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ABSTRACT. LetP denote the collection of positive sequences definell.dfix w € P. Lets, t,
respectively, be the sequences of partial sums of the infinite Sefies and) sy, respectively.
Givenz € P, define the sequencelz) andG(x) of weighted arithmetic and geometric means
of z by
n n
Wi Wi /Sn
Ap = — 1z, Gy = " ) =1,2,...
(x) kZ:l P (z) kl;[la:k n
Under the assumption thktg ¢ is concave, it is proved that(G(z)) < G(A(x)) for all x € P,
with equality if and only ifz is a constant sequence.
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1. INTRODUCTION

In [13], Kedlaya proved the following theorem.

Theorem 1.1.Let x4y, 2o, ...,z,, wy, W, ..., w, be positive real numbers, and defiag =
wy +wy+ - +w, i =1,2,...,n. Assume that
(1_1) ﬂz%z...z%_
S1 S9 Sn,
Then
n 7 wi/sn n J
w; w; .
1.2 i > ] wi/s;
(1.2) H( 8i$]> _Z:Sn.l_lxZ ’
=1 7=1 7j=1 =1
with equality if and only ift; = x5 = =,
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2 FINBARR HOLLAND

Choosingw to be a constant sequence, we recover the inequality

(1.3) v H (%Z%) > %Z | Hﬂfi,

i=1 j=1 \ i=1

which Kedlayal[12] had previously established, thereby confirming a conjecture of the author
[9]. The strictinequality prevails ifi (11.3) unless = =, = - - - = x,,. Evidently, inequality{(1]3)
is a sharp refinement of Carleman’s well-known dne [4, 7]. (Indeed, as a tribute to Carleman,
the author was led to formulatg (IL.3) in an attempt to design a suitable problem for the IMO
when it was held in Sweden in 1991. However, unbeknownst to him at the time, two stronger
versions of it had already been stated, without proof, by Nanjundiah [17].)

In passing, we note thdt (1.3) is also a simple consequence of more general results found by
Bennett[2| 3], and Mond and Paric [16].

Also in [13], Kedlaya deduced a weighted version of Carleman’s inequality from Theorem

1.7, viz.,

Theorem 1.2. Letw;, w-, ... be a sequence of positive real numbers, and define w; +
wy + -+ +w;, fori =1,2,.... Assume that
(1.4) Wy M
S1 S9
Then, for any sequeneg, a,, . .. of positive real numbers with, wia;, < oo,

oo oo
E Wi, alfl/s"' e aZ)'“/S'“ <e E WG
k=1 k=1

Carleman’s classical inequality is obtained from this by setting= 1, = 1,2,.... This
beautiful result has attracted the attention of many authors, and has been proved in a variety of
ways. It has also been extended in different directions by a host of people. Anyone interested in
knowing the history of Carleman’s inequality, and such matters, is urged to cansult [11], which
has an extensive bibliography. In addition, the fascinating monograph by Bennett [1] contains
some very interesting developments of it, and mentiantey alia, the significant extensions
of it made by Cochran and Lekg![5], Heinig [8] and LoVve![14] 15]. Readers interested in its
continuous analogues should also read [18].

Kedlaya expressed a doubt that the monotonicity conditiof (1.4) was needed in Thedrem 1.2.
His suspicions were well-founded, for, already in 1925, Hardy [6, 7], following a suggestion
made to him by Pdélya, proved this statement without any extra hypothesis on the weights. In
fact, in the presence of conditign ([L.4), a much stronger conclusion can be drawn, as the author
has recently discovered [10]. This begs the question: does Th¢orem 1.1 also hold under less
stringent conditions on the weights than {1.1)? It is trivially true whea 1, and a convexity
argument shows it also holds without any restriction on the weights when2. However,
as Kedlaya himself pointed out, the result is false in general. As he mentions, a necessary
condition for the truth of Theorem 1.1 is that

% Sn—1 - ﬂ w1 % w2 o W1 Wn—1 ‘
Sn, TS S9 Sp—1
On the other hand, examples show that the sufficient assumptign (1.1) is not necessary. For

instance, withn = 3, w; = 2,ws = 1,ws = 3, thenw, /sy < ws/ss, so that condition] (1]1)
fails, yet

2a 4+ va2b + 3va2bc3 - i/a2 <2a+b> (2a+b+3c>3
6 = 3 6 ’
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for all a, b, ¢ > 0, with equality if and only ifa = b = ¢. (This is a simple consequence of the
fact that, if

2 3 6
F(z,y) = Z1z3vay)
(2+23)(2 4 23 + 3y?)3
then
1 2 3vay)?\’
max max F'(z,y) = max ~ | max @+z + vy)
>0 y>0 >0 (2423 (>0 24 23+ 3y?
(4 + 10z + 22 + 3z*)?
= max
>0 (2 + a3)4
=72,

which can be verified in a routine manner, even by non-calculus arguments. Alternatively, it
can be inferred as a special case of Thedrem 2.1 which follows. Moreover, there is equality if
andonly ifxr =y =1.)

