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Abstract

For certain meromorphic function g and h, we study a class of functions f(z) =
LY 2", (f > 0), defined in the punctured unit disk A*, satisfying

R(m) >a (2€A0<a<]).

i ; ™ ; R e Meromorphic Functions with
Coefficient inequalities, growth and distortion inequalities, as well as closure Positive Coefficients Defined

results are obtained. Properties of an integral operator and its inverse defined Using Convolution
on the new class is also discussed. In addition, we apply the concepts of neigh- _

. . . S. Sivaprasad Kumar,
borhoods of analytic functions to this class. V. Ravichandran and H.C. Taneja
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Let > denote the class of normalized meromorphic functipis the form
1 o0
(1.1) f@) =2+ fa?",
n=1

defined on the punctured unit digk := {z € C : 0 < |2| < 1}. A function
f € 3 is meromorphic starlike of order (0 < a < 1) if

IO N
%f(z) > (z € A:=A"U{0}).

The class of all such functions is denoted H¥(«). Similarly the class of
convex functions of ordet is defined. Let, be the class of functiong € X
with f, > 0. The subclass o, consisting of starlike functions of order
is denoted by>; (). The following classM R,(«) is related to the class of
functions with positive real part:

MRy(a) = {fIR{-2*f"(2)} >, (0<a<1)}.

In Definition 1.1 below, we unify these classes by using convolution. The
Hadamard product or convolution of two functiofis:) given by (L.1) and

1 ~—
(12) g(Z) - ; + 321 gn<
is defined by
 [— .
(FrE) =5+ 3 han™
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Definition 1.1. Let0 < a < 1. Let f(z) € ¥, be given by{.1) andg(z) € ¥,
be given by 1.2) and

(1.3) h(z) = % + i hp2".

Leth,, g, be real andy,, + (1 — 2a)h,, < 0 < ah, — g,. The classV,(g, h, @)
is defined by

Meromorphic Functions with

R ( (f * g)(z) ) S Oz} . Positive Coefficients Defined

IRV Using Convolution
(f*h)(2)
S. Sivaprasad Kumar,

Of course, one can consider a more general class of functions satisfying the V- Ravichandran and H.C. Taneja
subordination:
(f *9)(z)

Mp(gv haa) = {f S ZP

——= < h(z FASWANE Title Page
(e <M e
However the results for this class will follow from the corresponding results of Contents
the class\/,(g, h, o). See f] for details. <« 33
When
g =t and h(z) = —— : >
z (1—2)? 2(1—2)’ Go Back
we haveg,, = —n andh,, = 1 and thereforel/,(g, h, «) reduces to the class Elesa
¥ (a). Similarly when _
Quit
1 z 1 Page 4 of 21
=-——— and h(z)=- 9
o) =2 o (=) =2,
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we have
My(g, h,a) = {f| = R{z*f'(2)} > o} = MR,(a).

In this paper, coefficient inequalities, growth and distortion inequalities, as
well as closure results for the clad$,(g, h, ) are obtained. Properties of an
integral operator and its inverse defined on the new cldggy, i, ) is also
discussed.
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Our first theorem gives a necessary and sufficient condition for a fungtion
be in the clas/,(g, h, o).

Theorem 2.1.Let f(z) € X, be given by 1.1). Thenf € M,(g,h,«) if and
only if

oo

(21) Z(ahn - gn)fn S 1 —a.

n=1
Proof. If f € M,(g,h, ), then
(f*9) =)\ _ g f L+ fagnz™™
" { (f*h)(2) ) Ty S fahner 1 f T
By lettingz — 17, we have
1+ Zzozl Jnn
{1 T fnhn} -

This shows that4.1) holds.
Conversely, assume thét.{) holds. Since

Rw>a ifandonlyif |w—1]<|w+1-2aq|,

it is sufficient to show that

(f x9)(z) = (f x 1) (2)
(f+9)(z) + (1 = 2a)(f * h)(2)

