) Incaser € [¢,0]. pi(a) = p2(b) > 0,p1(z) > 0, p2(z) > 0 and it is easy to find by elemen-
tary calculus that the functiom (¢) is strictly decreasing ilﬁa, 3“7“’) and strictly increasing in
(22t ), also, as the functiop,(t) is strictly decreasing iffiz, “£22) and strictly increasing in

(¢£22,b). Moreover,p; (342) = p, (“£2) < 0. So,p, (t) has two zeros itia, ) at the points

1
t_3a—|—b_ 1/ a+b 24_(()—a)2 ’
1Ty 2\ g A8

and
. _3a+b |1 x_a+b 24_(()—&)2 ?
2Ty 2 2 48

Also py(t) has two zeros iz, b) at the points

t—a+3b— 1/ a+b 2+(b—a)2 ’
3T Ty 2 \"" 2 A8
1
t_a+3b+ 1/ a+b 2+(b—a)2 ’
1Ty 2 \"T 2 8 '
Thus we have

(2.8) I(a,b,x) = /at1 [(t—a) (t_a—;b) _% (x_a—;b)2+ (b ;4@)2
L B e (55

+/: [(t—a) (t—a;b) —% (x—a;rb) 2 (b ;4@2} dt

J. Inequal. Pure and Appl. Math?(5) Art. 192, 2006 http://jipam.vu.edu.au/

=

and

dt



http://jipam.vu.edu.au/

6 ZHENG LIu

(t—b) (t—a;b> —%(w—a;b)Q-i- (b;f)z] dt
%<x_a;b>2_ (b;4a)2 ) (t_a—2|—b>
(t —b) (t—“;b> —%(x—“;b)2+ (b;f)z] dt

(i) Incaser € [a,¢], pi(a) = p2(b) < 0, p1(x) < O.p2(x) > 0andp,(¢) is strictly decreasing

in (a, z) as well ag,(t) is strictly decreasing ifir, “£2) and strictly increasing i, b) with

ts € (z, *£3) such thaps(t;) = 0. Thus we have

2.9  I(ab ) :/a’” [% (gg_a;tb)Q_ (b ;4a)2 (—a) <t_a—2|—b)
oo -4y 5
[y -5 et

dt

16
3

N | —

dt

dt

3
1/ a+b 2+(b—a)2 ’
2\ g A8 ’

(iii) In case (&, C), pi(a) = pa(b) > 0, pi(z) < 0,p2(x) > 0 andp, (t) has a unique zerg €
(a,z), p2(t) has two zerosgs, t4 € (z,b). Thus we have

(210)  I(a,b,z) :/atl [(t—a) (t_“;b) _% (x_a;b)2+ (b ;4&)2
SR ()
SN RTSCRUR e

[y - en
-
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:é(a;b—x) (x—?’“jb) (= a) + 3(b — )]

L/ atb\* (b—a?|’

2 2 48 '

(iv) In casex € (0,n), pi(a) = p2(b) > 0, pi1(x) > 0, po(z) <0 and p,(t) has two zeros
t1,t2 € (a,x), p2(t) has a unique zerg € (x,b). Thus we have

211)  I(a,b,z) = /:1 {(t—a) (t—“;b) —% (x—&;b) 2 (b ;4‘”1 dt
+/: %(x_a—zi—b)z_ (b—a)? C(—a) (t_aer)
+/
+/

+4

1 $_a+b 2+ (b—a)?|’

2 2 48 '

(V) In casezx € [n,b], p1(a) = p2(b) <0, pi(x) >0, po(z) < 0 andp,(t) has a unique zero
ty € (a,x), p2(t) < 0fort € [z,b]. Thus we have

(2.12) 1<a,b,x):/:2[ (m—a;b)Q—(b;f)Q—(t—a) (t_a;—b)

N —

1/ a+b 2+(b—a)2 :

2 \" 2 8|

Consequently, the inequality (2.2) with (R.3) follows frdm (2.F), {28),](2[9), {2.[0),](2.11) and
2.12).