As an examination of his proof of Theor¢m|l1.1 reveals, Kedlaya actually proved something
stronger than[(1]2) under the hypothe§is](1.1), namely, denoting, byz,, the left-hand and
right-hand sides of (1}2), then

However, this statement is false in general, and, in particular, is not impligd By (1.2). To see
this, note that, witlm = 3, and the same choice of weights = 2, w, = 1, w3 = 3 as before,
so that[(1.R) holds, the claim th@k;/R;)® > (L./R)*? is equivalent to the statement that

2(2a + b+ 3¢)(2a + Va2b) > (2a + Va2b + 3Va%bc3)?,  Va,b,c > 0.

However, this is not true generally, as may be seen by takiag 1,6 = 64,¢c = 121. So,
Kedlaya proved a stronger statement with the hypothesis that the seguéngcis increasing.

By adopting a different proof-strategy, we show here that (1.2) holds under a weaker hypothesis
than this.

2. THE MAIN RESuULT

The purpose of this note is to present the following result which strengthens Theorem 1.1.

Theorem 2.1.Letxy, xo, ..., z,, wy, wo, ..., w, be positive real numbers. Defing = w; +
Wy + -+ w;, i =1,2,...,n. Assume that
3% k—1
(2.1) wkHZ;SW k=23,...,n—1.
Then

n i wi/sn n J
Ww; w; w; /s
” Ez_ﬂgcj 22:_1 xi‘/-’.
A A Si A Sn A

=1 7j=1 7j=1 =1

Equality holdsifand only ity = 29 = - - - = x,,.

Remark 2.2. In terms of the sequende= s; + so+-- -+ s, @ = 1,2, ..., n, itis not difficult
to see thaf (2]1) is equivalent to the statement

> tiatin, 1=2,3,...,n—1,

i.e., thatlog ¢; is concave, whereas (1.1) is equivalent to the assertiondgatis concave. But
we make no use of this alternative description of|(2.1).
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Before turning to the proof of Theorgm 2.1 we show thatf|(2.1) is implied by (1.1).

Lemma 2.3.Letw;, w,, ... be a sequence of positive numbers, and define the sequenge . .
by

si:w1+w2+-~-+wi, 221,2,
Suppose

Wn
—>=>...> 2>
S1 S2 Sn

Then

k—1
2
sk—wk+123j>0, k=23,....
Jj=1

Proof. The proof is by induction. To begin with, sinegs, — w3s; = wys3 — wys, > 0, we
have that

s% — W3S1 = W1S9 + WeSy — W3Sy > wySe > 0.
So, suppose the claimed result holds for some> 2. Then, noting that, foi > 2, w;s; —
Wit1Si—1 = W;iSit1 — Wit+15; = 0, we see that

m m

2 > Wm+-2
Sm4+1 — Wm42 Z Sj =2 Sm4+15m — Wm+2 Z S
— W41 i
7=1 7=1
m

Wm+2

= Sm41Sm — Wm41 Z S;
Wm+1 T

7j=1
w m
m+2 2

= Sy, T Wm41Sm — W1 Z S

wm+1 -
7j=1
m—1

Wm+2 2

= w Sm — Wm+1 Z Sj

m+1 j=1
> 0,
by the induction assumption. The result follows. O

We prove Theoretin 2.1 by induction, and, to make productive use of the induction hypothesis,
we need the following elementary result.

Lemma2.4.LetA, B > 0. Letp > 1, = p/(p — 1). Then, for alls > 0,
(A+ BsPP < (A + B (1 + 7),
with equality if and only is = (B/A)7 1.

Proof. The inequality is trivial ifs = 0. Supposes > 0. Exploiting the strict convexity of
t — t9,itis clear that

A+ Bs\? (A4 (BsP)sP\*

1+s? ) 1+ sP

- AT+ (le—p)qsp
- 14 sP
B A1 + B¢
14
with equality if and only ifA = Bs'~?. The stated result follows quickly from this. O

)
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Corollary 2.5. Letp > 1,q=p/(p—1). LetA, B,C, D > 0. Then, for allt > 0,

(A+ Bt)” 1 -1 —1yp—1
< A1 BICT1\P
Cr D =D + BT

with equality if and only it = (BC/AD)4~.

