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Abstract

The main purpose of this paper is to use a Griiss type inequality for Riemann-
Stieltjes integrals to obtain a sharp integral inequality of Ostrowski-Griss type
for functions whose first derivative are functions of Lipschitizian type and pre-
cisely characterize the functions for which equality holds.
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Key words: Ostrowski-Griss type inequality, Griss type inequality for Riemann-
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In 1935, G. Griss (se€l[p. 296]) proved the following integral inequality
which gives an approximation for the integral of a product of two functions in
terms of the product of integrals of the two functions.

Theorem A. Leth, g : [a,b] — R be two integrable functions such that<
h(z) < ® andy < g(z) < T for all z € [a,b], where¢p, ®,~,T are real
numbers. Then we have

(1.1 [T(h,9)]
= ’b i - /a h(z)g(x)dx —

<@g —7)

I I
b—a/a h(x)dx~b_a/ag(a:)da:

and the inequality is sharp, in the sense that the constarsnnot be replaced
by a smaller one.

It is clear that the constaljtis achieved for

h(z) = g(x) = sen <x _ a;b) |

From then on,1.1) has been known in the literature as the Griss inequality.
In 1998, S.S. Dragomir and |. Fedoto¥] [established the following Griss
type inequality for Riemann-Stieltjes integrals:
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Theorem B. Leth, u : [a,b] — R be so that: is L-Lipschitzian ona, ], i.e.,

u(z) —u(y)| < Lz —y|

for all z,y € [a,b], h is Riemann integrable ofx, b] and there exists the real
numbersm, M so thatm < h(z) < M for all z € [a,b]. Then we have the
inequality

(1.2)

/ h(w)du(z) — W/ h(t)dt‘ < %L(M —m)(b—a)

and the constany is sharp.

In a recent paperd], the inequality (.2) has been improved and refined as
follows:

Theorem C. Leth,u : [a,b] — R be so thatu is L-Lipschitzian ona, b], h
is Riemann integrable ofu, b] and there exist the real numbers, M so that
m < h(z) < M forall z € [a, b]. Then we have

u(b) — u(a) /b h(t)dt

(1.3) —
1 b
— / h(t)dt

/a ’ b du(z) —

h(z) — dx

All the inequalities in {.3) are sharp and the consta@ﬁs the best possible one.
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Theorem D. Leth,u : [a,b] — R be so thatu is (I, L)-Lipschitzian ona, b],
i.e., it satisfies the condition
l(zg — x1) < u(xg) —u(ry) < L(zg — 1)

fora < x; <z < bwithl < L, h is Riemann integral ofz, b] and there exist
the real numbersn, M so thatm < h(x) < M for all = € [a,b]. Then we have
the inequality

’ u(b) —u(a) [*
(1'4) / h(x)du(m) - b—a / h(t)dt’ A Sharp Inequality of
a a Ostrowski-Griiss Type
<Lt bh() ! /bh(t)dtd heng Li
~ B i T b—a i T Zheng Liu
L—-1
< T<b —a)\/T(h,h) Title Page
1
< Z(L—l)(M—m)(b—a). Contents
All the inequalities in {.4) are sharp and the constaﬁm's the best possible one. « dd
In[1], L.J. Dedt et al. have proved the following Ostrowski type inequality < .
as Go Back
Theorem E. If «’ is L-Lipschitzian ona, b}, then for every: € [a, b] we have Close
b N it
(1.5) / u(t)dt — b-a [u(m) + MJr (x _at b) u'(x)] ‘ il
a 2 2 2 Page 5 of 21
1 ’ 3
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In this paper, we will use Theore@ and TheorenD to obtain some sharp
integral inequalities of Ostrowski-Gruss type for functions whose first deriva-
tive are functions of Lipschitzian type. Thus a further generalization of the
Ostrowski type inequality and a perturbed version of the inequallity) (s ob-
tained.