<1l (z€A).
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Using .1), we see that

‘ (f*9)(2) = (f xh)(2)

(f*9)(2) + (1 = 2a)(f = h)(2)

’ 2211 Jn(gn — hn)ZnH

2(1 — ) + 5207 [ gn + (1 = 2a) hy] fr2

2(1 —a) - Zn:l[(Za — Dhn = gnlfn
Meromorphic Functions with
Thus we havg" c ]\4;,(g7 h, a). 0 Positive Coefficients Defined
Using Convolution
Corollary 2.2. Let f(z) € ¥, be given byL.1). Thenf € X7(«) if and only if
S. Sivaprasad Kumar,
00 V. Ravichandran and H.C. Taneja
Z(n—l—oc)fn <l-a.
n=l Title Page
_Coro!)loary 2.3. Let f(z) € ¥, be given by .1). Thenf € M R,(«) if and only P——
if > nfa<l—a.
Our next result gives the coefficient estimates for function¥/jiig, h, o). « dd
Theorem 2.4.1f f € M,(g,h, ), then < >
1—a Go Back
fngm, n:1,2,3,.... Close
The result is sharp for the functioris,(z) given by Quit
1 1 — Page 7 of 21
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Proof. If f € M,(g, h, ), then we have, for each,

(ahn - gn)fn < Z(ahn - gn)fn <1-—oq.
n=1

Therefore we have

fu < 1_—05.
ahy, — gn
Since ) )
F.(z)=-+ ST d o

z  ah, —gn

satisfies the conditions of Theoréirl, F,(z) € M,(g, h, a) and the inequality
is attained for this function. N

Corollary 2.5. If f € ¥5(a), then

1—
<% n=123. ...
n—+ o
Corollary 2.6. If f € M R,(«), then
1—
< —% p=123,.. ..
n

Theorem 2.7.Letahy — g1 < ah,, — gy If f € M,(g,h, ), then

r
r  ahy—g

<[fl<

1 1l—« 1 11—«
Ao Tt r (el =7)

ahy — g1
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The result is sharp for

1 l—«

Proof. Sincef(z) = 2 + > | f,2", we have

2)| < %+;fnr”§ %H;fn.

Sinceah; — g; < ah, — g,, we have

(ahl_gl)anSZ — Gn fn§1
n=1 n=1

and therefore

1 -«
an_ Oéhl

g
Using this, we have

1 -«
<-4 —r
€T+
Similarly
1 11—«
P ——
JE 2=
The resultis sharp fof (2) = ; + ;= ez,

Similarly we have the following:

7
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Theorem 2.8.Let ahy — g1 < (ah, —g,)/n. If f € M,(g,h,«), then

Lo 120 e S ——2 (=),

r2  ahy—qg1 — r2  ahy—q

The result is sharp for the function given [84).
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Let the functionsF(z) be given by

1 o
3.1 Fu(z) = - w2 k=1.2,... m.
(3.1) k(%) Z+;f,kz m

We shall prove the following closure theorems for the clab$g, i, «).

Theorem 3.1.Let the functiorF,(z) defined by§.1) be in the clasd/,(g, i, «)
for everyk = 1,2, ..., m. Then the functiorf(z) defined by

f(z) = % + ianz” (a, > 0)

belongs to the clas&/, (g, h, o), wherea,, = = 3" for (n=1,2,...)
Proof. SinceF, (z) € M,(g, h, «), it follows from Theoren®.1that

o0

(3.2) Z(ahn — ) fok <1—«
n=1
foreveryk =1,2,...,m. Hence
(o ¢] oo 1 m
Z(ahn - gn)an - Z(ahn - gn) (_ Z fn,kz)
n=1 n=1 m k=1
= i 3 3 (ahn - gn)fn,k
m
k=1 n=1
<1-oa.
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By Theorem2.1, it follows that f (=) € M,(g, h, a). O

Theorem 3.2.The class\V, (g, h, «) is closed under convex linear combination.

