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Abstract

In the present paper we introduce a certain family of linear positive operators
and study some direct results which include a pointwise convergence, asymp-
totic formula and an estimation of error in simultaneous approximation.
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We consider a certain family of integral type operators, which are defined as
1 & >
Q) Bl = 1Y o) [ pramsf )
v=1 0

+ (14+2)™™ 1 f(0), z€]0,00),

where . .
1 v(1 t)_ 1 D;:rectIRest:Itf for (IZ_Iefrtaln
ol t) = ———=1 n-v amily of Integral Type
Pn ( ) B(n7V+ 1) ( + yOperat?)rs P
with B(n,v + 1) = v!(n — 1)!/(n + v)! the Beta function. Vijay Gupta and Ogiin Dogru
Alternatively the operatorsl(1) may be written as
Bn(f, x) _ / Wn(m,t)f(t)dt, Title Page
0 Contents
where
1 . <4< 44
Wi (1) = — len,y(x)pn’y_l(t) +(1+2)7"16(), > N
d(t) being the Dirac delta function. The operatdss are discretely defined Go Back

linear positive operators. It is easily verified that these operators reproduce only

the constant functions. As far as the degree of approximation is concerned these Clos_e
operators are very similar to the operators considered by Srivastava and Gupta e

[5], but the approximation properties of these operators are different. In this Page 3 of 21
paper, we study some direct theorems in simultaneous approximation for the

operators :( 1) J. Ineq. Pure and Appl. Math. 6(1) Art. 21, 2005
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In this section we mention some lemmas which are necessary to prove the main

theorems.
Lemma 2.1 ([3]). For m € N° | if the m-th order moment is defined as

1 — v "
Un,m(m) = ﬁyzopn,u(fw (n 1 - :l?) )

then
(n+ D) Unmi1(z) = 2(1 + 2) [U), ,(2) + mUpm-1(z)] .

Consequently
Upn(z) = O (n—[(m+1)/2}) )

Lemma 2.2. Let the functionu,, ,,(z), n > m andm € N°, be defined as

P () = % an,l,(a:) /OOO Pop1(t)(t —2)"dt + (—2)™ (1 +2) "
Then
pino(x) =1, pna(2) = (712%1)’ fin2(7) = 2n$(1<;;%’)1;5$_(12;- =

and there holds the recurrence relation

(n —m—= 1)Mn,m+1 (x>

= (1 +2) [fig (@) + 24151 (2)] + [M(1 + 22) + 22] 15, ().
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Consequently for each € [0, o), we have from this recurrence relation that

() = O (=l +D/2)

Proof. The values ofi,, (), f1n,1(z) andp, »(z) easily follow from the defini-
tion. We prove the recurrence relation as follows

(14 )y 1 (7)

S o) [ pra ()t -2t

— m% Z (1 + 2)pp,(2) /000 P (t)(t —x)™ tdt

—[(n+ ) (—2)"A+2) " +m(—2)" (1 +2)" ] 2(1 + ).

Now using the identities(1 + x)p,, ,(z) = [v — (n + 1)z] p,... (), we obtain

=23 =+ Dl ()
<[ Bl =)+ (4 D) 14 )

- %pr(x) /Ooo {Hv =1 —(n+Dt}+n+1)(t—2z)+1]

X P (Bt = 2)"dt + (n 4+ 1) (=)™ (1)
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=S pasle) [t O (00— )

(n+1)— an v / P (t)(t — )™ dt

v LS o) /0 Prwr(£)(E — 2)™dt + (n + 1) (=)™ (1 + 2) "

=S pule) [+ 2000 2)

+(t—2)* + :1:(1 + )| Pl 1 () (t — z)dt

(n+1)— an v / P (t)(t —x)™ dt

= Z P () /O oot (H)(t — 2)"dt + (n+ 1) (=)™ (1 + 2) """

—(m+ 1)(1 + 2x) [,un,m(x) — (=)™ (14 a:)_"_l}
— (M +2) [tnmsr(z) = (=2)" (1 +2) "]
—ma(l +2) [ppmoi1(z) — (—2)" (1 +2)7"]
+ (4 1) [ (2) = (=2)™ (1 +2) "]

+ [pnm(z) = (—2)"(L+2) " + (n+ 1) (—2)" (1 +2)™"
= —[m(1+ 2x) + 22| ppm(z) + (n —m — 1) iy m41(2)

This completes the proof of recurrence relation.

