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ABSTRACT. For certain meromorphic functiopandh, we study a class of function&z) =
27t 4 oo fn2™, (fa > 0), defined in the punctured unit digk*, satisfying

(f*9)(2) :
§R<(f*h)(2)) >a (ze€A0<ax<]).
Coefficient inequalities, growth and distortion inequalities, as well as closure results are ob-
tained. Properties of an integral operator and its inverse defined on the new class is also dis-
cussed. In addition, we apply the concepts of neighborhoods of analytic functions to this class.
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2 S. SVAPRASAD KUMAR, V. RAVICHANDRAN , AND H.C. TANEJA

1. INTRODUCTION

Let > denote the class of normalized meromorphic functifw the form
1 oo
1.1 = - 2",
(1.1 fG) =242 b

defined on the punctured unit digk* := {z € C : 0 < |2| < 1}. Afunction f € X is
meromorphic starlike of order (0 < o < 1) if
2f'(2)
f(2)
The class of all such functions is denoted¥Y(«). Similarly the class of convex functions of
ordera is defined. Let, be the class of functiong € X with f, > 0. The subclass of,
consisting of starlike functions of orderis denoted by_;(«). The following classV/ R, («) is
related to the class of functions with positive real part:

MR,(a) = {fIR{=2"f'(2)} >a, (0<a<1)}.

In Definition[1.] below, we unify these classes by using convolution. The Hadamard product
or convolution of two functiong (z) given by [1.1) and

(12) o) =2+ 30"

is defined by

—R

>a (zeA:=A"U{0}).

(F)) =2+ fans”

Definition 1.1. Let 0 < a < 1. Let f(z) € %, be given by[(1]l) ang(z) € %, be given by
(£:2) and

(1.3) h(z) = é +)  ha

Let h,, g, be real andy,, + (1 — 2a)h,, < 0 < ah,, — g,. The class\l,(g, h, ) is defined by

Of course, one can consider a more general class of functions satisfying the subordination:

(f *9)(2)
(f xh)(2)
However the results for this class will follow from the corresponding results of the &la8s i, o).
See 5] for details.
When

Mp(g»ha Oé) = {f € EP

< h(z) (z€A).

1 z 1
9(2) z  (1—2)2 an (2) 2(1—2)
we haveg, = —n andh,, = 1 and thereforel/,(g, h, «) reduces to the class;(«). Similarly
when

z 1
9(z) = - =——5 and h(z) =,

we have
My(g,h,a) = {f| = R{z*f'(2)} > o} = MR,(a).
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In this paper, coefficient inequalities, growth and distortion inequalities, as well as closure
results for the class/,(g, h, «) are obtained. Properties of an integral operator and its inverse
defined on the new clasd),(g, h, ) is also discussed.

2. COEFFICIENTS INEQUALITIES
Our first theorem gives a necessary and sufficient condition for a fungtiobe in the class
Mp(ga h7 Oé).
Theorem 2.1.Let f(z) € ¥, be given by[(1]1). Thefie M, (g, h, @) if and only if

o0

(2.1) Z(ahn —gn)fn <1—a.

n=1

Proof. If f € M,(g,h,a), then
(f*9) () _ g [ 1+ 2000 fagnz™!
" { FemE S T oy funzr | 7
By lettingz — 1~, we have

L+ 3700 fugn
o8> WA
This shows thaf (2]1) holds.
Conversely, assume that (2.1) holds. Since
Rw>a ifandonlyif |w—1]<|w+1-2q|,
it is sufficient to show that
’ (£ x9)(x) = (f* B)(2)
(F*+9)(2) + (1= 20)(f + h)(2)
Using (2.1), we see that
‘ (f+9)(z) = (f*xh)(2)
(f *x9)(2) + (1 = 2a)(f * h)(2)

<1l (z€A).

= Zzozl fo(gn — hn>zn+1
2(1 —a) + Zle[gn + (1 = 2a)hy] fozm !
< = <L
T 2(l-a) - Zn:l[(Qa = Dhn = gnlfn
Thus we havef € M,(g, h, o). O
Corollary 2.2. Let f(z) € ¥, be given byl). Thefi € ¥ (a) if and only if

(e}

Z(n—l—a)fngl—a.

n=1

Corollary 2.3. Let f(z) € %, be given by[(1]1). Thefi € MR, («) if and only if 3> nf,
<1-—oa.

Our next result gives the coefficient estimates for function¥/jig, h, o).
Theorem 2.4.1f f € M,(g,h, ), then

1 —
fo<—%  n=1,23,....
ahn — gn
The result is sharp for the functioris,(z) given by
1 1—
Fo2)=-4+——2n n=1,23,....

z  ah, —gp
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Proof. If f € M,(g, h, «), then we have, for each

Therefore we have

1—a
< —
Jn= ahy, — gn
Since . .
—
Fu(2) = = + ———2"
(2) z + ahy, —gnz
satisfies the conditions of Theor¢ém|2H,(z) € M,(g, h,«) and the inequality is attained for
this function. O
Corollary 2.5. If f € ¥7(«), then
1 —
o< —% n=1,23,.. ..
n—+ o
Corollary 2.6. If f € MR,(a), then
L<iTC 193
n
Theorem 2.7.Letahy — g1 < ah,, — gy If f € M,(g,h, ), then
1 11—« 1 11—«
i < -4 =7r).
T SHENS s e (el =)
The result is sharp for
1 1-—
2.2) fe)=-+——%

Proof. Sincef(z) = 2 + Y7, f,2", we have

z)|§%+§fw"§%+r§fn.