The proof is completed. O
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Remark 2.2. It is not difficult to prove that the inequality (2.2) with (2.3) is sharp in the sense
that we can construct the functiento attain the equality irf (2]2) with (3.3). Indeed, we may
chooseu such that

’%(t—a)z, a<t<uz,

u(t) = 4 Lt —a)+ {2z —a)t — (2* —ad?)], = <t<ts,
Lt = 1)+ 2( — )t — (2 — @)

\ +L[2(t5 — )t — (] — 22)], ts <t < b,

which follows

[(t —a), a<t<uwz,
u'(t) =< L(t—2x)+ (z—a)l, r<t<ts
l(t—t3+$—a)+(t3—l’)L, t3§t§b,

foranyz € [a, €], and

(Lt —a)? a<t<t,
Lt —t1)*+ L2t — a)t — (82 — a?)], t <t<u,
L[t — 2)* +2(t — a)t — (B — a?)]
+L2(x — ty)t — (2® — 1)), <t <t
U(t) B l 2 2 2
sl —13) +2(z —t1)t — (2 — 17)]
+L2(t3 — x4+t —a)t — (13 — 2 + 13 — a?)), ts <t <ty
Lit—t)? +2(ts —x+t1 — a)t — (3 — 2* + t} — a?))
{ L0t —ts+a—t)t— (3 —t3+2° — 1)), ta <t <,
which follows
( L(t —a), a<t<ty,
I(t—t)+ (t —a)L, t <t<u,
u'(t)=<¢ Lt—z+ti—a)+ (z—1t1)l, r<t<ts,
(t—ts+ax—t)+(ts—x+t —a)l, ty <t <ty
(| L(t—ta+ts—ax+ti—a)+(ta—ts+ax—t)l, t4 <t <h,
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foranyz € (¢, (), and

(

which follows

\

%(t —a)?,
Lt =) + L[2(t — a)t — (82 — a?)),
Lt — t2)? + 2(t — a)t — (£ — a?)]

a<t<t,

tl§t<t27

+i2(t —t)t — (B3 —1})], b2 <t <t

Lt —18) +2(ta — )t — (1 — )]
+L[2(t5 — o+ t1 — a)t — (3 — 3+ 3 — a?)],

Lt —ta)? 4+ 2(ts — o + 11 — a)t — (13 — 3 + 13 — a?)]

+L[2(ts — ts +ta — ti)t— (83 — 3+ 13 — 12)],

( L(t —a),
l(t — tl) + (tl — CL)L,
< L(t — t2 +t1 — Cl) + (tQ — tl)l,

l(t—t3+t2—t1)—|—(t3—t2+t1—a)L,

foranyx € (¢, (), and

p

which follows

\

%(t - a)27
Lt —1)? + L[2(h — a)t — (8 — a?)],
Lt —ta)? +2(ts — a)t — (5 — a?)]

+L[2(t, — t)t — (83 — 1)),

[(t = 2%) +2(t2 — ta)t — (85 — 17)]

N~

)+
L
T3

\ L(t—t4+t3—t2+t1—a)+(t4—t3+t2—t1)l,

2@ —ty +t; —a)t — (22 — 2+ t? — a?)],
2 1

a<t<t,
t1 <t <ty
ty <1 <13,
tz3 <t <ly,

t4§t§b7

a<t<t,

t1§t<t27

to <t <,

Lt =t +2(x — to + 1 — a)t — (2 — 83 + ¢} — a?))]

+5[2(ts —  +to — 1)t — (] —2? + 15 — 1)),

( L{t —a),
l(t — tl) + (tl — a)L,
L(t — 1y + 11 — &) + (tQ - tl)l,

l(t—l’—i‘tg—tl)—i‘(x—tg—i‘tl—CL)L,

| L(t—ts+x—to+t1—a)+ (ta —x+t2 — 1)1,
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foranyz € (6,7), and

(5(t—a)?, a<t<ty,
u(t) = §<t - t2>2 + %[2@2 —a)t — (t§ - CLQ)], t, <t<u,
Lt —2)? +2(t — a)t — (£} — a?)]
\ +%[2($ — o)t — (%2 t%)], x<t<b,
which follows
l(t_a)7 a§t<t27
u'(t) = § Lt —t2) + (fa — a)l, ty <t <uz,

lt—z+ty—a)+ (x—ty)L, =<t <h.
foranyz € [n, b].
Itis clear that all the above/(¢) satisfy the conditior{ (2]1) ofa, ].

Remark 2.3. Forz = 22, we have

/abu(t)dt ! ; - [u (a ; b) +49) ; U(b)] + ;8@2 [/ (b) —v'a)]
_(L=h-a?
144v3

Corollary 2.4. If « is L-Lipschitzian ona, b], then for allx € [a, b] we have

b p—
(2.13) / u(t)dt — bTa {u(x) + M%— (x — GTM) u’(:p)}
u'(b) — u'(a) a+b\, (b—a) L
N S St _ _ < =
1 i 5 12 = 2[(&,[),55),
wherel(a, b, z) is as defined i (2]3).
Proof. It is immediate by taking = — L in the theorem. O
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