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ABSTRACT. In the present paper we introduce a certain family of linear positive operators and
study some direct results which include a pointwise convergence, asymptotic formula and an
estimation of error in simultaneous approximation.
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1. INTRODUCTION

We consider a certain family of integral type operators, which are defined as
1 & >
(11) Bn(fv l’) = E an,u(l‘) / pn,u—l(t)f(t>dt + (1 + l’)_n_lf(()), T € [O, OO),
v=1 0

where
1

P (t) = Blnv+1)

with B(n,v + 1) = v!(n — 1)!/(n + v)! the Beta function.
Alternatively the operator$ (1.1) may be written as

B(f.a) = / T Wale ) (1),

tl/(l 4 t)—TL—V—l
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2 VI1JAY GUPTA AND OGUN DOGRU

where

1 - —n—1

Wa(w,1) = ;pn,u@s)pn,y_l(t) + (L4 2) o),
d(t) being the Dirac delta function. The operatdss are discretely defined linear positive
operators. It is easily verified that these operators reproduce only the constant functions. As far
as the degree of approximation is concerned these operators are very similar to the operators
considered by Srivastava and Gupta [5], but the approximation properties of these operators are
different. In this paper, we study some direct theorems in simultaneous approximation for the
operators[(1]1).

2. AUXILIARY RESULTS

In this section we mention some lemmas which are necessary to prove the main theorems.

Lemma 2.1([3]). For m € N°, if them-th order moment is defined as

then
(n+ V) Upmsr(z) = (1 +2) [U), () + mUp m-1(2)] .
Consequently
Upn(z) = O (n~m+D/2)

Lemma 2.2. Let the functionu,, ,,(z), n > m andm € N°, be defined as

o0

() = % me,(x) /000 oy ()t — 2)™dt + (—2)™ (1 +2) " .
Then

and there holds the recurrence relation
(n —m— 1)/~Ln,m+1 (CL’)
= 2(1+ ) [y (&) + 2t 1 (2)] + [+ 22) + 22] fi ().
Consequently for each € [0, o), we have from this recurrence relation that
o) = © (n DY)

Proof. The values ofu,, o(z), pn1(z) andu, »(x) easily follow from the definition. We prove
the recurrence relation as follows

o1+ 2l l) = 5 S alLt 2a(a) [ st = i

S el pss) [ a0 )

—[n+D)(—2)"Q+2) "+ m(—2)" '(1+2)" ] 2(1 + ).
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Now using the identities(1 + x)p,, ,(z) = [v — (n + 1)z] p,..(z), we obtain
2(1+ ) [Hhy (@) + M4t ()]
= > (4 Dalpusl)
X /OOO Pov_1(t)(t —2)™dt + (n+ 1)(—z)" (1 + )"

S puala) [ =) = 00+ D8+ (0 D= )+ a8~ )

F DL sle) [ praa0(t = 2
1 - > 1 —n—1
+ - pr(x) /0 P11 ()t —2)™dt + (n+ 1) (=)™ (1 + 2)

= %an,y(x) /OOO (1 +22)(t — ) + (t —2)” + z(1+2)] pl,,_1 (E)(t — 2)"dt

DT sle) [ a0t = 2
Y pal) [ prama(®lt = 0"+ (0 ()™ )

= —(m+1)(1 +22) [pnm(z) — (—2)™ (1 + x)_”_l]
= (m+2) [pmer(z) = (=2)" (1 +2)" ]
—mzx(l + z) [,un,m_l(:lz) — (=)™ M1 + 93)_”_1}
+(n+1) [tnme (@) — (=2)" (1 +2)7" ]
+ [ptnm(z) = (—2)" (1 +2)" ] + (n+ 1) (—z)" ' (1 + )
= —[m(1 4 2x) + 2] ppm(z) + (n —m — Dpipmer () — ma(1 + x) i m—1(2).

This completes the proof of recurrence relation. O

Remark 2.3. It is easily verified from Lemmp 2.2 and by the principle of mathematical induc-
tion, that forn > i and each: € (0, 00)

(n+i)(n—i—1)!

Bult,2) = nl(n —1)!

(n+i—1)l(n—1i—-1)!

TC—] 2 i(i = 1)(i —2)0 (n7?) .