Sinceah; — ¢; < ah, — g,, we have

(ahl_glz SZ gnfngl
n=1 n=1
and therefore
> 11—«
n <
n=1 ahl — 90
Using this, we have
1 11—«
< —
JE S 5+
Similarly
1 1—«a
Z)| =2 - — r
L
The result is sharp fof (z) = 1 + . 2 O

Similarly we have the following:
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Theorem 2.8.Let ah; — g1 < (ahy, — g,,)/n. If f € M,(g, h, ), then

1 1-— 1 11—«
- _ < - =7r).
g SEIS rg— (el=1)
The result is sharp for the function given by (2.2).
3. CLOSURE THEOREMS
Let the functionsF(z) be given by
1 o0
3.1 Fi.(z) = - k2, k=12, m.
(3.1) k(%) Z‘F;f,kz m

We shall prove the following closure theorems for the clab$g, h, o).

Theorem 3.1. Let the functionF},(z) defined by[(3]1) be in the clasd, (g, h, «) for every
k =1,2,...,m. Then the functiorf(z) defined by

1 oo
— 24> aen W >0
2) Z+n:1az (a, > 0)

belongs to the clasd/, (g, h, a), wherea,, = L > £, (n=1,2,...)
Proof. SinceF,,(z) € M,(g, h, ), it follows from Theorenj 2]1 that

o0

(3.2) Z(ahn — ) fok <1—«
n=1
foreveryk =1,2,...,m. Hence
o0 o 1 m
Z(ahn - gn)an = Z(ahn - gn) <_ Z fn,k)
n=1 n=1 m k=1
- Z <Z @hn - gn)fn,k)
n=1
<1-oa.
By Theorenj 2.11, it follows thaf(z) € M,(g, h, «). O

Theorem 3.2. The classV, (g, h, «) is closed under convex linear combination.

Proof. Let the functionf(z) given by [3.1) be in the clasl/,(g, 1, «). Then it is enough to
show that the function

H(z)=AFi(2)+ (1 =N Fy(z) (0<A<1)
is also in the class/,(g, h, «). Since for0 < A <1,

H(Z) - % + Z[)\fn,l + (1 - A)fn,2]zn7
n=1

we observe that

o

Z( gn)[)‘fn1+(1_ fn2 —)\Z — On fn1+ 1_ Z — 0n fn2

n=1 n=1

_1—oz.

By Theorem 2.1, we havH (z) € M,(g, h, a). O
p
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Theorem 3.3.Let Fy(z) = ; and F,(2) = ; + 52-2"forn = 1,2,.... Thenf(z) €

M,(g, h, ) if and only if f(z) can be expressed in the forfitz) = >~ >° A\, F,(z), where
A >0andd 2 A, =1.

Proof. Let
> I = \(l—-a)
= ME,(2) = — Sl E—
f(2) ;% (2) Z+; T

Then

o0 o0

ZAn(l_&)ahn_gn:Z/\nzl_)‘ogl'

— ah, —g, 1—a«

By Theorenj 2.1, we havg(z) € M, (g, h, a).
Conversely, leff (z) € M,(g, h,«). From Theorerh 2|4, we have

n=1

l—«o

fo<— for n=1,2,...
ahn_gn
we may take
hn_n
An:ufn for n=1,2,...
11—«
and .
Ao=1-> A
n=1
Then

F(2) =) MFu(2).

4. INTEGRAL OPERATORS
In this section, we consider integral transforms of functions in the dligss, /., o).
Theorem 4.1. Let the functiory (z) given by[(1.]L) be i/, (g, h, «). Then the integral operator

F(z):c/olucf(uz)du 0<u<1,0<c<o0)

isin M,(g,h,d), where

_ (e+2)(ahy —g1) + (1 —a)egy
(c+2)(ahy —g1) + (1 —a)chy’

The result is sharp for the functiof(z) = 1 + 5=2-z.