Proof. Let the functionF}(z) given by @.1) be in the class\/,(g, h, ). Then
it is enough to show that the function

H(z) = AFy(2) + (1 — M) Fa(z) (0< A< 1)

is also in the clasd/,(g, h, «). Since for0 < A <1,

H(z) = % S o + (1= N fual 2",

we observe that

(e 9]

Z(O‘hn - gn)[)‘fn,l +(1 - )‘)fn,Q]
n=1
= )‘ Z(ahn - gn)fn,l + (1 - )‘) Z(ahn - gn)fn,2
n=1 n=1
<1-oaq.
By Theorem2.1, we haveH (z) € M,(g, h, «). O

Theorem 3.3.LetF(2) = ; andF,(z) =+ 5 2-2"forn =1,2,.... Then
f(z) € My(g,h,«) if and only if f(z) can be expressed in the forfiiz) =
Yo o AnFn(2), whereh, > 0and) " A, = 1.
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Proof. Let

00 &) A (1= o

Then

ZZ}E%;“?_@ Z)\ — 11— <1

n=1

By Theorem2.1, we havef(z) € M,(g, h, «).
Conversely, leff (z) € M,(g, h,«). From Theoren?.4, we have

1 —
fo<—2 for n=12,...
ahn_gn
we may take
h, —
Anzufn for n=1,2,...
l—«
and .
Ao=1-) A
n=1
Then .
f(z) = Z AnEn(2)
n=0

Meromorphic Functions with
Positive Coefficients Defined
Using Convolution

S. Sivaprasad Kumar,
V. Ravichandran and H.C. Taneja

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 13 of 21

J. Ineq. Pure and Appl. Math. 6(2) Art. 58, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
file:sivpk71@yahoo.com
mailto:
mailto:
mailto:vravi@cs.usm.my
mailto:hctaneja47@rediffmail.com
http://jipam.vu.edu.au/

In this section, we consider integral transforms of functions in the dl§$s, i, o).

Theorem 4.1. Let the functionf(z) given by (..1) be in M, (g, h, «). Then the
integral operator

F(z):c/olucf(uz)du 0<u<1,0<c<o0)

isin M,(g, h,d), where

5— (c+2)(ahy —ag1) + (1
1

(c+2)(ah; —g1) + (

— a)cg
- .

The result is sharp for the functiof(z) = 2 + =22

Proof. Let f(z) € M,(g, h,a). Then

1
F(z)= C/o uf(uz)du
/1 (uc—l 00 e n)
+anu 2" du
0 < n=1

[e.e]

I
o

C
+ _— "
c+n+1f

n=1

[SE
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It is sufficient to show that

= c(0hy — gn)
@4 2 crnina-ohst

n=1

Sincef € M,(g, h,«), we have

Note that {.1) is satisfied if
c(0hy — gn) < ah, — gn
(c+n+1)(1-96) - 1-a)
Rewriting the inequality, we have
c(6hp —gn)(1—a) < (c+n+1)(1—-0)(ah, — gn).
Solving for), we have

(ahy —gn)(c+n+1) +cgo(l —a)
o< chy(1—a) + (ah, —g,)(c+n+1) Fin).

A computation shows that

F(n+1) - F(n)

(1 B Oz)C[(l - a)(n + l)gnhn-i-l + (hn - gn)(ahn-i—l - gn—i—l)]
[chyn(1=a)+(ahn,—gn) (c+n+1)][chpi1 (1—a)+(ahy11—Gni1) (c+n+2)]
>0
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for all n. This means that'(n) is increasing and’(n) > F'(1). Using this, the
results follows. O]

In particular, we have the following result of Uralegaddi and Ganigi [

Corollary 4.2. Let the functionf(z) defined by {.1) be inX*(«). Then the
integral operator

F(z):c/olucf(uz)du 0<u<1,0<c<o0)

isin 37 (5), wherej = lffﬁ The result is sharp for the function

f(z)zl—i-l_az.