A Sharp Inequality of
Ostrowski-Griiss Type

Zheng Liu

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 6 of 21

J. Ineq. Pure and Appl. Math. 7(5) Art. 192, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:lewzheng@163.net
http://jipam.vu.edu.au/

Theorem 2.1.Letu : [a,b] — R be a differentiable function so thatis (, L)-
Lipschitzian ona, 0], i.e., satisfies the condition

(2.1) l(zg — x1) </ (22) —u/(21) < L(wy — 71)

fora <z <y < bwithl < L.Then for allz € [a, b] we have

/abuos)dt -2 [W) P M0, <’“° i} %b) UI(:C)}

(2.2)

'(b) — —a)? — A Sharp Inequality of
O =@ [ atbye (ot Lol )
4 2 12 4
Zheng Liu
where
[ () () Ba—aprba)l
atb)\2 |, (b—-a)2]2 ASTEG, Title Page
+1[4 (o-2gt)" + 322)7,
1 b 3a4b Contents
L(edt—g) (z—222)[(z—a)+3(b—z)]
1 +b\2 (b—a)? 3 €<ZE<C, 44 42
+4 [5 (e=57)" + 5= } ) p R
3
(23)  I(a,br)={ 1 [5 (x_aTw)u@;gﬂ?, (<<, Go Back
a a Close
s (1=25) (552 0) Bla—a)+(0-a)]
a <xr<n, Quit
+4 [% (x_aTer) +_(b48)2]2’ !
Page 7 of 21
o (1= (e=242) [(e—a)+3(b—2)]
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with

_a+b V3(b-a) _a+bd  V3(b—a)
=5 7% I
g:M@, (,Zb_m%—a)

3a+b +b +3b
anda < { <P < (<52 <0< == <n<b

Proof. Integrating by parts produces the identity A Sharp Inequality of
Ostrowski-Griiss Type
b Zheng Liu
(2.4) / K, t)dul (1)
b 1 b b :
= / u(t)dt — =(b— a) {u(x) L ula) +ud) (x_a + ) u/($)} ’ Title Page
“ 2 2 2 Contents
where <4< 4 2
t—a)(t—2), te€a,a], < >
(2.5) K(z,t) = } . o Back
Lt =0)(t—2b), te(x0)]. 0 Bac
Close
Moreover,
Quit
1 1 a+b\>  (b—a)? Ea——
2.6 — K(z. t)dt = = _ _ _ ge 8 of 21
(2.:6) =) K@Y 4[(9” 2) 12
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Applying the Griss type inequalityl (4) gives

/ab K,y (1) — O =) /ab " “"’t)dt‘
L—1 [
< —_

- 2

dt.

1 b
K(z,t) — b—a/ K(z,s)ds

a

Then for any fixed: € [a, b] we can derive fromZ.4), (2.5 and @.6) that

2.7) /abu(t)dt ! - {u(m) + M + (x—a ; b) wm}
) ) [(x_“;b)Q—“ < 2,
where
Y R (e
Lol 22 -

The last two integrals can be calculated as follows:
For brevity, we put

pi(t) == (t —a) (t— a;b> —% [(x— “;b>2— U’Iﬁ] L telaal,
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p2<t>::<t—b>(t—“§b)—§[(x—“;b)Q—(b;;)Q], e [n,b].

Then we have

n(@) =) = l% - <_%b)

Y

1 b—a a+b (b—a)?
pl(x)_i(“ 2 ><x_ 2 )+ 24
1 b—a a+b (b—a)?
pQ(m)_§<x_ 2 )(x_ 2 )+ 24
>et b V3(b—a) b V3(b—a)
a+ 3(b—a a+ 3(b—a
s s T
g:a+—‘@(l)6_a), O:b——\/g(%_a>.
It is easy to find thap, (a) = p2(b) < 0forz € [a,&]Un, b, p1(a) = p2(b) > 0
forz € (&,n) andp, (z )<0for:ce la, (], p1(x )>0forxe (¢, b], pa(x) >0

forz € [a,6), po(z) <0forax € [0, b]. Notice that

3a+b<<<a—|—b<6<a+3b
4 2 4

a<é< <n<b,

we see that there are five possible cases to be determined.
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(i) In casex € [(,0]. pi(a) = pa(b) > 0, pri(z) > 0,pe(z) >0 and it is

easy to find by elementary calculus that the funcfigft) is strictly decreasing
in (a,22t%) and strictly increasing i
3% and strictly increasing irf

p1 (34E2) = py (“£2) < 0. So,pi(t) has two zeros iffa, z) at the points
a1
-\
2

1

—| T
2

4
strictly decreasing iz,

3a+b
t1 = 1
and
3a+b
tQI 4

+

3a+b
4 )