—mz(1 + ) m—1().

]
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Remark 1. It is easily verified from Lemma.2 and by the principle of mathe-

matical induction, that for, > i and eachz € (0, c0)

(n+d)l(n—i—1)

Bu(t, 7) = nl(n —1)!

(n+i—Dln—i-1)"!,,
nl(n —1)!

+i(i — 1)
+i(i —1)(i —2)0 (n7?) .

Corollary 2.3. Let§ be a positive number. Then for evety> v > 0, z €
(0,00), there exists a constanit/ (s, z) independent of. and depending or
andx such that

%Vf;pn,u(m) /

t—z|>6

Pnp—1(O)7dt < M(s,z)n™°, s=1,2,3,....

Lemma 2.4 ([3]). There exist the polynomiafy, ; .(x) independent of andv
such that

{z(1+2)} Dlpau(@)] = Y (n+ 1) = (n+ D)l Qi (2)pnu (@),

2i+5<r
4,520

whereD = di
XL

Lemma 2.5. Let f ber times differentiable ofD, co) such thatf"—! is abso-
lutely continuous withf "= (¢) = O(t") for somey > 0 ast — oo. Then for
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r=1,2,3,... andn > v+ r we have
, n+r—l(n—r—1)! o ,
Br(L )(fa ) = ( TL'(TL . 1 an"rTl/ / pn—r,l/-l-r—l(t)f( )(t)dt

Proof. It follows by simple computation the following relations:

(2.1) Pro(t) =0 [pri10-1(t) = Prara ()]

wheret € [0, 00).
Furthermore, we prove our lemma by mathematical induction. Using the
above identity 2.1), we have

Bl(f,) = pr ) [ o050t~ (0 D12 25O

=S Bt (#) — pusrole) / P (O ()t
—(n+1)(1+z)"2f(0)

= NPny10() /OOO Puo(t) f()dt — (n+ 1)(1 +2) " 2f(0)

3 purnale) [ [puad) = a0 10
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=+ D1 +2)"? /Oo n(l+t)"" 1 f(t)dt
+ ) Posrw(z) /0 ) (n_—_ll) Py, () f(t)dt

—(n+1)(1+z)"2f(0).
Applying the integration by parts, we get
B, (f,x)
= (n £ 1)(1 4+ 2) " 2F(0) + (0 + 1)1+ )" /Ooou o)t

+ ﬁ an+1,u($) /OOOPnL,,(t)f’(t)dt —(n+ 11 +2)"2f(0)

— S penla) [ pen07 0

n—lV:

which was to be proved.
If we suppose that

n+i—1Dl(n—1i—1)!
nl(n —1)!

BY(f,z) =

an-‘rz v / pn—i,u-‘ri—l(t)f(i) (t)dt

then by @.1), and using a similar method to the one above it is easily verified
that the result is true for = 7 4+ 1. Therefore by the principle of mathematical
induction the result follows. O
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In this section we study the rate of pointwise convergence of an asymptotic
formula and an error estimation in terms of a higher order modulus of continuity
in simultaneous approximation for the operators definedlhi).( Throughout

the section, we have’,[0,00) := {f € C[0,00) : |f(t)] < Mt for some

M >0,v>0}.

Theorem 3.1.Let f € C.[0,00), v > 0 and f) exists at a point: € (0, c0),
then
BY(f,2) = f(x) + o(1) asn — oo.

Proof. By Taylor’s expansion of, we have

(ft—}jf z)' +e(t,z)(t — )",

wheree(t,x) — 0 ast — x.
Hence

BO(f,) = / T WO, )£ (1)t
—}:f / WO (¢, 2)(t — z)dt

-+/ W (t,x)e(t, 2)(t — x)"dt
0
=: Rl + Rg.
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First to estimate?, , using the binomial expansion of — x)™
Remarkl, we have

R = Z (i;@ Z (Z) (—z)™ ;Zr /O Wt 2yt

(r
f / Wo(t, x)t"dt

,Lemma2.2and

7“' axr

f(T( ){(n—i—r (n—r—1)!

rl nl(n —1)!

= fO(z) +o(1), n— oo.