Also we have the following:

Corollary 4.3. Let the functionf(z) defined by 1.1) be in M R,(«). Then the
integral operator

F(z):c/olucf(uz)du 0<u<1,0<c<o0)

is in M R,(%:5). The result is sharp for the functiof(z) =  + (1 — @)z.

Theorem 4.4.Let f(z), given by (.1), be inM, (g, h, ),

(4.2) F(z) = %[(c—i- Df(z)+zf'(z)] = %—i— Z #}‘}LZ”, c > 0.
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ThenF(z) isin M,(g, h, B) for |z| < r(a, ), where

1

n

r(a,ﬁ):inf(( el = B)(ahn — gn) )>”H, n=1,2,3,....

1—a)(c+n+1)(Bhy, — gn

The result is sharp for the functiofy (2) = 1 + —=2-2", n=1,2,3,....

z ahp—gn

Proof. Letw = 24, Then itis sufficient to show that

A
w+1—20 '
A computation shows that this is satisfied if

[e.o]

(43 > e e < 1

Sincef € M,(g, h, «), by Theoren®.1, we have

[e o]

n=1

The equation4.3) is satisfied if

(Bhn —gn)(c+n+1)
(1=P)e

Solving for|z|, we get the result.

(ahn = gu) fa.

fn’Z‘ — 1_05
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In particular, we have the following result of Uralegaddi and Ganigi [

Corollary 4.5. Let the functionf(z) defined by 1.1) be in > («) and F'(z)
given by ¢.2). ThenF'(z) isin 35 («) for |z| < r(a, 8), where

)
) , n=123....
)
1

The result is sharp for the functiofy (z) = 1 + 122" n=1,2,3,....

z n+ao

Corollary 4.6. Let the functionf(z) defined by 1.1) be in M R,(«) and F'(z)
given by ¢.2). ThenF(z) isin M R,(«) for |z| < r(a, 3), where

N -9 =
T(a’ﬁ)_lgf((l—a)(c—i—njtl)) , n=1223....

(1= B)(n+a)
I—a)lctnt(ntp

r(a, B) = inf (

The result is sharp for the functiofy (z) = £ + 22", n=1,2,3,....

n
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In this section, we determine the neighborhood for the cMé@(g, h, ),
which we define as follows:

Definition 5.1. A functionf € %, is said to be in the cIasMIE”’) (g, h, «) if there
exists a functioy € M, (g, h, «) such that

(5.1) ‘M — 1‘ <1-—7, (Z ceA0<y< 1), Meromorphic Functions with
g(z) - Positive Coefficients Defined
Using Convolution
Following the earlier works on neighborhoods of analytic functions by Good- S. Sivaprasad Kumar,
man [.] and Ruscheweyh?], we define thej)-neighborhood of a functiori € V. Ravichandran and H.C. Taneja
¥, by
] 0 oo Title Page
(5.2) Ns(f) := {9 €yt g(z) = P + anzn and Zn|an —bn| < 5} : Contents
n=1 n=1
<44 >»
Theorem 5.1.1f g € M,(g, h, «) and < N
(5.3) y=1-— d(al — g1) Go Back
a(h1 + 1) B (91 + 1) Close
then Quit

Ns(g) € MY (g, h, ).
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Proof. Let f € Ns(g). Then we find from §.2) that

o0

(5.4) > " nlay, — ba| <9,

n=1
which implies the coefficient inequality

o0

(5.5) D lan—ba| <6, (neN),

n=1

Sinceg € M, (g, h, ), we have [cf. equatior?(1)]

> 11—«
5.6 n<S T/,
(56) ;f (Oéhl —91)
so that
g(Z) 1 _ZnZI bn
_ (5(04}11 —91)
alhr +1) — (g1 +1)
=1 -7

provided~ is given by 6.3). Hence, by definitionf € M,E”(g, h,«) for ~
given by 6.3), which completes the proof. O
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