+i(i— 1)
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Corollary 2.4. Let¢ be a positive number. Then for every> v > 0, x € (0, c0), there exists
a constant (s, x) independent ofi and depending os and such that

1 o
- anl,(x)/ Prv—1()7dt < M(s,z)n™°, s=1,2,3,....

Lemma 2.5([3]). There exist the polynomialg; ; .(x) independent of. and» such that

{1+ 2)} D'lpuu(@)] = Y (n+ 1) = (n+ D)2l Qi (2)pnu (@),

2i+5<r
4,520

whereD = L.
Lemma 2.6. Let f ber times differentiable ofD, co) such thatf "~ is absolutely continuous

with f=(¢) = O(t?) for somey > 0 ast — oc. Then forr = 1,2,3,... andn > v +r we
have

, n+r—1(n—r—1)! ° .
BO(fz) = | pr ) [ prerara 05 00

n'(n —1)!
Proof. It follows by simple computation the following relations:

(2.1) p;’b,u(t) =n [pn-&-lﬂf—l(t) - pn+1,V(t>] )

wheret € [0, 00).
Furthermore, we prove our lemma by mathematical induction. Using the above identiity (2.1),
we have

B(F,) = 2 3 pule) [ pamsOF0 — (0 DL +2) 210
=3 retas(o) = P @) [ proa 001

— (n+ 1)(1+2) 2 F(0)
— nprarol2) / Poo(®) ()t — (n+ 1)(1 +2)~""2£(0)

3 puole) [ pasl) = s (0] 01

—(n+1)(1+2)"2f(0).
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Applying the integration by parts, we get

Bﬂﬁxﬁ=m+ixywwn2ﬂ®+{n+wu+x)nzému+wnfawt
%1 Zp”'i'l:V(x) /OOO pn—l,y(t)f,(t>dt — (n + 1)(1 + x)—n—Zf(O)

> puinnla) [ prorn(7 @t

T n—1
n v=0

which was to be proved.
If we suppose that

(n+i—1)l(n—i—1)!
n'(n—l

BY(f,x) =

an+l v / pnfi,wrifl(t)f(i) (t>dt

then by [2.1), and using a similar method to the one above it is easily verified that the result is
true forr = i + 1. Therefore by the principle of mathematical induction the result follows.

3. SIMULTANEOUS APPROXIMATION

In this section we study the rate of pointwise convergence of an asymptotic formula and
an error estimation in terms of a higher order modulus of continuity in simultaneous approx-
imation for the operators defined by (11.1). Throughout the section, we Hajleco) :=
{f € Cl0,00) : |f(t)] < Mt" for someM > 0, v > 0}.

Theorem 3.1.Let f € C,[0,00), v > 0 and f(") exists at a point: € (0, 00), then
BT(LT)(f7 T) = f(T)(SU) +o(1) asn — oc.

Proof. By Taylor’'s expansion of’, we have

" @ (g A
fo=>" I )(t —a) +e(t,x)(t — ),

wheres(t,z) — 0 ast — x.
Hence

BY(f,x) = / ) W,Ef) (t, ) f(t)dt

/ W (¢, z)(t — x)'dt

-+/ W (t, x)e(t, z)(t — x)"dt
0
= Rl + RQ.

First to estimateR;, using the binomial expansion ¢f— )™, Lemmg 2.2 and Remalk 2.3, we
have

R, = Zf ' Z( )(—x)i_” gr /0 OOWn(t,a:)t”dt

v=0
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rl ox" J,
(r) (n—7r—1)!

= fO@) [t r)in —r ) r! + terms containing lower powers of
r! nl(n —1)!

= f(x) 4+ o(1), n — oo.
Using Lemma 25, we obtain

Ry = / W (¢, 2)e(t, z)(t — ) dt
0

- inrm - pny()
-2 Ty 2 e el

2i+j<r
0,4>0

X /OOO Pop-1(t)et, z)(t —x)"dt + (—1)" EZ i 3:

= Rg + R4.