2

a+b
2

_a+b

e

) +

(b—a)’

%
48]

Also p,(t) has two zeros iz, b) at the points

t_a—|—3b
BTy
and
_a—|—3b
1Ty

Thus we have
(2.8) I(a,b,x)

1 _a—|—192+
2 \"" 2

_ a>2]
48

a+3b
4

1

z) , also, as the functiop,(t) is
,b). Moreover,
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3
161 m_a—i—b 2+(b—a)2 ’
3|2 2 48 ‘

(i) In casex € [a,&], pi(a) = pa(b) < 0, p1(x) < 0,po(z) > 0 andp,(¢) is
strictly decreasing irfa, =) as well asp,(t) is strictly decreasing iriz, %31’)
and strictly increasing if{“t%, b) with t; € (z, ¢£2) such thatp,(t3) = 0.
Thus we have

(29) I(a,b,x)

[l e ()
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(iii) In case (¢,¢), p

unique zera; € (a,

pa(b) > 0, pi(x) < 0,pa(x) > 0 andp,(t) has a
has two zeros;,t, € (z,b). Thus we have
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(iv) In casex € (6,n), p1(a) = p2(b) > 0, p1(x) > 0, p2(z) < 0 andp,(t) has
two zerosty, ty € (a,z), po(t) has a unique zerg € (x,b). Thus we have

(2.11) I(a,b,x)

T RO

[l -5 o)
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:é(x_ *2“?) (“?’b :c) Bz —a) + (b— 2)]

oy 5]

_I_

(V) In caser € [n,0], pi(a) =
unique zera; € (a, z), po(t) < 0fort¢ € [x,b]. Thus we have

(2.12) I(a,b,x

dt

)
E a+b 2_%_(%&) (t_a—Ql—b>

(t—a) (t—a;b> . % (x—a;b)2+ G ;4a)2] dt

Consequently, the inequality @) with (2.3 follows from (2.7), (2.9), (2.9),
(2.10, (2.1)) and @.12.

The proof is completed. ]

P2 b) <0, pl( ) >0 p2< ) <0 andp1<t) has a
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Remark 1. Itis not difficult to prove that the inequality (2) with (2.3) is sharp
in the sense that we can construct the functicio attain the equality in4.2)
with (2.3). Indeed, we may choosesuch that

Tt —a)?, a<t<uz,
L . 2 L _ _ 2 _ 2 <
ult) = st —2)* + 352 —a)t — (2° —a?)], <1t <ts,
é[(t —13)2 4+ 2(x — a)t — (22 — a?)]
+L2(t5 — x)t — (13 — 2?)], ts <t <D,
A Sharp Inequality of
which follows Ostrowski-Griiss Type
l(t . a>7 a<t<uz, Zheng Liu
u'(t) =< Lt —x)+ (z —a)l, r<t<ts
Title Page
(t—ts+x—a)+ (ts—x)L, t3<t<b, ' o
Contents
foranyz € [a, €], and
44 44
(L 2
E(t_a)’ a§t<t1, < >
! 2, L 2 2
s(t—t1)? + 2[2(ty — a)t — (] — a?)], th <t<uw, Go Back
L+ _ 1)\2 _ (122
4l(¢ =) 4 200 —a)t = (1 = o) Close
ult) = +5[2(x — t1)t — (2 —t7)], x <t <ts,
= Quit
41— 1)+ 2(e — 0t — (22~ ) —
+L2(ts —x + b1 — a)t — (13 — 2? + ¢} — %)), t3 <t <ty age 1o 0
%[(t - t4)2 + 2(t3 —r 41— a)t - (t% - IQ + t% - CL2)] J. Ineq. Pure and Appl. Math. 7(5) Art. 192, 2006
_{_%[2(754 —tytx— tl)t _ (ti _ L‘% > - t%)L ty <t<b, http://jipam.vu.edu.au
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which follows