Using Lemma?2.4, we obtain

r! 4+ terms containing lower powers m:f}

Ry = / W (t, 2)e(t, z)(t — ) dt
0

Z nt X8I\ QZ]T . i ] Pn l/( )
2i43<r {Z’ 1 +z } v=1 n
2,720

= Rg + R4.

Sincee(t,z) — 0 ast — z for a givene > 0 there exists @ > 0 such that
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le(t,z)| < e whenevel < |t — x| < 4. Thus for somél/; > 0, we can write

Rl <M Y 11§3mu W= o el = [ o)l al
[t—z|<0

2i4+7<r

1,7 >0
‘I‘/ pn7y_1(t)M2t’ydt}
|t—z[>6
=: R5 + R,
where
M1 — Sup |Qi,j,7"(l‘) | g
2itj<r{z(l+2)}
i,5>0

and M, is independent of.

Applying Schwarz’s inequality for integration and summation respectively,

we obtain
00 3
Ry <eM; Y  n'~ 1Zp,w )y — (n+ 1)af (/ pn,yl(t)dt>
2i+j<r 0
i,7>0

< ([ paatofe = o)

< eM, Z ninmy < anu v — (n+1)x]? )

2i4+5<r v=1
4,520

N
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x (% > pusla) / o (Bt x>2rdt>

Using Lemma2.1and Lemma&2.2, we get
Ry < eM,O (nj/Q) (@] (n_”/Z) =cO0(1).
Again using the Schwarz inequality, Lemrad and Corollary2.3, we obtain

Re < M, Z i anu ‘V - n + >37|]/ pn,ufl(tﬂ’ydt Direct Results for Certain
%itj<r [t—z|>8 Family of Integral Type
i,7>0 Operators
1
2 Vijay Gupta and Ogiin Dogru
<M Y “anu W=t el ([ (o)
2t j<r lt=2l28
1320 ) Title Page
2
% (/ pm,,_l(t)t%dt) Contents
[t—z|>6
1 44 42
P)
SMQZ ( me, [v— (n+ 1)x)? ) < >
2H;§r Go Back

1 & o 3 Close
x | — ey w1 (Ot dt .
(n;p,(x)/o ) > ou

_ Z nio (nj/Z) O (nfs/z) Page 13 of 21

2i45<r
4,520
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foranys > 0.

Choosings > r we getRs = o(1). Thus, due to arbitrariness ef > 0,
it follows that B3 = o(1). Also Ry — 0 asn — oo and henceR, = o(1).
Collecting the estimates dt; and R,, we get the required result. O

The following result holds.

Theorem 3.2.Let f € C,[0,00), v > 0. If f"+? exists at a point: € (0, 00),
then

lim n[BY(f,2) — f©(2)]
=r(r+1)f(x) + a1+ r) +r]fT (@) + 2(1+ 2) O (2).

Proof. Using Taylor’s expansion of, we have

r+2 (4) x '
s =3 Ty ettt -2y,

wheree(t,z) — 0 ast — z ande(t,z) = O ((t —z)?), t — oo for some
G > 0. Applying Lemma2.2, we have

r—42 (z) T ) '
B () — O] = n [Zf = W£T><x,t><t—x>ldt—f<f><m>]

2!

+ {n/ W (x,t)e(t, 2)(t — x)’““dt]
0
=: El + EQ.
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r+2 i i . oo
El—nzf G 3 (Z,)(—x)ij 0 WO (z, )t dt — nf® (x)

|
— U =V
_ f(r)(l,) ) (4T ] f(r+1) (:E) (r) (47
== (Bt x) —rl] + mn [(r+1)(—2)BY (", z)
(@) [(r+2)(r+1)
B(r) tr—i—l f ZB(r) "
+ (7“ + 2)(_$)B7(1r)(tr+1’ $) + BS“) (tH_Q’ ZE)} ’ Direct Results for Certain
. Family of Integral Type
Therefore by applying Remark we get Operators

Vijay Gupta and Ogiin Dogru

B =nf®a) |

D) (n+r)(n—r—1)
+n—(T+1)! {(7‘4—1)(—:@7’!{ i =11 }

+{(n+7’+1)!(n—r—2)' (n+r)(n—r—2)! 'H <« 9

(n+n)ln—r-1! 1}

nl(n —1)!
Title Page

Contents

“(r+ Dz +r(r+1)

nl(n —1)! nl(n —1)! < >
fOD@) [(r+2)(r+1Da?  (n+r)(n—r—1)
+n 52 [ 5 -7l l(n = 1] Go Back
n+r l(n—r—2)! Close
4 (r+2)(~2) {( i Z'éz'(_ o 2 1)l oui
o+ +?:!)(!£Ln_—17)’!— 2)!7!} Page 15 of 21
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m+r+2)(n—r—=3)! (r+2)! ,
{ nl(n —1)! > "
(n+r+1Dl(n—r—23)!