Sincee(t,z) — 0 ast — x for a givene > 0 there exists & > 0 such thatls(¢,z)| < ¢
whenevel < |t — z| < §. Thus for somel/; > 0, we can write

|Rs| <My ) ni any ) v — n+1)x|f{/ Pyt ()|t — 2| dt
[t—z|<o

(14 2) " 1e(0,2)(—2)"

2i+5<r
1,720
+ / pn,yl(t)Mgt’Ydt}
[t—z|>6
=. R5 + Rﬁ,
where
M, = sup Q@]
2irj<riT(l+ )}
4,50

and ), is independent of.
Applying Schwarz’s inequality for integration and summation respectively, we obtain

o0 3
R5 S EMl Z i1 an,, |I/ — n+ 1)$|J (/ pn7,,_1(t)dt)
0

2i+5<r
4,520
1

x ( /0 (Ot — :zc)?”dt) )

Sé‘Ml Z niipn,y ( anu n—i—l)] >

2i47<r v=1
4,520

x (% > pusle) / a0t - x)m"dt)

Using Lemma 2]1 and Lemma 2.2, we get
Rs < eM,0 (nj/Q) O (n’T/Q) =ec0(1).

N

1
2
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Again using the Schwarz inequality, Lemfna]2.1 and Corollary 2.4, we obtain

Re < M, Z -1 anl, Y|y —(n+ 1)x|j/ Pnp—1(t)7dl

2t j<r [t—|29
,7>0
2
<M, > n” 1pr )|y — (n+ 1)zl (/ pm,,l(t)dt)
2itj<r t=al2
,7>0

1
X ( / pn,l,l(t)tz'ydt)
|t—a]>6

<M, > n (anu v — n+1)])

2i+5<r
4,520

1 & >
X <ﬁ an,l/<x)/ pn,u—l(t)tQ’ydt>
v=1 0

= Z n'o (nj/Q) O (n_s/z)

2i+5<r
4,520

N

1
2

foranys > 0.
Choosings > r we getRs = o(1). Thus, due to arbitrariness ef > 0, it follows that

R3 = o(1). Also R, — 0 asn — oo and henceR?, = o(1). Collecting the estimates dt; and
R,, we get the required result. O

The following result holds.
Theorem 3.2.Let f € C,[0,0), v > 0. If f"+? exists at a point: € (0, ), then
lim n[BY)(f,z) — f(x)]
=r(r +1)f7(2) + 221+ 1) +r]fO (@) + 2(1+ 2) 0 ().

Proof. Using Taylor’s expansion of, we have

r+2 (i) z .
ORDY fl,—!()(t —x) + et x)(t— )",

wherez(t,z) — 0 ast — z ande(t,z) = O ((t — z)°) , t — oo for somes > 0. Applying
Lemmd 2.2, we have

r+2 (,L
n[B,S"’(f,x)—f‘%)]—n[Zf L[ W - oy - 1)

+ [n/ W (x,)e(t, z)(t — a:)”?dt]
0
= E1 + EQ.
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20 (1) < (i e ,
B, = nz / 2'( ) ) (j)(—x)z_J/O Wy)(x,t)tjdt — nf(r)(x)
) (g (1) (
S )n [B,(f) (t",z) —rl] + %n [(r+ 1)(—z)BW(t", z)

() [(r+2)(r
+Br(zr)(tr+laxﬂ‘|’f(r+2()!)” [( +2)2( —i—l)sz(r)(tr’x)

+ (r+2)(—2)BO ¢ z) + BO(#72, 3)] .

I

o

<
I

Therefore by applying Remafk 2.3, we get
Ey=nf"(x) {(n +7:?éfzn—_1§!_ - 1}
(1) (1 AL
1a ) {(H 1)(—a)r! {< +n?éfw& — 1)) 1)'}
(n+r)in—r— 2”“”

(r+1)!
{(n+r+ DHn = =2y 11z 4 (e 4 1) nl(n = 1)!

nl(n —1)!
+nf(r+2)(x) [(?“ +2)(r + 1)2? o (n+7r)(n—7r—1)!
(r+2)! 2 ' nl(n —1)!

+ <r+2>(—x){(””;(171!(_”1;“2>!(r+1)!x
+r(r+1) (n +;?é§zn—_1§!_ 2)!7"!}

+{(n—|—r+2)!(n—r—3)! (7“—|—2)!x2

n!(n —1)! 2
Hor ) DO =] 0 ),

In order to complete the proof of the theorem it is sufficient to show Ehat-> 0 asn — oo,
which can be easily proved along the lines of the proof of Thegrein 3.1 and by using Lemma
U

2.1, Lemm& 22 and Lemna 2.5.