Proof. Let f(z) € M,(g, h,a). Then
1
F(z) = c/ u f(uz)du
0
1 uc 1! 0
=c / + Z fau™t 2™ | du
0 < n=1

o0

1 c n
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It is sufficient to show that

[e%¢) 5 — g,
(4.1) Z c+n}—L|—1 = 5)f”§1'

n=1

Sincef € M,(g, h, o), we have

ZM%SL
—~ (1-a)

Note that[(4.11) is satisfied if

C((Shn - gn) ahn — gn
< :
(c+n+1)(1—-90) = (1—-a)
Rewriting the inequality, we have
c(0hy, — gn)(1 —a) < (c+n+1)(1 =) (ah, — gn).
Solving for), we have
5 < (ahy, — gn)(c+n+1)+cg,(l — ) _ Fn).
ch,(1 —a) + (ahy, — gn)(c+n+1)
A computation shows that

F(n+1)— F(n)
_ (1= )el(l = ) (n + Dgahnes + (hn = g2)(@nss — guss)]
[chn(1 — a) 4+ (ah, — gn)(c+ 1+ 1)][chpii (1 — @) + (@hpi1 — Gni1)(c +n +2)]

for all n. This means thak'(n) is increasing and’(n) > F(1). Using this, the results follows.
UJ

>0

In particular, we have the following result of Uralegaddi and Ganigi [4]:

Corollary 4.2. Let the functionf(z) defined bl) be ik} («). Then the integral operator
1
F(z):c/ ul f(uz)du 0<u<1,0<c<o0)
0
isin37(8), whered = L2t The result is sharp for the function

Itatc
1 11—«
f(z)—;+1+az.

Also we have the following:

Corollary 4.3. Let the functiory (z) defined b1) be in/ R,(«). Then the integral operator
1
F(z):c/ u f(uz)du 0<u<1,0<c< )
0

is in M R,(%:5). The result is sharp for the functiof(z) =  + (1 — @)z.
Theorem 4.4.Let f(z), given by[(1.lL), be id1,(g, h, ),

@2) P = ternseeape) = e I s s

C
n=1
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ThenF(z)isin M,(g, h, ) for |z| < r(«, 3), where

1

—in c(1 — B)(ah, — gn) i n—
o8 =t (o me B gy) PR

The result is sharp for the functiofy (z) = £ + —=2—2" n=1,2,3,....

z ahp—gn

Proof. Letw = ”L)(z; Then it is sufficient to show that

(f=h) (=
w—1 <1
w+1-—20 ‘
A computation shows that this is satisfied if
. (Bhn — gn)(c+n+1) )
4.3 falz[" < 1.
(4.3) g 0o 2]

Sincef € M,(g, h, ), by Theorenj 2]1, we have

o0

Z(ahn - gn)fn S 1 —oa.

n=1

The equation[(4]3) is satisfied if

(ﬁhn _gn)(c+n+ 1) 1 (ahn _gn)fn
fal o't <
(1—-7P)c -«
Solving for|z|, we get the result. O

In particular, we have the following result of Uralegaddi and Ganigi [4]:

Corollary 4.5. Let the functionf () defined by[(1]1) be i} (o) and F(z) given by[(4.R). Then
F(z)isin¥y(a) for |z| < r(a, 3), where

B c(l-Fn+a) N\
T(a’ﬁ)_1%f<(1—a)(c+n+1)(n+ﬁ)> ., n=123 ...

The result is sharp for the functiofy (z) =  + 122" n=1,2,3,....

z n+o

Corollary 4.6. Let the functionf(z) defined by[(1]1) be in/R,(a) and F(z) given by [(4.).
ThenF'(z)isin M R,(«a) for |z| < r(«, ), where

. (1-8) \
= inf =1,2,3,....
The result is sharp for the functiofy,(z) = 2 + =%2", n=1,2,3,....

z

5. NEIGHBORHOODS FOR THE CLASS M\ (g, h, @)

In this section, we determine the neighborhood for the C‘M,é? (g, h, ), which we define
as follows:

Definition 5.1. A function f € X, is said to be in the cIasM]E”’) (g, h,«) if there exists a
functiong € M, (g, h, a) such that
’f

(2)
(5.1) o !

<1-—7, (zeA0<y<1).
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Following the earlier works on neighborhoods of analytic functions by Goodman [1] and
Ruscheweyh [3], we define tlieneighborhood of a functiofi € X, by

— -
(5.2) Ns(f) := {g €y, : g(z) = ~ —|—;an” and;nmn —b,| < 6}.

Theorem 5.1.1f g € M, (g, h,«) and

(5.3) vy=1

. d(ahy — g1)
alhy +1) = (g1 + 1)’

then

N5<g) - Mggv)(g7 h7 O'/)'
Proof. Let f € Ns(g). Then we find from[(5]2) that

[e.9]

(5.4) > nla, —b,| <6,

n=1

which implies the coefficient inequality

(5.5) > lan = ba| <6, (n € N).
n=1
Sinceg € M, (g, h, o), we have [cf. equation (2.1)]
> 11—«
5.6 S —
(5.6) ;f i)
so that
‘f(z) _ 1‘ < Do ‘a:o_ b
g(Z) 1 - Zn:l bn
_ 5(Oéh1 — 91)
alhy +1) = (g1 + 1)
=1- Y,

provided~ is given by ). Hence, by definitiory, Mﬁ) (g, h,«) for v given by ),
O

which completes the proof.
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