We are now ready to deal with the proof of Theofenj 2.1.
For convenience, define the sequences of weighted avesagés, of 1, xs, ..., z, by

k k
w; )
Ay = E — T, GkZHa;;Ul/s’“, k=1,2,...,n.
5 Sk .
=1 =1

We are required to prove that

n n
w; wi/sn
i=1 =1

holds under conditiorj (2.1), with equality if and only if
Tl =Ty =+ = Tp.

Proof. We prove this by induction. The result clearly holds for= 1. Moreover, as we
mentioned in the introduction, a simple convexity argument establishes that it also holds when
n = 2. We continue, therefore, with the assumption that 3. Suppose the result holds for
some positive integen, with 1 < m < n — 1, so that, with

X = ﬁ AL,
=1

then

m—+1 m o w; g g
Wy G Sm Zi:l ST:L % + Wim+1Gm+1
i =

=1 Sm+1 Sm+1

SmX + Wm41 Gm+1

Sm+1
=1 -a)X+aYa

wherea = wy,+1/Sm+1 and
m
Y — szui/sm+l _ G:,TJSWJA _ Gi’;a.
=1

In addition,
SmAm + Wm+1Tm+1

Apy1 = =(1—a)A, + arp.

Sm—i—l
We claim now that

(1 — Oz)X +aY xf‘n_H S XS’"/Sm+1Am+1wm+1/sm+l
= Xl—a((l —a)Ay + aTpy)?,

(1 —-a)X + OzY:L‘f‘n+1)1/a
(1 —a)An, + azpmi

< X(l—oa)/oa‘
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By Corollary[2.5, withp = 1/a, A = (1 —a)X, B =0aY,C = (1—-a)A,, D =a,q =
1/(1 — «), the left-hand side does not exceed
<(1 — Q)X V0=a) 4 qy1/(1-a) Agﬂ/(la))(l_“)/a
An ’

YA,, 1/(1-a)
Tmt1 = T .

Thus, to finish the proof, we must establish that

(1 _ a)Xl/(l—oc) + OéY]./(l—Oé)Aftn/(l—a) < XA;ln/(l_O‘)

with equality if and only if

Y

i.e., that

X\ /1-a) y1/(-a)
Sm <—) + W1~ < Smti-

In other words,

. Wm, /sm X
7'Ti A;Uz/sm +1 m X wl/sm
(2.2) Sm (Hl_lA—m> + W41 H (Z) < Smt1s
with the additional assertion that there is equality if and only,if= x5 = --- = z,,. This

inequality is of independent interest, and can be considered for its own sake. To prove it,
consider the second term on the left-hand sidé of (2.2). This is equal to

whence, by the convexity of the exponential function, bearing in mindsthat > 7" | w;, we
see that this does not exceed

m
Wm+1 w;T;

Sm i1 Az ’
Moreover, there is equality if and only if
x T .
l=—=— =1,2,...
Al AZ’ ¢ Y 7 7m)

L8, T =29 ="+ = Tp,.
Now we focus on the first term. To begin with, observe that

S S
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Hence, once more by the convexity of the exponential function,

_ N\ Wmt1/55,
X a/(1-a) m—1 Az Si !
S | — =5, [ 1 H
Am . Ai+1
=1

w s A

m+1 i1
Cm +

Sm ( Z_; Az‘+1)

IN

=2 ¢
where
82 m—1
Cm = —"— — » 5 >0,
Wm+1 i=1
by hypothesis. Equality holds here if and only if
o 1,2 1
= 3 t=1L14...,Mm—1,
Ai+1
i.e.,
i+1
SZZw]m]—sHlijxj, 1=1,2,...,m—1,
equivalently, if and only |ﬁcm = =19 = X.

Combining our estimates we see that

x O\ &/(1a) yUa=e) oy Si— 1AZ 1 TN Wi
Sm (A_m> + Wimnt1 X < Cm+z Z A;

S
m =1

Wm+1 si—1Aim1 + wix;
= Cm + W
- +wy + Z:: 7 )

Wm+1 = 5;A;
= Cm + W1 +
Sm ! ; Az >

w m—1

m+1

= Cm + § Si+ Sm
=1

Sm
_ Ym+1 ( S +sm)
Sm Wm+1

= Sm+1-
Thus [2.2) holds. Moreover, equality holds [n (2.2) if and onlyif= 2 = --- = z,,. Of
course, [(2.R) implies the inequality in Theorem|2.1, by induction. It therefore only remains to
discuss the case of equality in this. Butgif = x5 = --- = z,,,, thenA4,, = X = z, and
Y = 2i"/*"1 whence equality holds throughout only if, in additian,,; = Y/0- = z,
also. But, clearly, the equality holds if all thés are equal. This finishes the proof. O
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