+(r+1)(r+2) alln — 1)1

(r + 1)!x}] +0(n7?).

In order to complete the proof of the theorem it is sufficient to show#Ahat> 0
asn — oo, which can be easily proved along the lines of the proof of Theorem

3.1and by using Lemma.1, Lemma2.2and Lemm&2.4. O]
.. Direct Results for Certain
Let us assume théit< a < a1 < by < b < o0, for sufficiently smally > 0, Family of Integral Type
them-th order Steklov mearf,, ;(¢) corresponding t € C, [0, co) is defined Operators
by s Vijay Gupta and Ogiin Dogru
2
fns(t) =6~ m/ / / [f(t) = AT f(t) Hdt
§J-4 -3 Title Page
wheren = = %" t;,t € [a,b] and A} f(t) is them—th forward difference Contents
with step length. « o
It is easily checked (see e. d][[4]) that
< >
(i) fm.s has continuous derivatives up to orderon [a, b];
Go Back
(”) Hfm5 ’ b1] <M15_T’wT(f,5,a1,b1),T:1,2,3,...,m; Close
(i) ||f - fm,gnc[al,bﬂ < Mywp(f, 6, a,b); SEL

. Page 16 of 21
V) 1ol oo ) < Ms £
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wherel;, fori = 1,2, 3 are certain unrelated constants independelfitarfdo.
Ther—th order modulus of continuity,( f, 4, a, b) for a functionf continuous
on the intervala, 0] is defined by:

wr(f,0,a,b) =sup{|A} f(z)| : |h| < 0; x,x+ h € [a,b]}.

Forr =1, wi(f,0) is written simplyw(J) orw(f,0).
The following error estimation is in terms of higher order modulus of conti-
nuity:

Direct Results for Certain

Family of | I T
Theorem 3.3.Let f € C,[0,00),7 > 0and0 < a < a; < by < b < co. Then am'yé’,pe”,ﬁ%i yPe

for all n sufficiently large } L
Vijay Gupta and Ogtin Dogru

[BOS ) = PO gy < mx { M (£, 72, a,0), Min ™" 1], }

Title Page
whereMs = M;(r), My = My(r, f). Contents
Proof. First by the linearity property, we have <4« »»
1B (%) = £ gy < 1B = o)y —

+ HB” (fas,%) — 2(7“6) + Hf(r) — Go Back
Cla1,b1] Cla1,b1] Close
=: A + Ay + As. Quit
By property(iii) of the Steklov mean, we have Page 17 of 21

As < Chws(f,6,a,b).
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Next using Theorer3.2, we have

Ay < Cyn~+D Z ”f

Cla,b]
By applying the interpolation property due to Goldberg and Mdirf¢r each
j=nr,r+1,r+ 2, we have
< :
1. ca@ [M&
Therefore by applying properties (ii) and (iv) of the Steklov mean, we obtain
4g < Con {1l + 62w (17, 6) }

Finally we estimated;, choosinga*, b* satisfying the conditio) < a <
a* <a; < b <b* <b< oo. Also lety(t) denote the characteristic function
of the intervalla*, b*], then

AL < |IBR @O = 250 9| oy
+ [ BO =) = L2509 | ooy
=. A4 + A5.

We may note here that to estimatig and As, it is enough to consider their
expressions without the linear combinations. By Lentiriawe have

BU($()(f(t) = fa(t)), )
_or- et U E:@Hw /w@wwHAQVm@Wt

n!(n —1)!

('r+2
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Hence

|BO GO = Fas®), | ogey < Cs £ = £57
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Hence by Lemma&.1and Lemma&2.2, we have Title Page
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Choosing = n~'/2, the theorem follows. O
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