( L(t — a), a<t<t,
l(t—t1)+(t1 —CL)L, t1 <t <z,
u'(t)=< Lt—z+ti—a)+ (z—t1)l, x <t <ts,
l(t—t3+$—t1)+(t3—$+t1—CL)L, ty3 <1t <y,
L L(t —ly+its—x+1t — CL) + (t4 —tl3+x— t1)l, ty <t <b, A Sharp Inequality of
Ostrowski-Griiss Type
foranyz € (5, C), and Zheng Liu
%(t—a)Q, a<t<t,
l . L ) ) Title Page
=(t—1t 212(t; —a)t — (t7 — t1<t<t
Lt —t)? + E2(0 — a)t — (1 — a?)) V<t<t, S
%[(t - t2)2 + 2(t1 - a)t - (t% - a2)] <« >
1 . (4242
u(t) = 520 —t)t — (5 —17)], t2 <t <t p R
S[(t —13) +2(ty — ty)t — (13 — 1)) Go Back
+52(ts =ty + 11— a)t — (8 — t5 + 1] — a?)], t3 <t <ty Close
Lt —ta)> +2(ts — ta + t1 —a)t — (13 — 83 + t} — a?)] Quit
\ +i20ts —ts+ta — t1)t— (13 — 3+ 15 — 1) ], ty <t <b, Page 17 of 21
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which follows

( L(t — a), a<t<t,
l(t—t1)+(t1—a)L, t1 <t <t
U,<t) = L(t—t2+t1 —a)+(t2—t1)l, to <t <3,
l(t—t3+t2—t1)+(t3—t2+t1—CZ)L, t3§t<t4,
A Sharp Inequality of
\ L(t —tatilyg—tlo+t — a) + (t4 —t3+ty — tl)lu ly <t < b7 Ostrowski-Gruss Type
foranyz € (¢, ¢), and Azl
( %(t —a)?, a<t<t Title Page
Lt —t)2 4+ E2(t — a)t — (8] — a?)], t <t <ty Contents
Lt —t2)? +2(t1 — a)t — (2 — a?)] <« >
w(t) = +i2(t —t)t — (3 —t})], tr<t<u, < >
é[(t _ x2) + ( Y — tl)t N (t2 . t2)] Go Back
+LR@ —to+ti —a)t — (22— 3+ 13— a?)], <t <ty Close
uit
Li(t— )2 12z —ts+ 11— a)t — (2 — £+ £ — a?) =
Page 18 of 21
Rt —atty— b))t — (B —a? 42— )], ta <t <D, e

\
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which follows

L(t - a),

l(t—t1)+ (t1 —a)L,

u'(t) =< Lt —to+t1 —a)+ (ta —t1)l,

l(t—$+t2—t1)+(l’—t2+t1—CL)L,

a<t<t,
t1§t<t27
ty <t <z,

<t <t

A Sharp Inequality of
Ostrowski-Griiss Type

Lt —ty+ax—to+ty—a)+ (ts —x+ 1ty —t)l, ty <t <D,

for anyzr ¢ («9, 77), and Zheng Liu
r 2
s(t—a)”, a <t <to,
2( ) ? Title Page
u(t) = Lt =) + L2(ta — a)t — (3 — a?)], ta <t <u, PES——
st —2)* + 2t — a)t — (3 — a?)] «“ S
\ +%[2(1‘ - t2>t - ($2 - t%)]a r <1< b7 | >
which follows Go Back
[(t —a), a<t<ty, Close
Quit
u'(t) =< L(t—ta) + (ta — a)l, ty <t <u,

Page 19 of 21
l(t—z+te—a)+ (x—ty)L, z<t<b.

J. Ineq. Pure and Appl. Math. 7(5) Art. 192, 2006
http://jipam.vu.edu.au

foranyz € [n, b].


http://jipam.vu.edu.au/
mailto:lewzheng@163.net
http://jipam.vu.edu.au/

It is clear that all the above (¢) satisfy the conditiond.1) on [a, b].

Remark 2. For z = “t%, we have

/abu(t)dt b—a [u (a n b> L ula) + “(b)] =90 — wa)

2 2 2 48
(L—-10)(b—a)
< .

144+/3

Corollary 2.2. If v’ is L-Lipschitzian ona, b], then for allz € [a, b] we have

/abU(t)dt ! 'R [”“(x) LU, <“”” -3 b) “l(x)}

(2.13)

2
/ o — )2
_'(b) — u'(a) [(x_a%—b) s (b—a) } < é](a,b,x),
4 2 12 2
wherel(a, b, z) is as defined in4.3).
Proof. It is immediate by taking = — L in the theorem. O
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