Let us assume théit< a < a; < b < b < oo, for sufficiently small§ > 0, them-th order
Steklov meary,, 5(t) corresponding t¢f € C.[0, c0) is defined by

fustt) =5 [ / -/ " L) - A Fe) ﬁdt

g
2

wheren = = 57" t;,t € [a,b] andA" f(t) is them—th forward difference with step length

Itis easily checked (see e. @. [1]] [4]) that
(i) fm.s has continuous derivatives up to orderon [a, bl;
@) |13, S M7 B b = 128
(i) (1 = Fonsllega, by < Mowm(f, 9, a,b);

(IV) Hfm,éHC[ahbl] S M3 ”fH’y7
wherel;, fori = 1,2, 3 are certain unrelated constants independetfitaofdd. Ther—th order

modulus of continuityw,(f, d, a, b) for a function f continuous on the intervad, b] is defined

http://jipam.vu.edu.au/
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by:
wr(f,0,a,b) = sup {|A} f(z)] : [h] < 6; z,x+h € a,b]}

Forr =1, wi(f,0) is written simplyw(J) or w(f, ).
The following error estimation is in terms of higher order modulus of continuity:

Theorem 3.3.Let f € C,[0,00),7y > 0and0 < a < a1 < by < b < oo. Then for alln
sufficiently large

IBOS ) = FO@)| gy < 0 { Mo (£, 072, 0,0), My I ], }
whereMs = M;s(r), My = My(r, f).
Proof. First by the linearity property, we have
1BO ) = gt < IBES = £25) ) gy + | B o) = 152
-2
= A+ Ay + As.
By property(ii:) of the Steklov mean, we have
Ay < Cywo(f7,6,a,b).
Next using Theorern 3.2, we have

r+2
Ay < OQn_(k+l) Z Hfz(is)
j=r

Cla1,b1]

Cla1,b1]

Cla,b] .

By applying the interpolation property due to Goldberg and Méeir [2] for eaeh r, r + 1,

r + 2, we have
G) <C
135 Cla] = 0 { C[a,b]} '

Therefore by applying properties (ii) and (iv) of the Steklov mean, we obtain

Az < Con ™ {IFIL, + 92 (F),6) }

Finally we estimated, choosinga*, b* satisfying the conditio) < a < a* < a; < b <
b* < b < oo. Also lety(t) denote the characteristic function of the interjel v*], then

A < |IBO @O = F250) 9 s
+ [ B =) ) = F25(0)s ) oy
=. A4 -+ A5.

We may note here that to estimatg and A;, it is enough to consider their expressions without
the linear combinations. By Lemrma 2.6, we have

BO((8)(f(1) = fas(t)), x)
_ m—r—1ln+r-—1)!

al(n — 1) Zp"*” / Potwsra (7 (1)t

(r+2)

Hence

| BO@O ) = Faat) )l egey < Cs [ £ = 3

Cla*b*]
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Now for x € [ay,b1] andt € [0,00)\[a*, b*], we choose &; > 0 satisfying|t — z| > ;.
Therefore by Lemmia 2.5 and the Schwarz inequality, we have

I=|B((1 -t ))(f( ) = Fas(1)), )]
< Z ‘Qz]r

2t47<r
1,520

« 1N (@) v — (o4 D)af /Ompmm( B0 () — Fas(D)] dt

v=1

+(L42) " (=n = 1)(=n) - (=n = 7)[(1 = (0)) |£(0) — f2,5(0)]

<Gsllfl, g > ”anu )|y — (n+ 1)zl

2145<r
1,720

’ /|  Promt (i (1 2) ™ (mn = 1)) (= r>!}

1

HALREEES ”an,, V| = (n + Daf (/ pn,H(t)dt)

2i4+3<r
1,720

([ =) (0= ) (- r>r}

< Gsllfll, 0,

X Zni{ an,, v—(n+ 1Dz —(1+a)™" 1—{—(n+1)x}2j}

2i45<r
4,720

1
2

x {% > Pual®) /OOO Prop—1(t)(t — z)*dt — (1 + )" (—2)*

SIS

S )} Gl (0 = D) ()

Hence by Lemmpa 2|1 and Leminaj2.2, we have

1<Crlfl, 020 (n4-0) < ot ifll,, g =5 2,
where the last term vanishesn@as— oo. Now choosing; satisfyingg > 1, we obtain
I<Cm7Ifl,-
Therefore by property:ii) of the Steklov mean, we get
e AR v] e T N
< Cowy(f7,6,a,b) + Con ™" £ -
Choosingy = n~'/2, the theorem follows. O
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